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Abstract—This paper proposes a decoupling based direct
method to analyze the post-contingency transient stability for a
general multi-machine power system. A linear decoupling trans-
formation is used to construct the same number of independent
single machine infinite bus (SMIB) power systems as oscillation
modes. Each SMIB system carries stability information regarding
one oscillation mode of the original system at the equilibrium.
Then, the transient energy function method is applied on all
decoupled SMIB systems to calculate stability margins, the
smallest of which indicates the stability margin of the original
system. Case studies on an IEEE 9-bus power system and a
WECC 179-bus power system demonstrate the validity of the
proposed method.

Index Terms—transient stability, transient energy function,
direct method, linear decoupling, decoupled systems, oscillation
mode, contingency screening.

I. I NTRODUCTION

Dynamic security assessment (DSA) programs are impor-
tant for modern power systems to operate stably and securely
under more stressed conditions due to the increasing demand
in electricity markets and penetration of intermittent resources.
Fast contingency screening techniques play an important role
in online DSA programs for identification of the most critical
contingencies from a given list and direct methods are one of
the effective means employed in fast contingency screening
to quickly access the stability level for each post-contingency
condition so as to rank these contingencies. Many direct meth-
ods have been proposed along with the performance indices
during the last several decades, which may vary from system
model, indices formulation and thresholds selection. These
differences largely determine their reliability and efficiency.

The ways how a power system may lose its angular stability
have strong relationships with its oscillation modes [1]. A
multi-machine power system may have a large number of
oscillation modes, either inter-area or local. Those modes
couple, together influence dynamics of generators, and largely
increase the complexity in transient stability analysis. Thus,
understanding and even decoupling those oscillation modes
may enable more efficient transient stability analysis.

In the realm of mechanical engineering, the total decoupling
of general linear second-order differential equations by a
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real-valued linear transformation becomes available [2][3]. It
transforms the equations of a linear system into a collection
of mutually independent equations such that each equation
can be solved without solving any other equation. However,
very few studies on decoupling have been made for power
systems [4][5], where the efforts were mainly put on the signal
processing and the mechanism of decoupling is still not clear.
In power systems, linearization based analysis usually adopts
the state space representation in small signal analysis. Another
representation based on the synchronizing coefficients is also
capable to do such analysis [6]. The latter one is used in this
paper which provides a novel perspective for system analysis.

An assumption is used throughout the paper without math-
ematical proof: a multi-machine power system can be decou-
pled into a number of independent single-machine-infinite-bus
(SMIB) power systems. This assumption implies that all power
system nonlinearities are considered by the decoupled SMIB
systems and the modal interaction between any two modes
is supposed to be zero. However, it is difficult to analytically
derive a universal transformation used for complete decoupling
of all on- and off-equilibrium system states into the states
of those fictitious SMIB systems. Fortunately, a necessary
condition of those SMIB systems, if they could exist, would
be to coincide with a group of systems linearly decoupled
from the linearized model of the original power system around
the equilibrium point. As shown later in this paper, the
parameters of that group of linear systems are found sufficient
to determine those SMIB systems. However, existence of a
universal transformation has not been proved. As an initial
step of research in this direction, this paper tests a linear
transformation of system states for identifying parameters
of the aforementioned group of decoupled linear systems as
well as of fictitious SMIB systems. The term decoupling
method used in this paper describes the process to obtain those
fictitious SMIB power systems.

The decoupled SMIB systems are supposed to represent the
oscillatory behavior of the original power system. If any of
these SMIB power systems is unstable, the original system will
be considered unstable. Thus, checking the stabilities of the
decoupled SMIB systems is equivalent to checking the stability
of the original system. The transient energy function baseddi-
rect method is adopted to estimate the stability margin of each
decoupled SMIB system, where the smallest margin is chosen
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as the stability margin of the original system. When using the
direct method, the initial system states during the post-fault
period need to be transformed into the decoupled coordinates.
Since the universal transformation for off-equilibrium states
is currently unavailable, the proposed linear transformation is
used as a compromise in this step.

Section II introduces the decoupling method and section
III proposes a direct method based on those decoupled SMIB
power systems. Case studies on the IEEE 9-bus system and
the WECC 179-bus system are presented in section IV and
conclusions are provided in section V.

II. D ERIVATION OF DECOUPLING METHOD

A. Derivation of linear decoupling transformation

Consider a generalm-machine power system

δ̈i=
ω0

2Hi

(

Pm,i−E2

iGi−

m
∑

j=1,j6=i

(Cij sin δij+Dij cos δij)
)

(1)

where i ∈ {1, 2, ...,m}, δij represents the rotor angle dif-
ference between machinei and machinej, δi, Pm,i, and
Ei represent the absolute rotor angle, mechanical power and
field voltage of machinei, respectively, andGi, Cij and
Dij represent network parameters including loads, which are
modeled by constant impedances.

Assume that the system is operating at its equilibrium at
t = 0s and there is no disturbance. Since all rotor angles
increase at a common angular speedω0, the absolute rotor
angle of machinei, sayδsi , can be calculated by (2).

δsi = δs0i + ω0t (2)

whereδs0i is the initial absolute rotor angle of machinei.
The angle differences at the steady-state can be obtained.

δsij = δsi − δsj = δs0i − δs0j (3)

wherei, j ∈ {1, 2, ...,m} and i 6= j.
The linearization of (1) at the system equilibrium could be

obtained by (4) and (5).
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Let A = {aij}m×m, Ω be a diagonal matrix whose
diagonal elements areA’s eigenvalues andU be a matrix
whose columns areA’s eigenvectors corresponding to the
eigenvalues inΩ. Then the linear decoupling transformation is
defined by (6) and new coordinates of the linearly decoupled
system are defined by (7).

T = U
−1 =
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







τ1,1 τ1,2 · · · τ1,m
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...
...

. . .
...
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






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(6)

[q1, q2, · · · , qm]T = T [δ1, δ2, · · · , δm]T (7)

For further analysis, two properties ofA andT are used,
whose proof can be found in [6].Property 1: matrix A has
one zero eigenvalue and(m−1) positive eigenvalues.Property
2: the sum of elements in each row ofT , corresponding to a
non-zero eigenvalue, is zero.

The zero eigenvalue ofA represents a component in the
motion of all rotors which can change freely without any
constraint. This motion corresponds to the fact that all rotor
angles increase or decrease collectively in any stable power
system, which is also called the ”mean motion” of all machines
in [6]. The other(m − 1) eigenvalues represent the(m − 1)
natural oscillation frequencies at the equilibrium. Assume that
the zero eigenvalue is the last element ofΩ.

Note that for any eigenvector inU , when multiplied by any
non-zero scalar, it will still be an eigenvector corresponding
to the same eigenvalue. Thus, the ambiguity ofU results in
the fact thatT is not definite by (6). To avoid the ambiguity
and gain more physical meaning,T is normalized such that:
i) for any of T ’s first (m − 1) row vectors, the sum of its
positive elements is 1, then the sum of its negative elements
is -1 by property 2; ii) forT ’s last row vector, the sum of its
elements is one. The transformation matrixT used in the rest
of the paper is the one after this normalization.

In sum, a linear decoupling transformationT is proposed for
the linearized model of a generalm-machine power system.
It can be used to completely decouple the linearized system
shown in (4). Next subsection will show how to useT to
decouple the original nonlinear system shown in (1).

B. Derivation of decoupled SMIB power systems

By assumption, anm-machine power system could be com-
pletely decoupled into(m−1) mutually independent fictitious
SMIB power systems by a certain transformationT c, which
would be time-variant, nonlinear or both. Each decoupled
SMIB power system has the form shown in (8) with two
unknown parametersqk0 andβk, wherek ∈ {1, 2, · · · ,m−1}
[9]. Note that at the equilibrium,T c should be the same as
the linear decoupling transformationT , such that (6) and (7)
also hold. Based on the steady-state condition, two connections
between each fictitious SMIB system and the original system
shown in (1) can help determine the unknown parametersqk0
andβk. One connection is from the steady-state value of rotor
angles according to (7) and the other one is from the natural
frequency, which are shown in (9) and (10), respectively.
It can be concluded that if them-machine power system
could be completely decoupled into many fictitious SMIB
power systems, these fictitious systems should be uniquely
determined by (8), (9) and (10) based onT andΩ.

q̈k + βk

(

sin(qk + qk0)− sin qk0
)

= 0 (8)

qk0 =
m
∑

j=1

τkjδ
s
j (9)

βk cos qk0 = ω2

k =⇒ βk =
ω2

k

cos qk0
(10)



C. Discussions

The above synchronizing coefficients based analysis is the
same as the small signal analysis when the system can be ex-
pressed by a set of second-order differential motion equations,
i.e. classical models for generators, since they are based on the
linearization of the same nonlinear system. In this case, the
former one is computationally less intensive because the size
of the related matrix is half of that in small signal analysis.

It should be emphasized that the linear transformationT

is achievable as long as the linearizationA of the nonlinear
system is diagonalizable. Thus, the linear transformationcan
be achieved for cases with weak resonance while it cannot be
achieved for cases with strong resonance [8]. This paper only
considers cases whose linearizations are diagonalizable.

When calculatingT , the system equilibrium is required.
However, without time-domain simulation for a long enough
period, the post-fault steady-state is usually unknown before
reached. Compromises could be made by estimating the post-
fault steady-state in ways which can avoid time-domain sim-
ulation. In this paper, a compromise is made by replacing the
post-fault steady-state by the pre-fault steady-state.

The universal transformationT c used for completely decou-
pling the multi-machine power system can hardly be obtained
and the acquisition ofT c should be at least as difficult as the
proof of the decoupability of a general multi-machine power
system. However, at the system equilibrium,T c should be
identical to the linear transformationT , which can be easily
calculated. Note that usingT to decouple the system states
of the original system is only valid at the equilibrium. If
usingT to decouple system states away from the equilibrium,
errors will inevitably be involved. To transform off-equilibrium
system states, more nonlinearities should be considered to
estimate a better transformation such as the one in [7] which
considers the nonlinearity of the system up to the second order.

III. PROPOSED DIRECT METHOD BASED ON DECOUPLING

Consider a SMIB system shown in (11)

∆δ̈ +
Pmaxω0

2H

(

sin(δ0 +∆δ)− sin δ0
)

= 0 (11)

where ∆δ is the rotor angle deviation relative to its post-
fault steady-state valueδ0, Pmax is the steady-state maximum
power transfer,ω0 is the synchronous frequency andH
represents the inertia of the machine.

A fault is added to the system and cleared after a certain
time. Assume two initial values at the fault clearing time to
be ∆δ(0) and∆δ̇(0). The objective of a direct method is to
estimate the stability of the system using those values without
proceeding with the time-domain simulation and give an index
for stability margin.

Based on the transient energy function method, the critical
energy for this SMIB power system is defined by (12) and the
sum of the system’s kinetic and potential energies at the fault
clearing time is define by (13) and (14). A normalized energy
margin index [10] is usually defined by (15).

Vcr = Pmax

(

2 cos δ0 − (π − 2δ0 sin δ0)
)

(12)

Vc = Vkc + Vpc (13)
{

Vkc =
H
ω0

(∆δ̇(0))2

Vpc=Pmax

(

cos δ0−cos∆δ(0)−(∆δ(0)−δ0)sin δ0)
) (14)

∆Vn =
Vcr − Vc

Vkc

=
2Vcr/Pmax − 2Vc/Pmax

2Vkc/Pmax

(15)

The system is claimed to be stable whenVcr > Vc or
∆Vn > 0. Otherwise, the system is unstable. SincePmax and
H are not defined for each decoupled SMIB system such that
(12), (13) and (14) cannot be directly calculated. But (15) can
still be calculated according to its definition.

An ideal direct method based on the decoupling should
use the post-fault steady-state to obtain the decoupled SMIB
systems and useT c to transform the initial values from
the original system states into the decoupled coordinates.
But the universalT c is currently unavailable and the post-
fault steady-state may not be known accurately without time-
domain simulation. Thus, two approximate direct methods
are proposed using the linear decoupling transformationT as
below: 1) direct method I (DM-I) uses post-fault steady-state
estimated from a short period of time-domain simulation; 2)
direct method II (DM-II) uses pre-fault steady-state.

IV. CASE STUDIES

The classical generator model and the constant impedance
load model are used for all simulations in this paper.

A. Tests on IEEE 9-bus power system

The first test uses both DM-I and DM-II. A three-phase
fault is added on the line 4-5 near bus 4 att = 1 second
and cleared after a certain time by tripping the line 4-5.
The critical clearing time (CCT) identified by a number of
simulation runs is 0.197 second. Fig.2 and Fig.3 show a stable
case with fault clearing timeTc = 0.19s and an unstable
case withTc = 0.20s, respectively. In each of the two cases,
two oscillation modes are excited which are 0.8Hz and 1.7Hz.
Based on the proposed direct methods,2Vcr/Pmax, 2Vc/Pmax

and∆Vn for each mode with differentTc are calculated and
shown in Tables. I and II, respectively. The results from DM-
I and DM-II are almost the same since all machines are in
classical models without exciters and governors such that its
equilibrium with the line tripped is basically the same. In these
cases, DM-II is faster than DM-I with no significant loss of
accuracy. In addition, DM-II can give a severity index by∆Vn

for unstable cases while DM-I cannot since there is no post-
fault steady-state if the system is unstable.

The second test uses DM-II to rank all line-tripping con-
tingencies. For each contingency, a three-phase fault is added
at one end of the line and cleared after 0.1s. Feeding DM-
II with the initial values of the post-fault period, the nor-
malized energy margin is calculated for each contingency. To
demonstrate the ranking result, the CCT of each contingency
is also provided in the last column of Table.III. In this result,
most critical contingencies identified by DM-II roughly match
those with smallest CCTs. It shows that the normalized energy
margin from DM-II could be a stability index of the system.



Fig. 1. IEEE 9-bus power system
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Fig. 2. Relative angles (Tc = 0.19s)
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Fig. 3. Relative angles (Tc = 0.20s)

TABLE I
RESULTS ON0.8HZ MODE WITH DIFFERENTTc

Tc/s DM-I DM-II
2Vcr

Pmax

2Vc

Pmax
∆Vn

2Vcr

Pmax

2Vc

Pmax
∆Vn

0.01 21.0 0.05 445 21.0 0.05 445
0.05 21.0 1.17 17.2 21.0 1.17 17.2
0.09 21.0 3.87 4.65 21.0 3.87 4.65
0.13 21.0 8.35 1.67 21.0 8.35 1.67
0.17 21.0 14.9 0.47 21.0 14.9 0.47
0.19 21.0 19.1 0.12 21.0 19.1 0.12
0.20 - - - 21.0 21.5 -0.03
0.21 - - - 21.0 24.0 -0.15

TABLE II
RESULTS ON1.7HZ MODE WITH DIFFERENTTc

Tc/s
DM-I DM-II

2Vcr

Pmax

2Vc

Pmax
∆Vn

2Vcr

Pmax

2Vc

Pmax
∆Vn

0.01 185 0.03 7e4 185 0.03 7e4
0.05 185 0.69 288 185 0.69 288
0.09 185 2.48 92.1 185 2.48 92.1
0.13 185 6.00 46.0 185 6.00 46.0
0.17 185 12.1 28.0 185 12.1 28.0
0.19 185 16.4 22.9 185 16.4 22.9
0.20 - - - 185 18.9 20.8
0.21 - - - 185 21.7 19.0

The third test uses DM-II to deal with a case with two
similar modes. In order to obtain such case, the power flow
is re-dispatched following [11] and the inertias of generators
1, 2 and 3 are changed to 7.8, 6 and 15, respectively. By
such modifications, two oscillatory modes become 1.03Hz and
1Hz. When adding a temporary three-phase fault on the line
4-5 near bus 4, the CCT is identified to be 0.327s. Table.IV
shows the results from DM-II with differentTc. In this case,
the normalized margin does not cross zero from the marginally
stable to the unstable case. TheTc of the marginally stable case
predicted by DM-II is as large as 0.43s. Consequently, it can
be concluded that the decoupling based DM-II is unable to
provide an accurate margin for cases with two similar modes.

B. Tests on WECC 179-bus power system

A simplified 29-machine 179-bus model of the WECC
power system is used to test the proposed DM-II. As shown
in Fig.4, the shaded area is a subsystem to add contingencies.
Consider allN − 1 single-line-tripping contingencies in that
subsystem. Each of them follows a 5-cycle three-phase-fault
at one end of a line. The top-15 critical contingencies are
chosen to test the proposed DM-II. Time-domain simulation
shows that eight of them are unstable and the rest seven
are stable. The normalized energy margins from DM-II are
shown in Table.V where the CCTs are also provided in the
last column. It can be seen that all unstable contingencies are
captured by DM-II while two stable contingencies are selected
as unstable. The results are conservative since the proposed
direct method ignores the effect from damping at each machine

TABLE III
RANKING RESULT OF L INE-TRIPPING CONTINGENCIES BYDM-II

Faulted Fault Ranking ∆Vn CCT CCT
Line Near bus by ∆Vn Ranking /s
5-7 7 1 1.61 5 0.174
8-9 8 2 1.77 1 0.139
7-8 7 3 2.00 2 0.156
6-9 9 4 3.13 4 0.172
7-8 8 5 3.14 6 0.184
8-9 9 6 3.42 3 0.169
4-5 4 7 3.57 7 0.197
4-5 5 8 3.70 9 0.212
5-7 5 9 3.88 11 0.229
4-6 4 10 4.61 8 0.201
6-9 6 11 5.96 10 0.221
4-6 6 12 6.46 12 0.231

TABLE IV
RESULTS ON TWO SIMILAR MODES WITH DIFFERENTTc

Tc/s
1.03Hz mode 1Hz mode

2Vcr

Pmax

2Vc

Pmax
∆Vn

2Vcr

Pmax

2Vc

Pmax
∆Vn

0.01 57.8 0.02 3e3 77.5 0.02 4e3
0.10 57.8 2.21 27.9 77.5 1.78 46.9
0.20 57.8 9.67 7.25 77.5 7.63 13.3
0.30 57.8 24.5 2.76 77.5 19.0 6.53
0.32 57.8 28.6 2.21 77.5 22.0 5.76
0.33 57.8 30.7 1.96 77.5 23.7 5.41
0.43 57.8 57.2 0.03 77.5 44.2 2.47
0.44 57.8 60.3 -0.11 77.5 46.7 2.22



Fig. 4. WECC 179-bus power system

when calculating the normalized energy margin.
In addition, 28 oscillation modes are found: 7 modes with

frequencies less than 1Hz, 11 modes between 1Hz and 2Hz
and 10 modes larger than 2Hz. The 0.43Hz mode is found to
be the dominant one in each of those 15 critical contingencies
and two other modes, 0.56Hz and 2.2Hz, could have fairly
small margins for some contingencies while still larger than
that of 0.43Hz mode. The mode shape of the 0.43Hz is also
provided in Fig.4, where machines denoted by solid red circles
are oscillating against those in solid blue. How much each
machine is involved is expressed by the shade of the color.

V. CONCLUSIONS

This paper assumes that a general multi-machine power
system can be completely decoupled into many independent
SMIB power systems, where all the nonlinearities of the
original system are considered by the nonlinearities of all
SMIB systems. A linear transformation is used to derive these
SMIB systems and the transient energy function based direct
method is applied to each of them to assess the transient
stability of the original system. To provide the initial system
states for the direct method, the linear transformation is used
as a compromise of the universal decoupling transformation.
Case studies on the IEEE 9-bus system and the WECC 179-

bus system show that the proposed decoupling based direct
method has a potential to be used for fast transient stability
analysis or contingency screening in power system dynamic
security assessment.

The investigations of the assumption used in this paper,
better transformations for decoupling off-equilibrium system
states and better estimates of post-fault system steady-state
are problems for further research, where the resonance phe-
nomenon and the nonlinear modal interaction should also be
considered.
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