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Abstract ages, chemical concentrations in chemometrics, high di-

Nonnegative factorization of tensors plays an important role fA€Nsional data in Internet traffic or large-scale social net-
the analysis of multi-dimensional data in which each elemeffrks [24] are naturall_y represented by nc_mnegative num-
is inherently nonnegative. It provides a meaningful lower rafi€rs. Once nonnegative factorg_are _obtalned, e_ach_ object
approximation, which can further be used for dimensionality r6&N be understood as an additive linear combination of
duction, data compression, text mining, or visualization. In thigtrinsic parts of the data. This is one of the most impor-
paper, we propose a fast algorithm for nonnegative tensor fac{giit Properties of nonnegative matrix factorization (NMF)
ization (NTF) based on the alternating nonnegative least squdrg& 17]. When we deal with tensors, a simple extension
framework. To efficiently solve the nonnegativity-constraine@f the singular value decomposition (SVD) to a higher-
least squares problems, we adopted a block principal pivotREfler case [15] can be used, but it might fail to factorize
algorithm that included additional improvements exploiting tH8 @ meaningful way since it does not consider the intrinsic
common characteristics of NTF computation. The effectivfOnnegativity in the data. Instead, NTF has been success-
ness and efficiency of the proposed algorithm are demonstraiidlly used to analyze such data sets. An interesting con-
through experiments using various real-world and synthetic d&gction between NTF and latent class models in statistics

sets. We observed that the proposed algorithm significantly o0@S begn also shown [21].
performed existing ones in computational speed. While NTF provides several advantages, modern data

sets which tend to be extremely large make the prob-
1 Introduction lem computationally challenging. Previous approaches
for computing NTF include the following. Andersson and

T_ensors, which r\_efers to muIt|-_d|mgnS|onaI arrays, priy, proposed an NTF algorithm based on alternating least
vide a mathematical and algorithmic framework for an-

alyzing multi-scale, multi-dimensional data and extraciuares framework [1], and Kim et. al. proposed an al-

ing meaningful information from them. Tensorfactorizag—omhm based on the active set method for the nonneg-

. - o . ativity constrained least squares problems [11]. Welling
tions [8] are multi-linear generalizations of matrix fac- ) -
. . and Webber proposed an algorithm based on multiplica-
torizations and are powerful tools for analyzing multi- .
. . . -live updates [27]. Friedlander and Hatz proposed an al-
dimensional data. Tensor modeling and tensor factoriza-

. . . ﬂrithm based on solving bound constrained linear least-
tions enable the analysis of complex data objects, whi .
Squares problem [7]. Despite the presence of such al-

are not well understood by conventional matrix-baséd . : ; .
. orithms, there exists need for developing computational
methods. Numerous data sets from various areas hgv . : )
aster algorithms, especially for analyzing large data sets.

been studied using tensor factorizations [14]. In this paper, we propose a fast algorithm for NTF

Recently, nonnegative tensor factorization (NTF) [2%’ased on the alternating nonnegativity constrained least

27] has attract_ed growing interest since it provides Intesrduares (ANLS) framework [10, 11], in which a series
pretable factonzatl_o ns [22] when data (-:omppne.nt_s are g “nonnegativity constrained least squares (NNLS) prob-
herently nonnegative. For example, pixels in digital "Mems are solved in each iteration. We propose to solve the

_ , o _ NNLS problems by a fast active-set-type algorithm, called
*School of Computational Science and Engineering, Georgia Insﬂ;le block princinal pivotina method [20 12] which over-
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show that the proposed new algorithm outperforms exist-
ing ones in terms of computational speed and approxim
tion accuracy. d _ . I e

The rest of this paper is organized as follows. In Sec r
tion 2, we give a brief overview of tensors and nonnega H H H
tive tensor factorization. In Section 3, our computation- m

ally faster algorithm for NTF is described in detail and itﬁigure 1: 3-way PARAFAC model: The tensor is repre-
extensions are presented in Section 4. In Section 5, Wited as a linear combination ofrank-1 tensors. This

present extensive experimental results demonstrating \Wlﬁprovide a rank-r approximation to the original tensor.
speed-up that our algorithm provides and various appli-

cation results demonstrating the wide applicability of otineir approach through experiments on social networks.

n

algorithm. In this paper, we propose a fast algorithm for comput-
ing nonnegative tensor factorization, which can be subse-
2 Tensors and Tensor Factorizations qguently used in many applications. With this motivation,

In this section, we begin with examples of tensor mot€ give a brief overview of tensors and the notations used
eling to motivate tensor methods for data analysis. WethiS paper. See [14, 6] for a comprehensive overview of
then introduce basic mathematical notations and opéfg?SOrs and various tensor factorizations.

tions used for tensors, and we describe the definition of ] ) ) )
the tensor factorization studied in this paper. 2.2 Notations and operationsA tensor is a multi-
dimensional arra)X € R™Mixm2x...xmn = The order of

2.1 Modeling with tensors Multi-linear algebra, the a tensor is the number of dimensions, also known as way
algebra of tensors, provides a flexible framework for mof Mmode. Modex fiber of a %2’?” tensor is obtained by
eling and analyzing multi-dimensional data. For exarf|Xingd every index except the™ index.

ple, a higher order extension of well-known Elgenfac%%EFlNlTION 2 1. An

N-way  tensor X €
approach, calledensorface$26], has been proposed for . .
Pproe $2 ] brop Rmaxmex...xmn s called a rank-1 tensor if it can
modeling faces for recognition. In Tensorfaces, a sét of .
be written as an outer product @f vectorsay,--- ,an.

images with each image of pixel si2é x N is modeled
asalN x N x K tensor, rather thaiv? x K matrix, and a
tensor extension of SVD is calculated for finding the low
rank approximation of the data. Tensorfaces provide sgyhereo represents the vector outer product.
eral advantages over the conventional Eigenfaces method.
In web-link analysis, an extension of the popular HITBEFINITION 2.2. The Kronecker product of two matrices
model was proposed [13] using tensors. The tensor modet R’*/ and B € RX* L s given by:
used here incorporates anchor text information in the adja-
cency matrix. Given a set dfweb sites and< keywords, anB ai2B -+ a1yB
al x I x K tensor is constructed such thaj,, is 1 if page a1 B ax»B -+ ax;B
1 points to pageg using termk, and0 otherwise. Several A®Buryx(r) = : :
semantic information may be incorporated by increasing
the number of dimensions to more thanin both of the
examples, the entries of the tensor are nonnegative and in-
corporating that constraint for factorization will provide ®EFINITION 2.3. The Khatri-Rao product of two matri-
more meaningful lower-rank approximation of data. ~ cesA € R’*/ andB € R¥*/ is given by:

Sun et. al., [24] used Tucker decomposition, another
type of tensor factorization, for analysis and visualizationd © B(rx)x(s) = a1 @by az @by -+ a; @by
of social networks. A tensor is formed by taking intg

account both the network and content aspect of the sodidf Process of flattening or unfolding a tensor is the

network. Then, clustering is performed on the factors blorderlng of the elements of _the tensor in the form
the decomposed tensor to find out which topics peof] ?MT%”XX‘ Xlt've mode- unfolding of a tensoiX €
discuss, who are the experts in a given topic, etc. T _ 7MY, denoted byX ), is obtained by ar-
also provide an efficient method for hierarchical contexg"9N9 the mode fibers to be the columns of the re-

specific visualization of such social network based Gi!ting matrix. For example, consideBax 3 x 2 tensor

_ . 3X3x2 _
tensor decomposition. They demonstrate efficiency 8= _(GU’“) S Ry ' The mode-1, 2, and 3 unfolded
matrices will be, respectively,

X=aj0a20a3---oay

anB apB .-+ apB



R’ *"*P its NTF model with rank is defined as

T ain,1 ai21 ai3;1 ail2 a122 41,32 T
X(l) = a211 a221 a231 a212 a222 a23:2 (2.2) Tijz = Zaiquqczq + €ijz
asni,1  asz2;1 ass1 asl,2 as2?2 0332 q=1
u whered = a;; € R, B =bjq € R, C = ¢z €
T PLLGBLLGBLL L2 a2 sl RE*", are nonnegative loading matrices aid= (e;;.)
X(Q) = |a121 a221 as21 ai22 az222 asze2 ot . g 9 e
@131 G231 @331 G132 G232 a332 is the approximation error tensor.
ai1,1 41,12 3 NTF using ANLS framework and Block Principal
0121 01,22 Pivoting
ai,3,1  a1,3,2 .
G211 G210 3.1 ANLS framework One of the problems with ten-
' ' sor decomposition is that there does not exist an algorithm

X(g) = | az221 a222 |. e >
a231 G232 for finding the exact number of components in the decom-
asa1,1  as,2 position of a tensor [18]. An alternative way to proceed
asz2;1 322 is to seek decompositions with multiple components and
a3,3,1 (3,32 choose the best according to some criteria. For example,

) o ) the loading matrices can be found by solving the follow-
2.3 Nonnegative tensor factorizationTo discuss ing optimization problem

lower-rank factorization of tensors, one must define the
rank of a tensor. (3.2) min ||X — [ABC]|%,
A,B,C>0

DEFINITION 2.4. The rank of a tensoX is defined as the T )
minimum number of rank-one tensors needed, so thatilere[ABC] =3 . _; agobsoc, and s called &ruskal

can be represented in a polyadic form of those tensors Operator _ o
This nonlinear optimization problem can be solved

A decomposition of a given tensor as a sum of ranky using the alternating nonnegative least squares (ANLS)
one tensors is called as PARAFAC decomposition. EviBlamework. For simplicity, we describe the framework
though the definition of tensor rank is similar to matrifor a three-way PARAFAC model with nonnegativity
rank, its properties are rather different. In fact, determinenstraints although the framework can be extended to
ing the rank of a given tensor is NP-complete [9]. Ahigher order models. In the case of a nonnegative tensor
exact PARAFAC decomposition with= rank(X) com- X € R7"*F, we want to identify three nonnegative
ponents is called the rank decomposition of a tensor. factors or loading matriced € R"*", B € R?*", and
important property of tensor factorization is that the rank ¢ REXT,

decompositions are unique up to elementary indetermi- We first initialize two matrices, say and C, and
nacies of scaling and permutation. It was claimed thigérate solving the following nonnegativity constrained
the problem of computing PARAFAC decomposition of Rast squares (NNLS) problems until a stopping criteria
tensor is well-posed for the case when it has nonnegaiiyeatisfied:

constraints [23]. For the rest of the paper, we focus on

nonnegative PARAFAC decomposition which we refer t3.3) min |Yec A" — X1y HQF
as NTF. = )
Given an N-way nonnegative tensorX ¢ (3.4) min ||YacB" — X(o)|
XM X ... X P B>0 r
R mrxmex-xmy o where Ry denotes the positive = )
quadrant, we need to decompose it into a set of loadif&5) min |[YapC” — X(3)||
. c>0 F
matrices, {A;, Az,--- , Ay}, where 4, € R =

f(_)r 1 g k<N ar_ldr is some positive mtegil_ar For whereYpo = B ® C and Xy is the(np) x m unfolded
S|mpI|c!ty, we pon3|der a three-wgy nonnegative tensafatrix- v, = A© C andX 5 is the(mp) x n unfolded
Extension to higher order tensors is analogous. matrix, andYss = A © B and X3, is the (mn) x p
unfolded matrix.

This ANLS formulation has the property that for any
N > 2, if each of the sub problems have unique solu-
" TVarious bounds exist in the literature for rank of a tensor. See, 6N, then the limit point of the sequence is a stationary
example, [14] for further discussion on the rank of tensors. point [4]. For N = 2, any limit point of the sequence is

DEFINITION 2.5. Given a tensorX = (xjjx)
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a stationary point [19]. The unfolding operation is critsize and the structure of NNLS problems. Note that in
ical in the sense that it turns the original problem intothe case of NTF, becauge is typically long and thin af-
sequence of NNLS problems. Another important thirtgr the unfolding operation, each column &fis rather
to note is the structure of the NNLS problems that are ofhort. In fact, the size of each column vector is the target
tained by the unfolding operation. Typicallyis small for lower dimensiony. Hence, active-set-type methods are
a low rank approximation, and hence the matrices formexipected to perform well compared to iterative optimiza-
by the Khatri-rao product is long and thin. This obsetion schemes. We adopted the modified active-set-type al-
vation is important in designing efficient algorithms fogorithm, called the block principal pivoting method, stud-
solving the NNLS problems. In the following section, wéed by Kim and Park [12]. They efficiently extended the
explain how we efficiently solve the NNLS problems. block principal pivoting algorithm in [20] for the multiple
right-hand side case. Here we briefly summarize the key
Algorithm 1 NTF/ANLS ideas of [20] and [12].
The motivation of block principal pivoting methods
e Given a tensorX € R ™ *m2X--Xmy gnd rank [20] comes from the difficulty of conventional active set
r, initialize the N — 1 of the loading matrices, sayalgorithms which occur when the number of variables
Ay € Ry™2%7 .. Ay € R.™N*" with nonnega- increases. In active set algorithms, because typically only
tive values. one variable is exchanged per iteration between the active
and passive sets, the number of iterations heavily depend
e Repeat solving the following NNLS problems usingn number of variables. To accelerate computation, an
the block principal pivoting method until a stoppinggorithm whose iteration count does not depend on the

criterion is satisfied: number of variables is desirable. The block principal
) . 2 pivoting methods manage to do so by exchanging multiple
80 [Vaz..an AT = X[ variables at a time. To describe the method, let us
. T 2 consider the NNLS problem with a single right-hand side
b [V, 4548 A7 — X(2)HF in Eq. (3.7). The Karush-Kuhn-Tucker (KKT) optimality
conditions for Eq. (3.7) are given as
. ) (3.8a) y = DTDz — D7e,
Al [Va,.an AN — X(N)HF (3.8b) y>0,2>0,
(3.8¢) xy; =0,i=1,---,q.

We assume that the matriX has full column rank. In this
case, a solution that satisfies the conditions in Egs. (3.8)
3.2 Block Principal Pivoting Algorithm The compu- s the optimal solution of Eq. (3.7).
tational task for NTF is now narrowed down to the NNLS  \We divide the index se{l, - ,q} into two sub-
problems in Egs. (3.3)-(3.5). For the moment, suppose g®upsF andG whereF UG = {1,--- ,¢yandFNG =
want to solve a NNLS problem given as é. Letap, ¢, yr, andye denote the subsets of variables
. ) with corresponding indices, and Iélz and D denote
(3.6) min DX = E|%, the submatrices ab with corresponding column indices.
B Initially, we assignz¢ = 0 andyr = 0. Then, by con-
whereD € RPX9, E € RPX! and X € R?<!, Note structionz = (zr,zg) andy = (yr,yq) always satisfy
that one can solve Eq. (3.6) by naively solving NNLEJ. (3.8¢) for anyrr andys. Now, we compute:» and
problems for each right-hand side vector, which appeats Using Eq. (3.8a) and check whether the computed val-

as ues ofzr andyq satisfy Eq. (3.8b). Computation ofz
andyc is done as follows:
. 2
(38.7) min || Dz —e]l; 3.9a) DLDpzr — Dle,
_ T _
Although this approach is possible, we will see that the‘%’gb) vo = Da(Drap—c).

exist efficient ways to accelerate the multiple right-har@ne can first solve forr in Eq. (3.9a) and use it to

side case. computeys in Eq. (3.9b). We call the computed pair
Algorithms for solving Eq. (3.6) or (3.7) have beefizr, y) a complementary basic solution.

studied in a number of papers [5, 3, 12]. For each case If a complementary basic solutidn », y) satisfies

of applications, the algorithm of choice depends on the- > 0 andys > 0, then itis calledeasible In this case,



x = (zr,0) is the optimal solution of Eq. (3.7), and thehe other hand, from a Bayesian viewpoint, regularization
algorithm terminates. Otherwise, a complementary bagca maximum a-posteriori (MAP) approximation, and it
solution (zp, y¢) is infeasible and we need to updateenforces prior beliefs provided by domain experts.
F and G by exchanging variables for which Eq. (3.8b) For regularized NTF, the objective function to be
or Eg. (3.8c) does not hold. Formally, we define thainimized is
following index sets ) )

4.12 i X —[AB A
(3.10a) H = {ieF:z;<0} ( ) A,gl,lcnzo” [ABCYIF + o Al
(310b)  Hy = {i€G:y <0}, + B Bl7 + 15
and updaté” and(: by the following rules: Here we iterate solving the following NNLS problems
(3.11a) F = (F—-H))UH, until a stopping criterion is satisfied:

(3.11b) G = (G- Hy)UH;. 9
(e )= (o)
\/alrxr Or><1n F’

(e )er-(an )l
\/BIT‘XT OT‘X’IL F’

The finite termination property of this strategy with care- g1>ir01
ful modifications is discussed in [20]. B
For a multiple right-hand side case in Eq. (3.6),

min
Kim and Park [12] significantly improved this algorithm B20
by employing two important improvements. Observe . Yag . X3 2
that the set¢ and G change over iterations, and Egs. Icné% ( Sl ) c* - ( Orsp ) .

(3.9) has to be solved for differerit andG every time.

The first improvement is based on the observation th@ﬁerea,ﬁ,fy are regularization coefficients, ., is an
the matrix D is_typically_ very long and thin. In this,. . . identity matrix, and0,., is a zero matrix of
case, constructing matricd8; Dr, Die, DGDp, and gimensionss x y. The role of the parameters, 3,y
D¢e before solving Eqgs. (3.9) is computationally veryith small values is to impose full rank on the matrices
expensive. To ease this difficulti)” D andD" E canbe o the left hand side of variable matrices in the NNLS
computed in the beginning and reused in later iteratio%%rbproblems.
One can easily see thdd;Dp, Die;, DiDr, and Our sparse NTF formulation incorporatés-norm
D{e;, j € {1,---,1}, can be directly retrieved as gegularization. The idea of using-norm regularization
submatrix of D' D and D" E. Because the column siz&qo the purpose of achieving sparsity has been success-
of C'is small, storage needed fér D and D* E is also fully utilized in a variety of problems [25]. Without loss
small. of generality, we assume that one of the loading matrix,
The second improvement involves exploiting coms,y 4 is to be sparse. In that case, sparse NTF can be

mon computations in solving Eq. 3.9a. Here we simulieyed as minimizing the following objective function:
taneously run the block principal pivoting approach men-

tioned above for multiple right-hand side vectors. At each r

iteration, we have the index sef andG; for each col- (4.13)  min X — [ABC]|% +a ) IAG I

umnj € {1,---,l}, and we must computer, andyg, T j=1

using Egs. (3.9). The idea is to find groups of columns + HBHQF + ||C||2F )

that share the same index sdis andG;. We reorder

the columns with respect to these groups and solve Egs.this case, we iterate solving the following NNLS

(3.9) for the columns in the same group. By doing s@roblems until a stopping criterion is satisfied:

we avoid repeated Cholesky factorization computations

required for solving Eqg. (3.9a). With these modifications, ( Yie ) K ( X ) 2
\/aelxr lem r ’

the block principal pivoting method appeared very effi- e

cient in solving NNLS problems with multiple right hand 5

sides [12]. in ( Yac ) BT _ ( X(2) )
B>0 \/Blrxr Orxn P ’

4 Extensions to Regularized and Sparse NTF % X 2

; ; . min AB ct — ®)
In this section, we show how the algorithm can be ex- c>0 VA rxr Orxp r
tended to regularized and sparse NTF. There are multiple
interpretations for regularization. It aids in numerical stavhere o is a coefficient controlling sparsity; - is a
bility by solving a different but more stable problem. Orector of ones.
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Data set Dimensions Speedup | such small negative values is not contradictory to the non-
Synthetic 100 x 433 x 200 36 negativity assumption; in other words, true parameters are
Amino-acid 5 x 201 x 61 74 still nonnegative. It is a relatively small 3-way data set
CMU face images 128 x 120 x 640 9.8 . . 9 ;i - y y !
Enron (3-way) 3000 x 141 x 141 120 Wlth dimensionalitys x 201 x 61. Each s_ample was ex-
Enron (4-way) | 39573 x 197 x 197 x 357 113 cited at 61 wavelengths (240 - 300 nm in 1 nm interval),
IEEE Vast 2007 12121 x 7141 x 15 8.9 and fluorescence emission intensities are measured at 201

wavelengths (250 - 450 nm in 1 nm interval). Each ele-
Table 1: Data sets used, their sizes, and amountént of the tensor represents fluorescence emission signal
speed-up: The values in “Speed up” column represent fgensity. A three-component PARAFAC modél & 3)
amount of average speedup BEP algorithm has over yas chosen for this data set since we already know that
the second fastest algorithm. each signal intensity comes from three analytes. The val-
ues in the first, second, and third loading matrices repre-

5 Experiments and Results . g
) ) ) ] sent the sample mode loadings, the emission mode load-
We experimented with various data sets from differe s, and the excitation mode loadings, respectively.

application domains. The data sets and their size aré ~\u Face data sé This data set consists of 640
shownin Table 1, and each of the data sets are explaineg i images taken with varying pose, expression, eyes,
more detail below. We compared the following algorithms, size. Each image is of dimensio28 x 120. Stan-
for NTF: dard image processing approaches treat each image as
a 15,360 dimensional vector, but tensors provide a way
to model images without the need for vectorizing them,
thereby preserving the inherent spatial relationship in the
2. (ACTSET) NTF using the active set method [11] image. In addition, all the pixel values are inherently non-
negative, and hence we impose the non-negativity con-
3. (AB) Andersson and Bro’'s NTF [1] straint on the factors.
4. (MU) NTF using multiplicative updates [17, 27] _ Enron e_mall data sét The Enron email data set con-
sists of email exchanges between employees of Enron cor-
For fair timing comparison, we present the relative resigoration. The raw Enron corpus contains 619,446 mes-
ual as a function of time to see the convergence and #ges belonging to 158 users. For experimental purposes,
rate of convergence of each algorithm. Below, we giveaasubset of Enron emails was selected. We created two
brief description of each data set used, and we proceedyiges of tensor data sets from the raw data set. The base
timing and application results. All the experiments weidirectory in both cases consisted of 121,393 terms.
performed with MATLAB versiori7.8 in a3.2 GHZ Pen- For the first experiment, a 4-way term-author-
tium 4 machine with Linux OS. recipient-day tensor witB9, 573 x 197 x 197 x 357 di-
mensions was constructed. This can be useful for track-
5.1 Description of data setsWe used data sets fron’]'ng discussion between the users on a day-by-day level
various domains including text mining, social networkbout particular topics. Thigkl'" element of the tensor
(email network) analysis, image processing, and bioifepresents the count of the teimsed by authoy while
formatics. This illustrates the wide applicability of the@mailing recipient: on thel*” day.
proposed NTF algorithm. For next experiment, we created a 3-way author-
Synthetic tensorFor this data set, multiple tensorsecipient-keyword tensor with, 000 x 141 x 141 dimen-
of size 100 x 433 x 200 were generated. Each entrgions. This tensor did not take into account the time stamp
of the tensor was sampled independently from a unifogithe emails. Thejk!" entry represents how many times
distributionU (0, 1) making the random tensor inherentlyhe useri*” had used thé'" keyword, while conversing
nonnegative. with userj. This tensor was created to see which group
Amino acid data sét This data set consists of flu-of people talked to each other about what particular topic.
orescence data (AMINO) containing five samples with |EEE VAST 2007 Contest data%€eThis data set con-
different amounts of tryptophan, phenylalanine, and tyrists of a tensor formed out of 1,455 text files correspond-
sine. This data set has a small number of negative Va|l'm§to news stories, email messages, or blog posts from
which came from the intrinsic uncertainty in real experi-
mental measurements that included noise. Hence, haui

1. BPP) NTF using the block principal pivoting
method proposed in this paper

http://mir.cs.umass.edu/ml/datasets/CMU+
Face+Images
Zhttp://www.models. life.ku.dk/research/data/ 4http://www.cs.cmu.edu/ ~enron/
AminoAcid/fluo/index.asp Shitp://www.cs.umd.edu/hcil/VASTcontest07



the VAST data set. In addition to the plain text versioresach case, we calculated the speedup ofBRe algo-
of these files, the data set includes tag information suGthm over the second fastest one, and the average speedup
as date, person, location, organization, and money. Thwer30 RSSR values are shown in the table.
date tag was used to help extract the time stamp. The four
remaining tags all represent entities of interest and wér@ Factor recovery in presence of noiseTo show that
used to create the tensor model. We considered tewny algorithm correctly recovers the factors, we adopted a
by-entity associations in the news stories over monthhisual illustration. Thre&4 x 64 images were treated as
time intervals, which corresponds to a sparse tensortlie loading matrices, and the original tensor was formed
12,121 x 7,141 x 15 dimensions withl, 142, 077 nonze- from these loading matrices according to Eq. (2.1). For
ros. Detailed expressions for calculating the entries of tagample, the first image corresponds to loading matrix
tensor can be found in [2]. A, the second image t®, and the third image ta'.

An additional Gaussian noise with variantevas also
5.2 Timing comparison The algorithms were com-added to the tensor. Afterwards, we ran each of the
pared for speed and the relative sum of squares residietomposition algorithms on the constructed tensor to

error (RSSR): recover the loading matrices. It should be noted that,
) this is an experiment for visual illustration of the factor

(5.14) RSSR — Zi,j,z Cijz recovery using NTF_ d_ecomposmon aqq is not rglated
i T to Tensorfaces or similar face recognition experiment.

Figure 2 shows the original and the recovered loading
wheree;;. andz; ; . are as shownin Eq. (2.1). We denotgatrices by various algorithms when they were executed
the RSSR value oft-th iteration byRSSR(t). for the same amount of time. It can be seen that by

For Enron, VAST, CMU face, and synthetic datghe time theBPP algorithm has recovered the factors
sets, the results are reported in Figure 3. The graghgcessfully, other algorithms were yet to compute the
show theRS'S R values with respect to computation timegctors.
for several algorithms. From the figures, it is clear that Numerical measures of the recovery in the presence
our new method outperforms other existing algorithmgf noise are also reported in Table 4. Timings shown
Regardless of the duration that the algorithms are rynthe table were obtained as follows. &BPP shows
and stopped, thBPP method would provide the lowestfastest trend in reducing theS S R value as demonstrated
RSSR value. The advantage of block principal pivotingh Figure 3, we first rarBPP until (RSSR(t — 1) —
method is generally greater when the number of factqg$SR(t)) becomes smaller thar0—%. Then, all other
to be recoveredr is larger. For the amino acid data seklgorithms were executed for the same amount of time,
the results are reported in Table 2. The table shows g theirRS SR values are shown in the table. The results
RSSR values achieved at the specified amount of timgaply that under limited amount of computation time,
Note that theBPP method achieved a comparaité SR BPP shows better recovery in general.
value at a smaller amount of time.

Results for regularized and sparse NTF are repor®d  Topic identification using NTF In this subsection,
in Table 3 forBPP andACTSET algorithms. The timing we describe results of applying our NTF algorithm for
values in the table are calculated as follows. B al- topic identification.
gorithm was run unti{ RSSR(t — 1) — RSSR(t)) was Group discussions in Enron data sewe applied
less thanl0~¢, and the value oSSR at the iteration sparse NTF on the 3-way tensor derived from the Enron
t was noted. The corresponding time was reported i@4ta set to identify topics and their participants. Sparsity
BPP algorithm. Next, other algorithms were run untionstraints were enforced on two (sender and receiver)
they achieve same value &fSSR. ACTSET algorithm out of the three modes. Incorporating sparsity helps us
achieved the?SSR value at the time mentioned, whicho remove noise in the groups of users who discuss about
is greater than the timinig reported fBPP. Other algo- a particular topic. For example, some users who were
rithms took longer thadCTSET algorithm. only once involved in the discussion on a particular topic

To summarize the relative efficiency, we reportin Tahould not be counted as a participant of the topic. Using
ble 1 the average speedup of our algorithm over the sgparse NTF helps in making the particular component in
ond fastest algorithm. We first pickedd RSSR values the factor zero. Sparse NTF with= 10 was applied, and

randomly from a uniform distributiod/ (RSSR..in, 1)  the keywords of the topics and percentage of the users
whereRSS R,,.;, was the smallest observéth'S R value participating in each topic are summarized in Table 5.

for each data set. Then, we measured time required to Scenario Discovery in IEEE VAST data :seiVe
achieve each of th&SS R values by each algorithm. For

7
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r | BPP | ACTSET AB MU
Time(sec) || 3 | 0.955 1.827 2.654 | 12.551
RSSR 3 | 0.098 0.098 0.099 | 0.142

Table 2: Timing comparison on amino acid data set:
X € R™CL The RSSR values were achieved by
several algorithms at the corresponding amount of time.

Regularized NTF Sparse NTF
r BPP | ACTSET BPP | ACTSET
10 1.568 3.144 1.486 2.921
50 11.112 | 23.091 10.055 | 21.991
100 || 59.032 | 92.543 58.185 | 90.321

Table 3: Timing comparison on a synthetic tenXore
R173*234x834 - parameters usedi = 0.4, 3 = 0.2, and
~ = 0.06 for regularized NTF, andx = 0.5, 3 = 0.04,
and~ = 0.2 for sparse NTF.

We use the block principal pivoting algorithm to effi-
ciently solve the NNLS problems. Our algorithm pro-
vides a faster way of computing nonnegative tensor fac-
torization and its regularized and sparse extensions. Ex-
perimental results show that the new algorithm is much
faster than existing ones. We also demonstrate the ap-

Figure 2: Original imagesi(! row) and recovered image
using BPP (2"¢ row), AB (3"¢ row), and MU (4"
row) algorithms when they were computed for the samié]
amount of time.

(2]
used our NTF algorithm for scenario discovery in the
IEEE Vast 2007 Contest data set to illustrate how term-
entity-month based NTF model can be used for scenario
discovery. The data set consist of news stories and blog
entries related to wildlife law enforcement, but mixed
with some noisy information. Participants are askeha]
to discover a major law enforcement/counter-terrorism
scenario, form their hypotheses, and collect supporting
evidences. In order to perform the task, the raw data w
processed into a tensor format as described in [2]. We
used a rank5 approximation of the original tensor and[5]
listed the keywords of the discovered scenario in Table 6.
We note that the detected topic is consistent with the
ground truth revealed after the end of the contest. Moi€l
details about this experiment can be found in [2].

6 Conclusions [

In this paper, we presented a fast algorithm for nonnega-
tive tensor factorization by decomposing the original mingg)
imization problem as a sequence of the NNLS problems.

plicability of our fast algorithm in analyzing large-scale
“  multi-dimensional text data sets.
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Figure 3: Timing-vs-RSSR graphs. The rows represent dasa Eetron 3-way [** row), Enron 4-way 2" row),
VAST (3" row), CMU facial @ row), and synthetici" row) tensors. The columns represent reduced ranks:
r = 10 (left), » = 50 (middle) andr = 90 (right). The initialization of loading matrices were done randomly. The
values reported in the graphs represent average valud g3@ initializations for all data sets. For the synthetic data
set "), the averaging was done over000 synthetic tensor instances ahd)00 random initializations of loading
matrices.





