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Abstract

Thisreportcontainsjn summaryform, definitions,schematiceactionsandequv-
alence®f all combinatorsn useby thisproject. It will beupdatedasnen combinators,
equvalencesetc. areused.
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Intr oduction

. Mostof thecombinatodefinitionsandequivalencegbeyondthosepeculiarto molec-
ularcomputationsuchasR, D, andV) arefrom Curry andFeys [CFC5S.

. Wefollow theusualconventionin combinatorylogic of omitting parenthesethatas-
sociateto theleft. For example, XY Z meang(XY)Z), andB(BW(BC))(BB(BB))
meang((B((BW)(BC)))((BB)(BB))).

. In the definitionsof the operatorsyariablesare marked with primes(e.g., X’) and
parenthesizeduperscript¢e.g.,X ) to indicateshareccomplexes. Seethe descrip-
tion of theV (Sharing)Primitive (Sectionl7).

. Notice that the following are distinct and have differentmeanings: X" (powers of
combinators),X,, (polyadiccombinators),X ™ (sharing),X(,) (deferredcombina-
tors), X[ (left reduction),X; in] (polyadicextension);seeOther Notation (p.14). X,
is alsousedin theusualway to denoteanelementin aseriesX;, X, X3, .... When
subscript@indsuperscriptef ary kind arecombinedthesubscriptsake precedence;
thus®™ meang ®,,)™.

. Thesize | X | of a nonprimitive combinatorX is expressedn termsof the number
of S, K, andA nodesthatit contains.Sincenonprimitive combinatordefinitionsare
binary trees,if they containno other nodesbesidesS, K, and A, thenthe counts
satisfyA = S + K — 1, andthetotalnodesare” = 24 +1=2(S + K) — 1.

. A combinatoris calledregular if it doesnotaffectits first agumentthus,
FXY,- Y, = XZ---Z,,.

Mostcombinatorge.g.,B, B, C,I,K,S, W, Y, &, &,, ¥) areregular.



Definitions of Combinators

1 A Primiti ve (Application Complex)

The application(A) comple representshe applicationof a combinatorto its argument.
Theapplicationof F' to X, written F X, is representefdy a molecularcomplex UAF X, in

which the “operator”binding site of A is linkedto F, the “operand’bindingsiteis linked
to X, andthe“result” siteis linkedto U, the complec into which theresultof X will be
linked.

All (or most)of the non-terminalinterior) nodesof a combinatortreeare A nodesthe
terminals(leaves)areprimitive combinatorge.g.,S andK). If thenetworkis notatree,but
hassharednodesor cycles,then(mostof) the non-terminalnodesare A andV (sharing)
nodes.(We say“most” becausdaterwe maywantto defineadditionalinterior nodetypes.)

2 B Combinator (Elementary Compositor)

Definition:
BXYZ = X(YZ) (1)
Reductionto SK:
B = S(KS)K (2)
Size:2S + 2K + 3A = 7 total.
Equivalences:
B = (B 3)
B = CUIOWU 4)
B"FGX,---X, = F(GX;---X,) (5)

Notes: If Fisregular(p.2), FXY,---Y, — XZ,---Z,,, then
BFGXY:---Y, = GXZ,---Z,.
Thatis, G is appliedto theresultof applying F' to theargumentsX'Y; - - - Y,,.

3 B’ Combinator (Permuting Compositor)
Definition:
BXYZ = X(ZY) (6)
Equivalences:
B = CB (7)
Size:7S + 6K + 12A = 25 total.



4 C Combinator (Elementary Permutator)

Definition:
CXYZ = XZY (8)
Equivalences:
C = B(BS) 9
C = S(BBS)(KK) (10)
C = JC.(JC,)JC,) (11)

Size:5S + 4K + 8A = 17 total (Def. 9).

5 C, Combinator (Pure Permutator)

Definition:
CXY =YX (12)
Equivalences:
C., = d (13)
C. = Ji (14)

Size:6S + 6K + 11A = 23 total (Def. 13).

6 D Primiti ve (Elementary Deleter)

Reaction:
Dp+PQ — Pp+DQ (15)
DAXY + DQ+PQ — DX + DY + PAQ, (16)
DURX +2PQ — UX +P5sRQ +DQ a7)
DUVX +PQ — PUVX +DQ (18)

Notes: In Eqg. 15, p representsry primitive combinator(e.g.,S or K). Noticethatin
Eq.17,adeletioncancelsareplicationin progressHowever, in Eq. 18, adeletiondoesnot
affectasharedcomple, exceptto capthe deletedsharinglink.

Reaction Specification:

d D, a A Xx, vy, d D, p: P, g Q g Q.
da alx a2y d g, pQgd
=> (DeleteApplication)

dx, dy, pa algqg az?q.



d D, u rnr R, x, p: P, p° P, g Q q: Q.
drl wur?2 rXx pgqg p ¢
=> (DeleteReplicatorl)

ux, prl p r2 rgq dd.

d D, u rnr R, x, p: P, po P, g Q q: Q.
dr2 wurl rXx pgqg p ¢
=> (DeleteReplicator2)

ux, prl p r2 rgq dd.

d D, u v: V, x, p: P, g Q.
dvly1y uvz2 VvXx pog
=> (Del eteSharlngl)

pvlily uvz2 vx da
d D, u v: V, x, p: P, g Q.
dvz2 uvlil vx pog

> (DeleteSharing?2)
pvz2 uvl vyx da.

d: D, pc: Prim, p: P, q Q.
=> (DeletePrlmltlve)

p pc, dq.

Notes: In thelast(DeletePrimitive ) rule, ‘Prim ’ standgfor ary primitive com-
binator Therefore,at leastat the presenttime, that rule mustbe repeatedwith ‘Prim ’
replacedoy eachprimitive combinatorspeciesn use(e.g.,'K’, ‘S).

7 | Combinator (Elementary Identificator)

Definition:

X = X (29)
Reductionto SK:

| = SKX (20)
Size:1S + 2K + 2A = 5 total (takingl = SKK).
Equivalences:

I = CKX (22)

I = WK (22)



8 J Combinator

Definition:
WUXYZ = UX(UZY) (23)

9 K Combinator (Elementary Cancellator)

Definition:
KXY = X (24)
Reaction:
UAKXY + DQ — UX + DAKQY (25)
Equivalences:
K'XYy,--'Y, — X (26)

Reaction Specification:

a A b A k K d D, g Q5 u x V.
ua alb bilk b2x a2y dqg
=> (Kreaction)

ux, da alb blk b2gqg az2y.

10 N Combinator (Inert Complex)

TheN (inert) combinatoris usedwhenwe wantto preventreduction,generallywhenwe

areintendingto producea static structure. For example,if the structureF’ X, --- X, is

generatedthenthereis arisk thatthereductionrulesfor F' will destrgy thestructure.This

is avoided by usingtheinert combinatoye.g. NX; - - - X,,. Sinceit is inert, thereareno

reductionor reactionrulesfor it. Of course,in practice,thereneednot be just oneinert

combinator and ary molecularspeciesthat doesenterinto the computationakeactions
couldbeused.

11 P Primiti ve (ResultCap)

Theresultcapis inert; it is a place-holdefor the “result” binding-siteof ary group.

12 Q Primiti ve (ArgumentCap)

Theargumentcapis inert; it is a place-holdefor the“argument’binding-siteof any group
(in particular for the“operator’and“operand”sitesof anA comple).



13 R Primiti ve (Elementary Replicator)
Reaction:

UVRp+Pp+PQ — Up+Vp+P3RQ
UVRAXY + PAQ; + P.RQ — (UA)(VA)(RX)(RY) + 3PQ

Notes: In EqQ. 27, p representary primitive combinator(e.g.,S or K).
Reaction Specification:

rr R, aa A u v, Xy r: R, a: A

p: P, pt P, pm P, g0 Q g Q, gt Q.
url vr2 ra alx a?2y,

pril p r2 r q, p a, al g, a2 (¢

=> (ReplicateApplication)

ua v a,
alrl a1 r.2,
a2r.l a2 r_2
rx, r vy,
pPag p aq, p° Q.

R, pc: Prim, u, v, pc: Prim, p: P, p: P, g Q.
ril, vr2 r pc, pqg, p pc
> (ReplicatePrimitive)
u pc, Vv pc,
pril p r2 r Q@

< =

Notes: In the last (ReplicatePrimitive

(27)
(28)

) rule, *Prim ’ standsfor arny primitive

combinator Therefore atleastat the presentime, thatrule mustberepeatedvith ‘Prim °

replacedoy eachprimitive combinatorspeciesn use(e.g.,'K’, ‘S).

14 S Combinator (Elementary Formalizer, Replicating)

Definition:
SXYZ = XZ(YZ)

Reaction:
UAsSXY Z + P,RQ — UA(AX)(AY)RZ 4 PS 4+ PQ
Reaction Specification:

aa A a: A a: A s S rn R, p P,p: P,qg Q
u, X, vy, Z

(29)

(30)



ua ala, a_l a a’’1l s, a2 x, a2 vy az?2z,
pril p r2 rq
=> (Sreaction)
ua ala, al x, a2 rl1,
a2 a’, a’’l vy, &
rz,
ps p q

Equivalences:

S = B(B(BW)C)(BB) (31)

15 S Combinator (Elementary Formalizer, Sharing)
Definition:
SXYZ = XZ'(YZ) (32)

Reaction:

UAsSXY Z +P,VQ — UA(AX)(AY)VZ +PS 4+ PQ (33)

Reaction Specification:

aa A a: A a: A s Ssh, v. V, p. P, p: P, g Q
u, X, vy, Zz
ua ala, a_l a a’’1l s, a2 x, a2 vy az?2z
pvlil p v2 Vv
=> (SharingSreaction)
ua ala, al x, a2 vl1i,
a2 a’, a’’l vy, a
vV Z,
ps p aq

Equivalences:
S = B(B(BW)C)(BB) (34)

Notes: SeeSec.19 for adiscussiorof this definition.

16 S, Combinator (Polyadic Elementary Formalizer)

Definition:
Sp XYV, X = XZN12Z)--- (Yo 2) (35)



Reductionto SK:

S, = S (36)
Spo1 = BS,0S (37)

Size:(5n —4)S +4(n — 1)K + 9(n — 1)A = 18(n — 1) + 1 totalfor S,,.
Notes: S,, canbe replicatingor sharingdependingon whetherS or S is usedin its
recursve definition. If it is sharing,it produceghefollowing structure:

S, XY, Yo Z = XZ®W (V2" (Y1 Z) (Yo Z) (38)
Equivalences:

S, = Bl (39)

17 V Primiti ve (Sharing Complex)

The sharingprimitive (V) is usedfor constructingnon-treestructures,including cyclic
structures. It is producedby sharingcombinatorssuchas$, W, andY. Notethata V
comple betweenma combinatorandits argumentswill block reductionof the combinatoy
soV complexesappeaprimarily in structuredhatarebeingtreatedasdata.

Primesandparenthesizeduperscript®n variablesareusedto indicateinformally the
sharingof structuresThus,if thereis asinglesharingcomplex above X, thenthetwo links
to it will becalled X andX’. Noticethatbothwill be“covered’by asharingcomple; if it
is necessaryo make this explicit, thetwo links will bewritten X(© andX’. If oneof these
links is replacedby anothersharingcomple, thenthe original link andthe two new ones
will becalled X, X', X", andsoforth. Obviously sucha notationcannotcaptureall the
possiblestructuresf sharingcomplexes,but it allows the corvenientexpressiorof chains
of V complees,which is the mostcommoncase.To go beyondthis, diagramsshouldbe
used.

18 W Combinator (Elementary Duplicator, Replicating)

Definition:
WXY = XYY (40)
Equivalences:
W = CSI (42)
W = S(Cl) (42)
W = SS(KI) (43)

Size:7S + 6K + 12A = 25 total (Def. 41 or 42).



19 W Combinator (Elementary Duplicator, Sharing)

Definition: )
WXY = XYY (44)
Reductionto SK:
W, = CSI (45)
W21 = S(Cl) (46)

Notes: W;, andW,, aretwo variants functionally equivalentto W, but producingdif-
ferentlyorderedinks to the sharing(V) complex (seeEquivalenceselaw). In theabsence
of subscriptsyve will take W to be W, sinceit is alittle moreconvenientto use. Defini-
t[on 47 is not very useful,becausét needlesshpeagins replicationof thefirst agumentof
Wis.

NoticethateitherW or S maybetakenasa primitive sharingoperationsinceeithercan
bedefinedin termsof theother At thistime, it looksasthoughS will bethebestchoiceas
aprimitive,soW will bedefinedby Eq.45 or 46.

Reaction:

UAWXY +P,VQ — UA,XVY +PW + PQ (48)

Reaction Specification:
w: Wsh, a2 A, a: A u X, vy, vi V, po P, p: P, g Q
ua ala, a1l w a2 x, a2y, pvl p v2 vq
=> (SharingWreaction)

ua ala, al x, a2 vl a2v2 vy p w paqa.

Equivalences:

Wi XY = XY'Y (49)

Wy XY = XYY’ (50)

WLXY — XY®™...vy"V'Y (51)
n+1

Notes: The primesandsuperscript®n Y in Eq. 51 represensuccessie sharingf Y
(seeSec.17).

20 W, Combinator (Pure Duplicator)

Definition:
WX = XX (52)

10



Equivalences:
W, = Wi (53)

Size:8S + 8K + 15A = 31 total.

21 Y Combinator (Elementary Fixed-point, Replicating)

Definition:
YF = X(YX) (54)
Reductionto SK:
Y = SSK(S(K(SS(S(SSK))))K) (55)
Size:8S + 4K + 11A = 23 total.
Equivalences:
Y = WS(BWB) (56)
Y = SSI(SB(K(SII))) (57)
Y = ZZwhereZ =W(B(SI)) (58)
Y = WIoWoB (59)

Notes: Definition 55 by JohnTromp [LV97] maybethe shortestefinitionin termsof
SK (12 combinators)Definitionsby CurryandTuring arelonger(18 and20, respectiely).

22 Y Combinator (Elementary Fixed-point, Sharing)
Definition:
YX = y wherey = Fy/ (60)

Reaction: ) ]
UAYX + P,VQ — UVAX + PY +PQ (61)

Reaction Specification:
y: Ysh, ai A, v: V, x, p: P, p: P, q
ua aly az2x pvli p v2 Vv

=> (SharingYreaction)
uvlil va alx a2v2 p vy paqJq.

11



Notes: Thefollowing illustratesthe self-sharingcycle createcby Y F:

_ F(F'(F"(F"(FW(F®...)))))

Of coursejt is the A comple thatis sharednot F', asthe notationsuggests.

23 Z Combinators (Iterators or Church Numerals)
Definition:

Z, = Kl (62)

Size:(3n+ 1)S + (2n + 3)K + (5n + 3)A = 10n + 7 total for Z,.
Equivalences:

Z,X = X" (64)
Zmin = ®BZ,.Z., (65)
Zom = ZmoZn (66)
Zym = ZnZn (67)

24 ® Combinator (Dyadic Compositor)

Definition:
XY ZU = X (YU)(ZU) (68)
Equivalences:
® = B(BS)B (69)
O"FGHX,---X, = F(GX;---X,))(HX;---X,) (70)

Size:7S + 6K + 12A = 25 total (Def. 69).
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25 &, Combinator (Polyadic Compositor)

Definition:

Reductionto SK:
o, = S,0K (72)
Size:(5n — 2)S + (4n — 1)K + (9n — 4)A = 18n — 7 totalfor &,,. )
Notes: ®,, canbereplicatingor sharing(®,,), dependingonwhetherS,, orS,, is usedin
definition72. If it is sharingthenthefollowing structureis generated:
&, XY, ---Y,Z = X(VLZ" D) (Y, 1 2 (Y, Z) (73)

Equivalences:

®,.;, = BS,0oB (74)
OPXY, Yo Zy o Ly = X(ViZy- L) (Yaly Zm) (75)
O NXY, Yoy T = X2y Z(ViZh - Z) - Yoy -+ Z) (76)

26 ¥ Combinator (I Formalizer)

Definition:
UVXYUV = X(YU)(YV) (77)

Reductionto SK:
¥ = B(BW(BC))(BB(BB)) (78)

Size:26S + 24K + 49A = 99 total.

13



Other Notation

27 Composition
Definition:
XoY =BXY (79)

Size:2S + 2K + 5A = 9 total, plus| X | + |Y|.
Equivalences:

Xol = loX =X (80)
Xo(YoZ) = (XoY)oZ (81)
B(XoY) = BXoBY (82)
28 Powers
Definition:
X0 = | (83)
X' = X (84)
X" = XoX" (85)
(86)

Size:2(n —1)S+2(n — 1)K+ 5(n —1)A =9(n — 1) total, plusn|X|, for X", n > 1.
Equivalences:

Xmo X" = Xmtn (87)
(BX)™ = B(X™) (89)

29 Deferred Combinators

Definition:
Xy = BX@ (91)
(92)

Size:2nS + 2nK + 4nA = 8n total, plus| X |, for X(,).

14



Equivalences:

Xmin)y = B"Xq (94)

Notes:If Fisregular(p.2), FXY:---Y, = XZ;---Z,,, then
FnGX,--- X3 Y, = GX1 - Xy 21 -+ Zpp,
Thatis, Fi; deferstheactionof F' by k steps.SinceB, C, I, K, andW areregular:

B FX, - X,GY = FX,---X,(GY) (95)
CFX,---X,YZ = FX,---X,2Y (96)
lXo- - Xn = Xo--- X, (97)
KXo X,V = X;---X, (98)
W FX,---X,Y = FX,---X,YY (99)
30 Left Reduction
Definition:
X | (100)
Xy = X (101)
Xpnr1] = BXpjoX (102)

Size:4(n — 1)S+4(n — 1)K+ 9(n — 1)A = 17(n — 1) total, plusn| X |, for X,;.
Equivalences:

FuXoXi X, = F(F-(F(FXoX))X5) - Xu)Xa  (103)
FrinXoXi--- X, = Fi(FXoX1)Xs--- X, (104)
Xy = B"Xo B"'Xo---0B2XoBXoX (105)

Xty = Xp)yoXmo1yo---0Xg oXqgyo Xy (106)

Xy = (CB?X)"X (107)

Xim4n] = B"Xpo Xy (108)

CF X1 XpXnp1 = FXp XX, (109)
Smp = S (110)

Notes: Fj,,; canbe calleda left reduction [Mac90]. To seethis, write F' in infix form,
Fzy = z o y andassume associateo theleft (soz oy ¢ z = (z o y) ¢ 2). Then:

Fmory - 2p =29 021 0+ - 0 Ty,

For F regular,
Fn = (CB*F)I (111)

15



31 Polyadic Extension

Definition:
X0O = (112)
Xt = x (113)
X+l = X o BXIM (114)
Size:4(n —1)S+4(n — 1)K +9(n — 1)A = 17(n — 1) total, plusn| X |, for X[,
Equivalences:
xr+ = (B2XB)"X (115)
CMPX Xy X = FXy--XpnXy (116)
Notes: If F isregular,
FlM = (B2XB)"I (117)
Frtll — FoBFo...0B"F (118)
F[n_H] = F(O) o} F(l) Oo---0 F(n) (119)
pimtnl — plml o gmplnl (120)
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