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Abstract—In this paper the empirical observability gramian role in achieving real-time wide-area monitoring, proi®at
calculated around the operating region of a power system is and control.
used to quantify the degree of observability of the system ates One important question for dynamic state estimation is
under specific phasor measurement unit (PMU) placement. An . .
optimal PMU placement method for power system dynamic state the Observab'l_'ty of nonlinear p_ower S_y_Stem_S' A WeII_-sde
estimation is further formulated as an optimization problem Subset of variables can contain sufficient information @bou
which maximizes the determinant of the empirical observality ~ the rest of the variables, thus allowing us to reconstruet th
gramian and is efficiently solved by the NOMAD solver, which system’s complete internal states and to make the system
implements the Mesh Adaptive Direct Search (MADS) algoritm. — ohseryaple. Therefore, it is important to install the PMWs a

The implementation, validation, and also the robustness to iatelv ch b t imize the obsetvabil
load fluctuations and contingencies of the proposed methodra appropriately chosen buses so as to maximize the obsatyabi

carefully discussed. The proposed method is tested on WSCG 3 Of the system states and further efficiently achieve theresi
machine 9-bus system and NPCC 48-machine 140-bus system byfunctionalities.

performing dynamic state estimation with square-root unsented The observability of a system can be checked by the
Kalman filter. The simulation results show that the determined observability rank condition [7]-[9]. But this only offera

optimal PMU placements by the proposed method can guarantee o
good observability of the system states, which further leagl YES OF NO answer and is limited to small systems due to heavy

to smaller estimation errors and larger number of convergen Computation burden. Alternatively, the empirical obseéilty
states for dynamic state estimation compared with random gramian [10]-[12] provides a computable tool for empirical

PMU placements. Under optimal PMU placements an obvious analysis of the state-output behaviour, which has been used
observability transition can be observed. The proposed mébd i, y5rioys applications of control system observabilifi&3],
is also validated to be very robust to both load fluctuations ad [14]. Recently it has also been applied to power systems
contingencies. : ] :

[15]. Furthermore, methodologies of optimal sensor plaaem

. - . ; ; based on observability gramian have been developed for
ical observability gramian, mesh adaptive direct search, K- th dicti 16 d chemical . . 171419
MAD, nonlinear systems, observability, observability transition, weather prediction [16] and chemical engineering [17]}

optimization, PMU placement, robustness, square-root urcented ~ Most research on PMU placement is for static state esti-
Kalman filter. mation and is mainly based on the topological observability
criterion, which only specifies that the power system states
should be uniquely estimated with the minimum number of
PMU measurements but neglects important parameters such
OWER system state estimation is an important applicati@s transmission line admittances by only focusing on the
of the energy management system (EMS). The mdsihary connectivity graph [20], [21]. Under this framewprk
widely studied static state estimation [1]-[6] cannot capt many approaches have been proposed, such as mixed integer
the dynamics of power systems very well due to its depeprogramming [22], [23], binary search [24], metaheursstic
dency on slow update rates of the Supervisory Control af2b], [26], particle swarm optimization [27], and eigenved
Data Acquisition (SCADA) systems. Accurate dynamic statesgenvector based approaches [28], [29]. Different from th
of the system obtained from real-time dynamic state estimat conventional approaches, an information-theoretic rGoite
facilitated by high-level phasor measurement unit (PMWhe mutual information between PMU measurements and
deployment has thus become essential. Because of the hpglwer system states, is proposed to generate highly informa
global positioning system (GPS) synchronization accyradive PMU configurations [21].
PMUs can provide highly synchronized direct measurementsBy contrast, not much research has been undertaken on
of voltage phasors and current phasors, thus playing aalritiPMU placement for power system dynamic state estimation.
Numerical PMU configuration algorithms have been proposed
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00394-2014. correlation among sensor outputs [30]. The system observ-
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also been proposed to ensure a satisfactory state trackémgpirical observability gramian of a stable linear system
performance [33]. described by (1) is equal to the usual observability gramian

In this paper, the empirical observability gramian [LOR][1 [11]. Singh and Hahn [17]-[19] show that it can be used for
is applied to quantify the degree of observability of theteys observability analysis of nonlinear systems over an opegat
states and formulate the optimal PMU placement for poweggion and can be readily computed for systems of consider-
system dynamic state estimation as an optimization problerble size.
that maximizes the determinant of the empirical obseritgbil The following sets are defined for empirical observability
gramian. gramian:

The remainder of this paper is organized as follows. Section | -
Il introduces the fundamentals of observability and therdefi 1 = (T, T TeRY™ T =1,1=1,---,1}
tion of empirical observability gramian. Section Ill disses M = {c1,---,¢cs; cm €R, ¢y >0, m=1,--- 5}
the formulation of optimal PMU placement, the generator angh» — {e1, - ,en; standard unit vectors iR"}
measurement model, and the implementation, validatiod, an
robustness of the proposed method. In Section IV the prapod¢hereT™ defines the initial state perturbation directions and
optimal PMU placement method is tested and validated @nis the number of matrices for perturbation directions;
WSCC 3-machine 9-bus system and NPCC 48-machine 14(@fines the perturbation sizes and thes the number of
bus system. Finally the conclusion is drawn in Section V. different perturbation sizes for each direction; ait defines
the state to be perturbed andis the number of states of the
system.

For the nonlinear system described by (3), the empirical

. . ) observability gramian can be defined as
A system is observable if the system’s complete internal

state can be reconstructed from its outputs. For a linea-tim — 1
invariant system - Z Z

Il. FUNDAMENTALS OF OBSERVABILITY AND EMPIRICAL
OBSERVABILITY GRAMIAN

T (OTT dt 4
>3 g [ T @

{:i::A:I:—i—Bu (12) | rewing < o is given by TI(E) — (400

B where U'™(t) € R™ ™ is given by W' (t) = (y"™(t) —
y=Cz+ Du () itm.0yT (yitm () — 4yitm.0) yitm (1) is the output of the non-
wherex € R" is the state vector ang € R” is the output linear system corresponding to the initial conditi@0) =

vector, it is observable if the observability matrix emTie; + o, and ™0 refers to the output measurement
C corresponding to the unperturbed initial statg, which is
CA usually chosen as the steady state under typical power flow
C A2 conditions but can also be chosen as other operating points.

In practical implementation, (4) can be rewritten as its

: discrete form [12]
CAn—1

T s K
. . 1 ImmT
or the observability gramian [7] w=>) > vy > T T A, (5)
© o i1=1 m=1 k=0
I ATy ‘
Wolinear = /o e’ T Cedt 2) where \I/fcm € R”X" is‘ given by \I/fcmij = (yim —
has full rank. yilmOYT (y7tm _yyitm.0) - yilm s the output at time step,
For a nonlinear system K is_ the number of points_ chose_n fo_r the approximation of
) the integral in (4), and\t is the time interval between two
{ &= f(z,u) (32)  points.
y = h(z,u) (3b) For multiple outputgy € R?, ¥}, in (5) is
where f(-) and h(-) are the state transition and output func- - _ “T _ -
tions, z € R™ is the state vectors € R” is the input vector, yilm — ymo vl =y
andy € RP is the output vector, it is locally observable at im im0 fm im0
a statex if the nonlinear observability matrix obtained by plm Yoo = Y2 Y20 — Y2
) . .

using Lie derivative has full rank at = xq [8], [9].
The rank test method is easy and straightforward for linear

systems and it can tell if the system is observable under a yi — yimo ygf}f — ytm-0
specific sensor set. However, for nonlinear systems this can ) )
be very com.pl-igate.d even for .small systems. _ Xp:( it _im,OVT (il gm,0)
One possibility is to linearize the nonlinear system. But ‘ Yo = Yo Yor =%
o=

the nonlinear dynamics of the system will be lost. Alter-

natively, empirical observability gramian [10], [11] pides Whereyg{’,y andy™0 are respectively theth output of the

a computable tool for empirical analysis of the state-outpoonlinear system corresponding to the perturbed and unper-
behaviour of a nonlinear system. It is also proven that therbed initial state.



Then the matrixW{™ for p outputs can be given as verify the smallest eigenvalue in all the examples. Based on
» all these considerations, in this paper we choose the agect
plm — Z\pm (6) as th_e maximization of the determinant of the observability
gramian under different PMU placements.

To better understand the PMU placement method based
on the maximization of the determinant of the empirical
observability gramian, consider the state trajecta(y, ;) of

P the system with an initial state,. The corresponding output
W= Z we (") function of sensor measuremen&, x). Their relationship
o=l can be treated as a mapping fratg to y(¢, o). The process
where W° is the empirical gramian for ouput and can be of state estimation is to find the inverse mapping frot =)
calculated by substitutin fj’}c into (5). to (¢, xo). It is well known that an inverse problem can be

Therefore, the empirical observability gramian for a systesolved accurately, or is well posed, if the image of a mapping
with p outputs is the summation of the empirical gramians sensitive to the variation of the input variable. Thussit i
computed for each of thg outputs individually [18]. desirable to have a large gain fram to y(¢, ). Since the

Different from analysis based on linearization, the engpiri empirical observability gramian is approximately the gaam
observability gramian is defined using the original system, to y(t, x() [14], selecting sensor locations with a larger
model. It reflects the observability of the full nonlinear-dydeterminant of the gramian improves the overall obseriggbil
namics in the given domain, whereas the observability basedased on this choice, the optimal PMU placement problem
on linearization only works locally in a neighborhood of aman be formulated as

operating point. max det W (z)
z

o=1

where ¥ is calculated for outpus.

o

By substituting (6) into (5), we can get

I11. OPTIMAL PMU PLACEMENT FOR POWER SYSTEM g B
DYNAMIC STATE ESTIMATION st Y z=g (8)
. . . . =1
In this section the optimal PMU placement for dynamic state se {01}, i=1, g

estimation is formulated based on the empirical obsentgabil

gramian. The generator and measurement model and Vheere z is the vector of binary control variables which

implementation, validation, and robustness of the progosgetermines where to place the PMU is the corresponding

method are also discussed. empirical observability gramia, is the number of generators
in the system, ang is the number of PMUs to be placed.

A. Formulation of Optimal PMU Placement o
The degree of observability can be quantified by making usBe' Simplified Generator and Measurement Model

of a variety of different measures of the empirical obseilitggh A classical second-order generator model and simplified
gramian, such as the smallest eigenvalue [13]-[16], [3¥, tmeasurement model are used for demonstration. All the nodes

trace [18], the determinant [34], [19], or the condition rhem €xcept for the internal generator nodes are eliminated laed t
[13] A|th0ugh all of them are based on gramian matriceg,dmittance matrix of the reduced netwdrkis obtained. The

different measures reflect various aspects of observahilite €quations of motion of the generators are given by
smallest eigenvalue defines the worst scenario of obsdityabi

. . ! 0 = w; —w 9a
It measures the largest possible error among all dimensibns b ZL,O 0 (%a)
unknown noises. The trace of gramian matrices measures the Wi = o (Trni — Tei) (9b)
total gain from state variation to sensor output. It canmetédt ,
wherei = 1,---, g, 6, wi, Trni, Tei, wo, and H; are respec-

the unobservability of individual directions in noise spac . N th | dimd hanical
Observability based on the condition number emphasizes {jygly the rotor angle, rotor speediady/s, mechanical torque,

numerical stability in state estimation. The determinaht glectnc air-gap torque, rated value of angular frequeaoyl

gramian matrices measures the overall observability in %nertla of theith generator; the electric air-gap torqiig can

directions in noise space. e written as

Although the trace of gramian also tends to measures ther,; ~ p,, = E2Gy;
overall observability, it cannot tell the existence of aaer g
eigenvalue. Thus an unobservable system may still have a +ZEiEj(GijCOS(5i — ;) + Byjsin(d; — 5j)) (10)
large trace. Compared with the method based on the smallest J=1
eigenvalue, the determinant is a smooth function, which is a J#
desirable property in numerical computations. Howeveis it where E; and E; are voltage magnitudes of théh and jth
advised that the smallest eigenvalue be verified to be at iaternal generator busiy;; and G,; are real elements oY
acceptable level when using the determinant of gramian asd B;; is the imaginary element of .
the measure of observability. This is to avoid the situation  For simplicity it is assumed that for generators where PMUs
which a gramian has an almost zero eigvenvalue that malkee installed the rotor angle and rotor speed can be directly
the system practically unobservable. In fact, we numdyicaimeasuredT,,; andE; are used as inputs and are actually kept



constant in the simulation. The dynamic model (9) can thusFor generatof € G,, the generator model is only described
be rewritten in a general state space form in (3) and the statethe first two equations of (12) angj; ande;;; are kept un-
vector &, input vectoru, and output vectogy can be written changed. Similar to Section 1lI-B, the set of generatorsrehe
as PMUs are installed is denoted I§. For generatoi € Gp,
Tmi, Etqi, the terminal voltage phaosi;; = egr; + jer;, and

_ T T
z=[0" W] (11a) the terminal current phasdy; = ig; + ji;; can be measured,
u=[T," E"" (11b) among whichT;,; and E;4; are used as inputs anfg,; and
y = [5QPTprT]T (11c) I; are the outputs.

The dynamic model (12) can be rewritten in a general state
whereGp is the set of generators where PMUs are installesbace form in (3) and the state vectorinput vectoru, and
and 897 andw9” are the rotor angle and rotor speed of theutput vectory can be written as

generators that belong @p.

T T T T.T
The simplified generator and measurement model in this r=[0 w e; eq | (13a)
section is denoted by, for which the number of states u = [TmT Ede]T (13b)
=2g. . .
" g y=ler’ e’ ir’ zIT]T. (13c)
C. Realistic Generator and Measurement Model Theig;, iqi, andT,; in (12) can be written as functions of
In this section a more realistic generator and measuremécn?ndu'
model is presented by mainly following [35]. There are some Ug; = el sind; + e'ql. cos 6; (14a)
differences between our model and that in [35]. Firstly,][35 o I
; . L U = e,,; sind; — ey; cosd; (14b)
only consider the single-machine infinite-bus system but ou A )
model can be used for multi-machine systems. Secondly, [35] Iii =Y (YR + j¥1) (14c)
only consider fourth-order transient generator model bat w iri = Re(Iy) (14d)
allow both the fourth-order transient model and the second- irs = Im(Iy;) (14€)
order classical model. Thirdly, in [35] only the terminal . . .
. . igi = ir;Sind; + ig; cosd; (14f)
voltage phasor is used as output and the terminal current _ o _
phasor is used as input but we consider both the terminal igi = iR SN 0; — i1i COS0; (149)
voltage phasor and terminal current phasor as outputslyl ast €qi = efn- — X (14h)
[35] does not require the admittance matrix for estimation edi = €y + Thiigi (14i)
while our model requires this knowledge. ~ , . .
Tei = Pey = eqitqi + €dildi- (14))

Let G4 andG, respectively denote the set of generators with
fourth-order model and second-order model. The numbers\ghere w; = Wy, + j¥;; is the voltage sourcelr and ¥; are
generators with fourth-order model or second-order modgblumn vectors of all generators; and ¥y, eqi and eq;
which are also the cardinality of the &t andg,, are respec- are the terminal voltage gtandd axes, and’; is theith row
tively g, and g>. Thus the number of states= 494 + 2g>.  of the admittance matrix of the reduced netwdark
For generatori € G4, the fast sub-transient dynamics and |n (14) the outputsy andi; are written as functions of
saturation effects are ignored and the generator modelaigd«. Similarly, the outputs:z; ande;; can also be written
described by the fourth-order differential equations icalo 55 function ofr andu:

d-q reference frame:

. €Ri = €4;Sind; + e4; cos d; (15a)
51' = Ww; —Wo (123) 5
€1; = €g; SIN 51 — €45 COS 51 (15b)
) wo Kp; 1
Wi = 557 (Toni — Tei — (wi —wo))  (12b) . L
2H; wo Compared with the simplified generator measurement model
i 1 . ' i -
e;i = — (B — e;i —(was — 2l )iai)  (12€) My in Section III_ B, the gen(_erator and r_neasurement model
Tho; considered here is more realistic, which is denotedvizy
. 1 , Similar to [35], the continuous models in (9) and (12) can
!l (- ! . L ! ) X
Cai = TéOi( Cai T (Tqi = T4 )ig:) (12d) e giscretized into their discrete form as
wherei is the generator serial numbé,is the rotor angley; { x = fo(®r—1,ur-1) (16a)
is the rotor speed imad/s, and e;i ande/, are the transient Yy, = h(xg, ug) (16b)

voltage alongg and d axes;i,; andiq; are stator currents where & denotes the time ak/A; and the state transition

at g a}ndd axes; Iry; is the mgchani_cal torqu@,’ei s the functions f; can be obtained by the modified Euler method
electric air-gap torque, andl;4; is the internal field voltage; [36] as

wp Is the rated value of angular frequendy; is the inertia
constant, ands p; is the damping factorT,; andT,, are the Ty = xp—1 + fep_1,up_1)AL a7
open-circut time constants fgr and d axes;z; andzq; are 7 Fru

X , + fxp_1, up_ 2 18
the synchronous reactance amg andz;,; are the transient f= @ fc) F @1, uim))/ (18)
reactance respectively at thheand d axes. xp—1 + fAL (19)

8
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The model in (16) is used to obtain the system response ando summarize, the optimal PMU placement method based
the outputs for the empirical observability gramian cadtion on the maximization of the determinant of the empirical
in (5). It is also used to perform the dynamic state estirmatimbservability gramian can be implemented in the following
with the squart-root unscented Kalman filter (SR-UKF) [46}wo steps.
which can further be used to validate the optimal PMU 1) Calculate empirical observability gramian

placement method proposed in this paper.

D. Implementation

In Section 1l it has been shown that the empirical observ-
ability gramian for a system with outputs is the summation
of the empirical gramians computed for each of theutputs
individually. This can be easily generalized to the case for
placing g PMUs in power system dynamic state estimation.
The empirical observability gramian calculated from phagy
PMUs individually adds to be the identical gramian calcedat
from placing theg PMUs simultaneously, which can be shown
as
g

W = XP:WO = ZWz
o=1 i=1

Z(W;H—W;J),

for M1

=1

g
S O(WEr+ Wi+ Win + Wi, for My
=1

where W° is the empirical observability gramian for output
o; p is the number of outputs angd= 2g for M; andp = 4g
for Mo; W, is the empirical observability gramian for all the
outputs at generatof; W, W¥, W, W<, Wir and
ij are respectively the empirical observability gramians for
the rotor angle, rotor speed, the real or imaginary part ef th
terminal voltage phaosr, and the real and imaginary patief t
terminal current phasor at generator

Based on this property the optimization problem (8) can be
rewritten as

g
max det Zl ziWi(z)

g
s.t. Zzl:f]
i=1
216{0,1}, Zzlv g

where W, is the empirical observability gramian by only
placing one PMU at generator

The determinant of a matrix is a high-degree polynomial
and its absolute value can be too small or too huge to
be represented as a standard double-precision floating-poi
number. By contrast, the logarithm of the determinant can be
much easier to handle. Thus we can equivalently rewrite the
optimization problem in (20) as

(20)

g
min — log det Z zWi(z)

=1

=1

Zie{071}a z:]wvg

(21)

2)

The empirical observability gramian calculation in (5) is
implemented based on emgr (Empirical Gramian Frame-
work) [37] on time interval[0,¢¢]. In this papert; is
chosen as 5 secondAiy, in (5) can take different values
according to the required accuraay; in (5) is chosen

as the steady state under typical power flow conditions,
which is denoted bycgy. We only need to calculate the
empirical observability gramians for placing one PMU at
one of the generators and there is no need to compute
all the combinations of PMU placements” and M
that are used to defined the empirical gramian in (5) are
chosen as

T" = {In, —1n}
M = {0.25,0.5,0.75,1.0}

(22)
(23)

wherel,, is the identity matrix with dimensiom and

n = 2g for model M; andn = 494 + 2¢, for
modelM,. For T, 1,, and —1,, separately correspond
to perturbations in the state variables in positive and
negative directions. Thé/ chosen here is the default
form in emgr, for which the subdivision of the scales
of the states is linear and the smallest and biggest
perturbation sizes are respectively 0.25 and 1.0.

Solve MAX-DET optimization problem

MAX-DET problem with continuous variables is convex
optimization problem and can be solved by the interior-
point methods [38] or the Newton-CG primal proximal
point algorithm [39]. However, the mixed-integer MAX-
DET problem in (21) is nonconvex and cannot be solved
by the above-metioned methods. Therefore, in this paper
we resort to the blackbox optimization method and solve
(21) by using the NOMAD solver [40], which is a
derivative-free global mixed integer nonlinear program-
ming solver and is called by the OPTI toolbox [41].
The NOMAD solver implements the Mesh Adaptive
Direct Search (MADS) algorithm [42], a derivative-
free direct search method with a rigorous convergence
theory based on the nonsmooth calculus [43], and aims
for the best possible solution with a small number of
evaluations. The advantages of NOMAD and MADS can
be summarized as follows:

a) Under mild hypotheses, the algorithm globally
converges to a point satisfying local optimality
conditions based on local properties of the func-
tions defining the problem [40].

b) Although the MADS algorithm was developed for
continuous variables, the binary control variables
in our problem can be easily handled by using
minimal mesh sizes of 1 [40].

¢) NOMAD also includes a Variable Neighborhood
Search (VNS) algorithm [44], which is based on
the VNS metaheuristic [45]. This search strategy



perturbs the current iterate and conducts poll-like. Validation

descents from the perturbed point, allowing an .
escape from local optima on which the algorithm The proposed optimal PMU placement method can be

validated by performing dynamic state estimation with SR-
may be trapped [40]. ) ) , UKF [46]. The following two methods are used to generate
Specifically, MADS [40], [42] is an iterative method

h he obiective f . q ) Ia dynamic response. Method 1 perturbs some of the initial
where the objective function and constraints are eva Hngles and is only used for demonstration while Method 2

ated at some tr_|al pomt_s Iym_g on a mesh whose d'scregtﬁplies a three-phase fault and is thus more realistic.
structure is defined at iteration by

M, = U {z+ A’Du :u € N'P}
z€Vy

1) Method 1-Perturbing angles
The initial states are perturbed by changing some ran-
domly selected angles in the following way

(24)

where A7* € R* is the mesh size parametéf, is the

set of points where the objective function and constraints
have been evaluated by the start of iteratibn 1}
contains the starting points, and = G U is the set

of np mesh directions, which is the product of some
fixed nonsingular generating matrix and an integer
vectorU.

Each MADS iteration is composed of three steps: the
poll, the search, and updates. The search step is flexible

P =060 +e (27)
wherei is randomly selected among all generatép: "

is the perturbed anglé) is the steady state angle, and
e follows uniform distribution as

e~ U(=[57],1671)- (28)

and allows the creation of trial points anywhere on the 2)
mesh. The poll step is more rigidly defined since the
convergence analysis relies on it. It explores the mesh

Method 2—Applying faults
A three-phase fault is applied on a line at one end and
is cleared at near and remote end afi®5s and0.1s.

Here, we do not consider the fault on lines either bus of
which is a generator terminal bus because this can lead
to the tripping of a generator. Dynamic state estimation
is then performed by SR-UKF on the post-contingency
system. For SR-UKF the mean of the system states at
time step 0 is set to be the pre-contingency states, which
can be quite different from the real system states, thus
making the dynamic state estimation very challenging.

near the current iteratg, with the following set of poll
trial points:

PkZ{Z;C—I—AZId:dEDk}C]\/fk (25)

where Dy, is the set of poll directions, each column
of which is an integer combination of the columns of
D. Points of P, are generated so that their distance to
the poll centerz; is bounded below by the poll size

parameteA} € RY. To compare the estimation results we define the following
At the end of iteratiork, an update step determines theystem state error

iteration status (success or failure) and the next iterate

Zr+1 IS chosen. It corresponds to the most promising 9T st uens
success or stays at.. The mesh size parameter is also ; t;(%t — 231
updated with er = \| —— (29)
P T,
m g S

(26)

P = TAY
wherez is one type of states and can bew, ¢/, or e/; 253
is the estimated state andl{® is the corresponding true value

dor the ith generator at time step 7, is the total number of

wherer > 1 is a fixed rational number and, is a finite
integer, which is positive or null if iteratiok succeeds
and strictly negative if the iteration fails. The poll siz

parameter is also updated in this step according to ruft@'€ Steps. /
depending on the implementation. We also count the number of convergent stateso( ey, or

A high-level description of the algorithm can be giverfa): Which is defined as the states whose differences between
as follows. the estimated and the true states in the last 1 second are less
thanc% of the absolute value of the true states. Obviously the
Algorithm MADS greater the number of convergent states, the better the stat
— INITIALIZATION : Let 2y € Vj be a starting pointy and estimation result is.
U be the matrices used to defii& andr be the rational  Since where the perturbation is applied and the size of
number used to update the mesh size parameterAget the perturbation are random, dynamic state estimation is
A, and the iteration countér «+— 0. performed for a large number of times in order to get a rediabl
— SEARCH AND POLL: Perform the search and poll stepgonclusion for the comparison of estimation results under
(or only part of them) until an improved mesh point,,; different PMU placements. Note that for different number of
is found on the mesh/;, or until all trial points are visited. PMUS the list of perturbed generators and the perturbaizen s
— UPDATES UpdateA7”, ;, A? | and V1. are the same when using Method 1 and the locations to apply

Setk « k + 1 and go back to the search and poll steps. Egltthsognzd the time to clear faults are the same when using




F. Robustness

By using the method proposed in Sections IlI-A-Ill-D we
can obtain the optimal PMU placement for placigg =
1,---,9 — 1 PMUs under typical power flow conditions.
Denote this PMU placement bPPY, which is the set of
generators where PMUs are instalied. However, after a long
time the system can significantly change. For example, the
loads at some buses might greatly change and even new
generators or new transmission lines might be built. These2)
changes will lead to the change of the unperturbed initatest
xo or even the system dynamics and will further influence
the calculation of the empirical observability gramian dhe
obtained optimal PMU placement. In this case KDE’P?’
obtained based on the current system states might not be able
to make the system state well observed. In order to solve this
problem a new optimal PMU placement can be obtained by

flow conditions, /" and Q/"“ are real and reactive
loads of busi with fluctuations, andy; is uniformly
distributed in[2 — ~,~]. We choosey as 1.05 and the
real and reactive loads of all load buses will uniformly
fluctuate between 95% and 105% of their typical power
flow loads.

The steady state under load fluctuation" is used

as the unperturbed staig in (5).

Big distrubance—Contingencies

Similar to Section llI-E, a three-phase fault is applied on
a line at one end and is cleared at near and remote end
after0.05s and0.1s and the faults are also not applied
on lines either bus of which is generator terminal buses
to avoid the tripping of generators. The system state after
the fault is cleared will be different from the steady
statez?. This state is used as the initial unperturbed

solving the following optimization problem statex in (5) and is denoted by:°"t. Moreover, the

g+da admittance matrixY” for the post-contingency system
min — log det Z 2Wo.i(2) can be different from the pre-contingency system and
Z i1 will further change the system dynamics in both (9) and

(12).
The observability gramian in (5) can be calculated for
typical power flow conditions without fluctuations or con-
tingencies and for the above two cases with fluctuations or
contingencies and is then used to determine the optimal PMU
placement by solving the optimization problem in (21). The
optimal PMU placement for placing PMUs in the two
2z €{0,1}, i ¢ OPPY cases with disturbances are separately denote®Bp/"
where g, is the number of newly added generators ar@nd OPP;”"". The robustness of the proposed optimal PMU
Ja is the number of additional PMUs to be installed. Thplacement method can be verified by compa@®P!"* and
optimization problem (30) keeps the existing PMUs and tr@PPg(mt with OPPtgy.
to find the best, locations to install new PMUs in order to Specifically, the ratios of PMUs placing at the same lo-
maximize the observability of the new system. cations between the typical power flow case and the load
However, in this section we mainly discuss the robustnessfafctuation and contingency case are
the proposed optimal PMU placement method when the sys- carc{OPPij A OppgzuC)

9+9a

s.t. > z=G+7a (30)
=1

z =1, i € OPPY

tem does not significantly change. Specifically we exploee th Rgluc = (32a)
robustness of the proposed optimal PMU placement method ‘ 9

under load fluctuations and contingencies, which respalgtiv Py ont

correspond to small disturbances and big disturbanceseitund Reomt = card OPP;” N OPP™) (32b)

these disturbances the unperturbed stegein (5) can vary g
from the steady state under typical power flow conditiaffs where card) denotes the cardinality of a set, which is a
and when there are contingencies even the system dynamigsasure of the number of elements of the set. If the ratios
can change since the topology of the post-contingencysysteefined in (32) are close to 1.QPPY is close toOPP}™
can be different from the pre-contingency system. The mbugy oppgfmt,
ness of the optimal PMU placement means that the obtainedgesides, the robustness of the proposed optimal PMU
optimal PMU placement will be almost unchanged under thegﬁcement method can also be verified by comparing the
disturbances. logarithm of the determinant of the empirical observaypilit
1) Small disturbance—Load fluctuations gramian obtained from the two cases with disturbances for
The fluctuations in the loads can be achieved by mul@PP,’ and OPPJ™“ or OPPY and OPP.°™. Specifically,
plying the loads under typical power flow conditions byhe correspondingz in (21) (separately denoted by’
a factor [47], [48] 23", and z¢°™) can be obtained fror®PP.’, OPPS'““, or
pllue _ o, pt OPP;”™ sincez; = 1 if i € OPP; andz; = 0 otherwise,
’ ’ where OPP; can be the optimal placement in any of the
three cases. Then the objective function in (21), for which
W ,.i(z) is the empirical observability gramian for theﬂsmall

or big disturbance case, can be evaluatedzj‘zyr and z;

or zf;’ and z¢"*. The logarithm of the determinant of the

(31a)

QM = a; QW (31b)

wherei belongs to the set of load buse’,’ and Q'
are real and reactive loads of businder typical power



empirical observability gramian can finally be obtained as Even compared with more general sensor placement meth-
the opposite of the optimal value in (21). Here robustnessls with applications other than power system dynamic state
means that the logarithms of the determinant of the empiriestimation, the proposed method in this paper also has ebvio
observability gramian are similar dePPij and OPPQ“C in advantages.

the small disturbance case or f@tPPtgy and OPP.’(EJ""t‘ in the
big disturbance case.

G. Comparison with Existing Methods

As is mentioned in Section |, there are few methods on
PMU placement for dynamic state estimation. In this section
we will briefly compare the proposed method in this paper
with some existing methods.

In [30] numerical PMU configuration algorithms are pro-
posed to maximize the overall sensor response while mini-
mizing the correlation among sensor outputs so as to mieimiz
the redundant information provided by multiple sensorse Th
optimal PMU placement problem is not tackled directly but is
solved by an sequential “greedy” heuristic algorithm [49].

In [31] and [32] the performance of multiple optimal PMU
placements obtained by mixed integer programming [22]] [23
are evaluated by using a stochastic estimate of the staatly-s
error covariance. They only compare some already obtained
PMU placements but do not propose a method to determine
the optimal PMU placement.

In [33] a PMU placement method is proposed to ensure
a satisfactory state tracking performance. It depends on a
specific Kalman filter and tries to find a PMU placement
strategy with small tracking error. However, it does notvegrs
the question why some specific PMU placement can guarantee
small tracking error. The optimal PMU placement problem is
solved by a sequential heuristic algorithm.

By contrast, the advantages of the optimal PMU placement
method proposed in this paper can be summarized as follows:

1) The proposed method has a quantitative measure of

observability, the determinant of the empirical observ-
ability gramian, which makes it possible to optimize
PMU locations from the point view of the observability
of nonlinear systems.

1) In [18] the trace of the empirical observability gramian

is used as measure of observability and the objective
function of the optimal sensor placement problem, which

is used to find optimal sensor placement for the dis-
tillation column model. However, as is discussed in

Section IlI-A, the trace cannot tell the existence of a

zero eigenvalue. The proposed method can avoid this by
using the determinant as the measure of observability.
Moreover, the optimization problem is solved by the

genetic algorithm, which is often considered as being
not time-efficient.

2) In [19] the optimal sensor placement for distillation

column and packed bed reactor is obtained by maxi-
mizing the determinant of the empirical observability
gramian. However, the BONMIN slover [50] that is
chosen to solve the MAX-DET problem can only solve
convex mixed integer nonlinear programming. It is not
suitable for solving the nonconvex mixed integer MAX-
DET problem and can only find local solutions to
nonconvex problems. By contrast, the NOMAD solver
[40] is a derivative-free global mixed integer nonlin-
ear programming solver. The examples that show the
advantage of the NOMAD solver over the BONMIN
solver on solving nonconvex mixed integer nonlinear
programming problems can be found on the website
of the OPTI toolbox [41] at http://www.i2c2.aut.ac.nz/
Wiki/OPTl/index.php/Probs/MINLP.

IV. CASE STUDIES

2) The proposed method efficiently solves the PMU place- In this section the proposed optimal PMU placement method
ment problem by the NOMAD solver [40], which is ais tested on WSCC 3-machine 9-bus system [51] and NPCC
derivative-free global mixed integer nonlinear program#8-machine 140-bus system [52]. The empirical obsertgbili
ming solver. This is significantly different from similargramian calculation and the SR-UKF are implemented with
work solely based on the sequential heuristic algorithMatlab and all tests are carried out on a 3.4 GHz Intel(R)

[30], [33].

Core(TM) i7-3770 based desktop. When calculating the em-

3) The proposed method does not need to consider differ@irical observability gramian in (5)\¢;, is chosen ad /30s
load levels or contingencies but only needs to deal wifler WSCC system and /120s for NPCC system since it
the system under typical power flow conditions. Thitss more difficult to reliably and stably solve the ordinary
is true especially after the robustness of the methatifferential equations for the much bigger NPCC system.
discussed in Section IlI-F is well validated, for whichDynamic state estimation is performed [on5s] by using SR-
the results will be given in Section IV-C. This is differentUKF. By denoting the error ob, w, e;, e, er, €1, ir, and
from [30] for which the PMU placement is obtained by:; respectively ass, 7., re;, e,y Teps Tess Tig, @ndr;;, the
using the system response under many contingenciessR-UKF is set as follows.

4) The proposed method does not need to perform dynamic
state estimation and thus does not depend on the specifi
realization of Kalman filter. Thus the obtained optimal
PMU placement can be applied to any type of Kalman
filter, which is an important advantage over the method
in [33].

a,) For M; the initial state covariance is set as

TgIg 0y

Py, =
0y TE)I.(]



and forM, the initial state covariance is
9 Gen 2 @
r5lg 0y 0g,9:.  0g,g,

2
0y r5lg 0gg,  Ogg, 7 3

2 L |
0gig 0Ogyyg Ter lg, 0y, 5 6

2
O0g.g 0gsg 0Og, Ter, lg,

N ——

Py, =

wherel ; is an identity matrix with dimensiop, 0, is a
zero matrix with dimension, and0,, ,, is a zero matrix

with dimensionu x v.
2) The covariance for the process noiseQs= 107"1,, @
wheren is the number of states. Gen 1

3) ForM; the covariance for the measurement noise is
Fig. 1. WSCC 3-machine 9-bus system.
2
ril;  0j
Rl — 5'9 g

0; rilg I, in which the logarithm of determinants under the optimal

and forM, the covariance for the measurement noise BMU placement achieve maximum among those with the same
number of PMUs. We also list the largest and smallest simgula

2 .
rerlg 0g 05 0Oy value omax and omin. The PMU placement with the greatest
0, r21; 0 0; logarithm of determinant also corresponds to the greatgst
{ er ! { i
R2 = 2 and Omin-
0 05 05 77l TABLE Il
. LOGARITHM OF DETERMINANT OF THE EMPIRICAL OBSERVABILITY
whereg is the number of PMUs. GRAMIAN UNDER DIFFERENTPMU PLACEMENTS FORWSCC
4) The PMU sampling rate is set to be 30 frames per second 3-MACHINE SYSTEM

for WSCC 3-machine system and 60 frames per second

for NPCC 48-machine system. Note that if the practical MY pllacemem 108g :zt I 1meax103 00(;“(');2
sampling rate of PMUs in real systems is smaller than 2 15'61 1:16 103 6'43
60 frames per second the effective sampling rate can be 3 2233 123 x 10° 057
increased by the interpolation method [53] which adds 1.2 2134 230x 105  0.44
pseudo measurement points between two consecutive 13 2440 237 x 10°  0.82
measurement samples. 2,3 2647 240 x 103 2.5

A WSCC 3-Mach|n_e System ) ) From Table Il it is seen that the logarithms of determinant
The proposed optimal PMU placement method is applied i {he empirical observability gramian for placing one PMU
WSCC 3-machine 9-bus system to decide where PMUs shouldyenerator 2 and generator 3 are much greater than that for
be installed to make the system most observable. This smalicing pMU at generator 1, indicating that placing one PMU
system is only used for demonstration and thus the simplifigg generator 2 or generator 3 should make the system more

generator and measurement model in Section 11I-B is usgfhservable than placing one PMU at generator 1.
Method 1 in Section Ill-E is applied to generate dynamiC 15 show the difference for placing PMU at generator 3
response and specifically one of the angles is perturbed. Wey generator 1 we present estimation results for pertgrbin
choose Method 1 because WSCC 3-machine system is VR angle of generator 1 by decreasing it by 100% in Figs.
small and there are not many different cases if we apply$au gnq 3 in which black dash lines denote real states, red
by using Method 253'5 set as 2 ands; andr,, are chosen g |ines denote estimated states, and blue dots dertues t
as0.57/180 and 10 ~"w. The optimal PMU placements for o a5,rements from PMUs. When placing PMU at generator
placing 1 and 2 PMUs are listed in Table |, in which the img 5| the rotor angles and rotor speeds can converge to the
for solving the optimization problem (21) is also listed. e states quickly while for placing PMU at generator 1 the
rotor angles and rotor speeds where PMUs are not installed

OPTIMAL PMU PLACEMENTTA%EV{ISCC 3-MACHINE SYSTEM are diffi(_:ult to converge. The rotor angle and rotor speedrerr_
for placing PMU at generator 3 are 0.0044 and 0.041 while
number of PMUs  optimal placement time (s) for placing PMU at generator 1 are 0.011 and 0.12.
3 2.46 The average value of the rotor angle and rotor speed
2,3 0.076 error ¢; and ¢, and the average value of the number of

convergent angled’ s for performing dynamic state estimation
The logarithms of determinant of the empirical observabili using SR-UKF for 50 times under the optimal and other
gramian under different PMU placements are listed in TabRMU placements are listed in Table Ill. For each dynamic
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Fig. 4. Map of the NPCC 48-machine 140-bus system. The stalisates
generators with classical model and the transmission lmigis highest line
flow and their buses are highlighted.

B. NPCC 48-Machine System

In this section the proposed optimal PMU placement method
is tested on NPCC 48-machine system [52], which has 140
buses and represents the northeast region of the EI system.
The map of this system is shown in Fig. 4. The realistic
generator and measurement model in Section IlI-B is used and
27 generators have fourth-order transient model and ther oth
21 generators have second-order classical model. Method 2 i
Section IlI-E is applied to generate dynamic resporss.set
to be 2.75 andr,, are chosen a8.5 /180 and 10~ 3wy. 7.,
andr., are chosen as x 10-2 andr;,, andr;, are chosen as
5x 107%

The obtained optimal PMU placements are listed in Table
I\V. For brevity we only list the PMU placements for the
number of PMUs between 12 and 24. We can see that if
g1 > go it does not necessarily hold that the optimal PMU
placementOPPY > OPPY. This is very different from [30]
and [33], in which a sequential heuristic algorithm is used a
the optimal solution can not be guaranteed.

The maximum logarithms of the determinant of the em-
pirical observability gramian for placing different nunibeof
PMUs g are shown in Fig. 5. The maximum logarithms of

state estimation one randomly selected angle is perturgedtBe determinant first increase quickly when the number of
Method 1 in Section I1I-E in order to generate different casePMUs is small and then increases much slower gftexceeds
Under optimal PMU placements the rotor angle and rotground 10. As is mentioned in Section Ill-A, it is advised
speed errors are the smallest and the numbers of converdBat the smallest eigenvalue be verified to be at an acceptabl

angles are the greatest.

TABLE Il

ERROR AND NUMBER OF CONVERGENTANGLES UNDERDIFFERENT

PMU PLACEMENTS FORWSCC 3-MACHINE SYSTEM

PMU placement &5 Ew Ny
1 0.015 0.19 0.88
2 0.0078 0.083 1.96
3 0.0058 0.055 2.04
1,2 0.0056 0.065 2.14
1,3 0.0044 0.042 2.22
2,3 0.0037 0.036 2.28

level while using the determinant of gramian as the measure
of observability in order to avoid the situation in which a
gramian has an almost zero eigvenvalue that makes the system
practically unobservable. Therefore, the minimum eigaresa

of the empirical observability gramian for different numloé
PMUs are shown in Fig. 6, from which we can see that the
minimum eigenvalues of the observability gramian graguall
increase with the increase @f Except for the cases in whigh

is very small the minimum eigenvalues for most cases can stay
at an acceptable level. Specifically, whges- 10, the minimum
eigenvalue becomes greater thadr>; when g = 23, the
minimum eigenvalue becomes greater than?; finally when

g > 45 the minimum eigenvalues are around 0.062.
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TABLE IV o
OPTIMAL PMU PLACEMENT FORNPCC 48-MACHINE SYSTEM 10
(NUMBER OFPMUs =12 ~ 24)
number of PMUs optimal placement $10° ]
S
12 2,3,6,11,13,16,18,21,27,32,33,44 2
5]
13 2,3,6,11,13,17,18,21,27,32,33,37,44 -% 1%
14 2,3,6,11,13,17,18,19,22,27,32,33,37,44 %
£
15 2,3,6,11,13,16, 18,19, 21, 27,28, 32, 33, 38,44 =
€ .15
16 2,3,6,12,13,16,18,19, 22,27, 28, 32, 33, 37,44, 45 107 1
17 2,3,6,9,12,13,17,18,19, 21, 27,28, 32,33, 37,44, 45
18 2,3,6,9,11,13, 16,18, 19, 21, 27, 28, 31, 32, 33, 102 ‘ ‘ ‘
0 12 24 36 48
37,44,45 number of PMUs
" 2,3,6,9,11,13,14,17,18,19, 21, 27,28, 31, 32,
33,38, 44, 45 Fig. 6. Minimum eigenvalue of the empirical observabilityagian for
different numbers of PMUs for NPCC 48-machine system.
20 2,3,6,9,11,13,14,17,18,19, 20, 21, 27, 28, 31,

32,33, 38,44,45

1,2,3,6,9,12,13,14,17,18,19, 20, 21, 27, 28,
21 300~ e
31,32 33,37,44,45
- 1,2,3,6,9,10,11,13,14,17,18,19, 20, 21, 27, 250- 4
29,31,32,33,37, 44,45
03 1,2,3,4,6,9,10,1213, 14, 16, 18, 19, 20, 21, " 200~ ]
27,28,31,32,33,37, 44,48 £ 150- .
" 1,2,3,4,6,9,10,12,13,14, 16, 18, 19, 20, 21, -
27,28,31,32,35,36, 38, 44, 45 100- 1
501 .
Ot | | | L
- | 0 12 24 36 48
400 number of PMUs
200~ :
Fig. 7. Time for solving the PMU placement problem (21) foffatient
I or 8 numbers of PMUs for NPCC 48-machine system.
<)
2 -200- .
§—4oo— i number of convergent states between the obtained optimal
PMU placements and random PMU placements for which
~600- 7 the same number of PMUs are placed at randomly selected
~800- i generators. Method 2 in Section IlI-E is applied to generate
‘ ‘ ‘ ‘ dynamic response. 50 cases are created and for each of them
0 12 24 36 48 a three-phase fault is applied at the from bus of one of the
number of PMUs 50 branches with highest line flows and is cleared at near and

) . . ) - .. remote end afte®.05s and0.1s.
Fig. 5. Maximum logarithm of determinant of the empiricalsebvability
gramian for different numbers of PMUs for NPCC 48-machinstey. The average value of the rotor angig and the average

value of the number of convergent angl®s for performing
dynamic state estimation for the 50 cases under the optimal
The time for calculating the optimization problem (21jand random PMU placements are shown in Figs. 8 and 9. The
for different numbers of PMUs is shown in Fig. 7. Noteesults for the rotor speed and the transient voltage alpong
that for most cases in which = 1 ~ 47 the number of andd axes are similar and thus are not presented here.
possible placements are huge and an exhaustive enumeraticd@ompared with random PMU placements, the optimal PMU
of the solution space is unfeasible. By contrast, by usirg thlacements have much less rotor angle error and a significant
NOMAD solver [40] we are able to solve (21) very efficientlylarger number of convergent angles. Besides, under optimal
The longest calculation time (314 seconds) correspondsRMU placements an obvious observability transition can be
placing 9 PMUs and for placing = 1 ~ 47 PMUs 89% observed. When the number of PMi@s= 10 (about 21% of
of the calculation can be finished in 4 minutes, indicatirgf ththe total number of PMUs), the rotor angle error very abguptl
the calculation is very time-efficient. decreases from a very high levels(= 3.19 x 10'®) to a
We compare the estimation error of the states and thery low level g5 = 0.69). Correspondingly, wheg = 10
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24 24
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Fig. 8. Error of rotor angles under optimal and random PMWetaents for Fig. 10. Ratio of unchanged PMU locations under load fluatnat and
NPCC 48-machine system. contingencies for NPCC 48-machine system. The dash linedtes the

= fluc —cont

average value oR;  andRg  forg=1,---,47.

50
For WSCC 3-machine system 6 cases with load fluctuations
40- - are created. In this system there are a total of 6 branches
for each of which neither of the buses directly connects to a
30- R generator. They can be ranked in descending order of the line
- flow as 5-7, 7-8, 6-9, 4-5, 4-6, and 8-9. For each branch a
= o0l i three-phase fault is applied at its from bus and is cleared at
near and remote end aftér)5s and0.1s.
10- i For load fluctuation cases and contingency cases the
OPPJ and OPP™ for g = 1,2 can respectively be
0 —+—optimal | obtained. For all 6 load fluctuation cas@PP.™“¢ are all
——random ( I fluc
w w w w the same aeDPF%”, thus the average values @t; " for
0 12 numbgfof PMUs 3 48 all 6 cases are 1.0. For the 6 contingency cases only the

location of placing one PMU for the second contingency is
Fig. 9. Number of convergent angles under optimal and randMyU different fromOPPtly. The average values &{°"t andR5o™
placements for NPCC 48-machine system. for all 6 cases are 0.83 and 1.0. For the only one different

caseOPPY is {3} but OPP;*" is {2}. The logarithm of the

= . mpirical observability gramian under the second conticge
Ns increases very abruptly from less than 10 to about 4‘6hen placing PMU at generator 2 is 28.95, which is smaller

However, unde_r_random_ PMU placement there is no S.UCh O;ﬁén 30.45 for placing PMU at generator 3 but is still greater

vious observability transition. The error of the rotor anfjtst than 24.05 for placing PMU at generator 1

abruptly decreases to a not very low leve 1.04 x 10° Lo . .

wher?gy: 16 and then beginsyto grade;JJa(lTy doec;(eage)s INSlmlIarIy, 5 cases with load fluctuations are created for

order to get a very low level of rotor angle error it needs PCC 48-machine system. Another 5 cases with contingencies

as many as 37 PMUs. Very different from what is observe e_also created by applyin_g threq-phase fault aF the frosn bu
for optimal PMU placement, under random PMU placemeﬁ’ five branches with the highest line flow. The five branches
N increases approximately linearly before saturating agh pidre 132-127, 127-124, 13-12, 33-32, a”lSc 58_5900"’;?(1 are
level, indicating a much slower growth rate compared witkt thhlgl,’m(-:ll']t.ed n F|.g. 4. The average vaIues?ég andRg
under optimal PMU placement. Therefore, the results shoﬂﬁffl'gfd m_SCESttmn lI-F for _5 cgses, which are denoted by
in Figs. 7 and 8 show that the proposed optimal PMU meth@s}luc a”dEam’ are shown in Fig. 10. The average value of
leads to an obvious observability transition and ensurexodg R;  andR;  for g = 1,---,47, shown by dash line in
observability of the system states by only using a very smélig. 10, is 0.91 and is very close to 1.0.
fraction of PMUs. We also compare the logarithm of the empirical observabil-
ity gramian by using the method in Section IlI-F and the ressul
for the first load fluctuations case and the first contingemasgc
are shown in Figs. 11 and 12. The results for all the otherscase
Here, we presents results on the robustness of the propoagglsimilar and are not given. Note that for the first contiraye
optimal PMU placement method under load fluctuations am@se the fault is applied on one end of the line with the
contingencies for both WSCC 3-machine system and NPQG@jhest line flow, which to some extent corresponds to the mos
48-machine system. severe N-1 contingency. It is seen that the logarithm of the

C. Results on Robustness
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empirical observability gramian dePP‘}]y is very close to that conditions the obtained optimal placements are very robust
for OPPgl“C and OPP?}O”t, indicating that good observability to load fluctuations and contingencies and can still guagant
can still be guaranteed if the optimal PMU placement undgpod observability even under small or big disturbances.
typical power flow conditions is used even when there are load

fluctuations or contingencies in the system. ACKNOWLEDGMENT
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