EXERCISES

Vb Transtorm the following linear program into the standard form given by (3,33)
minimize z = 2%, = 3x; + Sxy + x4 pr
subject to
=x1+ 3% = X%+ 2x, = —12
Sxi+x + 4x3 — x4 = 10

3x|—2X2+X3—x4=_8
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Il"it is estimated that the maximum demand for Chair B is 16, what is the optimal
g model and solve the resuiting model

product mix? Formulate a linear programmin
praphically.

A Solve the following linear program graphically.
minimize z = 4x; + Sx,
subject to

3x) + 20, =24
Xy =S5
vy —x =6
X1, X2 =0

I. Solve the following linear program graphically.
minimize z = x; — 4x,
subject to

Xt x, =12
=2x;+ x, =4
X, =8
X —3xn =4
X1, X =0
5. Solve the following linear program graphically.

maximize z = 6x; + 8x,

stibject to

Xyt 4y = 16
3x) 4y, = 24
3x; — 4x, = 12

Xi, Xy =0

3.6. Solve the following linear program graphically.

maximize z = x; + 2x;
subject to
—2x; T X =2
2x; + 5x, = 10
X —4x, =2

X1, X2 =0

3.7. Show that the halfspace H™ = {x:ax = a} is a convex set.
3.8. Let

SIS

Tllustrate graphically the following:

(a) The set of all linear combinations of a;, a,, and a;.

(b) The set of all nonnegative linear combinations of a,, 2, and as.
(¢) The set of all convex combinations of a;, a;, and a3.

3.9. Given the polyhedral set § = {(xj,x2) % + x2 = 10, —x; + x, = 6, x; — 4x, = O}

(a) Find all extreme points of S.
(b) Represent the point x = (2,4) as a convex combination of the extreme points.

3.10. Let S, and S, be convex sets. Show that the set S; N S, is a convex set. Is this also

true of S; U S,?

3.11. Given the following system of linear equations.

x|+3x2—x3+x4=30
2X|+XZ+2X3+X4=15

(a) Find all basic solutions.
(b) For each basic solution, specify the basic and nonbasic variables and the basis

matrix B.

3.12. Consider the following linear programming problem.

maximize z = 2x; + X2
subject to
x + 2)62 =20

—3x; +4x, =20



78

.14,

A6,

Foundations of the Simplex Method Chap. 3

3x; + 2x, = 36

X, X2 =
(a) Sketch the feasible region.
(b) Write the problem in standard equality form by adding slack variables.
(¢) Identify the defining variable for each hyperplane bounding the feasible region,
and specify the basic and nonbasic variables for each extreme point.
(d) Graphically determine the optimal extreme point and specify the optimal basis
matrix.

. Given the polyhedral set S = {(x;, x2):x; + %, =6, x, =2, - 2x; + r, =4, 5 — =

4, ATl = 0}

(a) Find all extreme points and extreme directions of .

(b) Represent the point x = (5,8) as a convex combination of the extreme points and
a nonnegative combination of the extreme directions.

('onsider the following linear programming problem.
maximize z = —7x; + 2x;
subject to

2] + X, = 6
=3x+x =9
Xy = 4

2X1 e 4X2 =6
Xy, X =0

(n) Sketch the feasible region and identify the optimal solution.

(h) Identify all extreme points and extreme directions.

(¢) Reformulate the problem in terms of convex combinations of the extreme points
and nonnegative combinations of the extreme directions as in (3.104-3.107).
Solve the resulting problem and interpret the solution.

(d) Change the objective function to maximize z = 4x; — x, and repeat part (c).

(¢) Discuss the practicality of using the procedure in parts (c) and (d) for large
problems.

. Let S = {x:Ax = b, x = 0} and let z* be the optimal objective value associated with

the lincar program: maximize z = ex subject to x € S. Suppose that a constraint is
ndded to the problem and results in the new feasible region S’ with the corresponding
optimal objective value z'. What is the relationship between S and §’? What is the
relationship between z* and z'?

et S {x:Ax = b, x = 0} and let z* be the optimal objective value associated with
the linear program: maximize z = ex subject to x € S. Suppose that a constraint is
deleted from the problem and results in the new feasible region S’ with the corre-
sponding optimal objective value z'. What is the relationship between S and S§'?
What is the relationship between 2" and 27
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3.17. Mathematically characterize the set of objective coefficients (c;, ¢;) for which the
following linear program has a finite optimal solution.

maximize z = ¢1x; + ¢,
subject to
X —2x, =8
X =2

12

v

2x; + 3x,
X, X =0

3.18. Consider the problem: (LP) maximize ¢x subject to Ax =< b, x = 0. Suppose that x
and X are both optimal solutions to (LP). Show that ax + (1 — @)X is also optimal (0
(LP) for all « € [0,1].

3.19. Let S be a nonempty polyhedral set defined by S = {x € E": Ax = b}. Assuming (hi
the dimension of S is n, formulate a linear programming problem for determining (he
largest n-dimensional sphere that can be completely contained in S.

3.20. Let S be a nonempty convex subset of £”. Show that X is an extreme point of S if ud
only if the set S — {X} is a convex set.



