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Abstract

This report addressesand resolves several issuesin the useof combinatorsfor
molecularcomputation.Theissuesincludeassumptionsaboutbindingsitesandlink-
ing groups,“capping”of unusedsites,replicationandsharingof structuresin amolec-
ular context, creationof cyclic structures,disassemblyof unneededstructures,repre-
sentationof Booleanvaluesandconditionals,representationof L ISP-style lists, and
representationof numerals.

1 Intr oduction

This report is not intendedto provide an introductoryor systematicpresentationof com-
binatorylogic; necessarybackgroundinformationis in a previous report,the “Molecular
CombinatorReferenceManual” [Mac02a],which (1) definesgeneralterminologyandno-
tation; (2) definesthe combinatorsandstatesimportantpropertiesof them; and (3) de-
finesrelatednotations(mostlyinvolving subscriptsandsuperscripts)with their properties.
Sectionsandequationsfrom that reportwill becited, for example,“Sec.2 [Mac02a]” or
“Eq. 50 [Mac02a].”�

This researchis supportedby NanoscaleExploratoryResearchgrantCCR-0210094from the National
ScienceFoundation.It hasbeenfacilitatedby a grantfrom the Universityof Tennessee,Knoxville, Center
for InformationTechnologyResearch.This reportmaybeusedfor any non-profitpurposeprovidedthatthe
sourceis credited.
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Figure1: Diagramof reactantsfor
�

substitution.Arrows representlinking groups;small
roundedtriangularshapeis � (application)complex; circular shapesareprimitive com-
binators; large triangularshapes(labeled � , � , and � ) representarbitrary combinator
networks.

2 Links

A molecularcombinatornetworkcomprisesvariousnodes(primitivemolecularcomplexes)
connectedby links(linking groups).In orderfor computationto proceedcorrectly, thelinks
mustbe directedor oriented, andsowe usuallyshow themwith arrowheadsin diagrams
suchasFig. 1 (which shows the reactantsfor a

�
-substitution,seeSec.9 [Mac02a]). In

accordwith computerscienceconvention, the arrow points from the parentnodeto its
offspring, that is, downward in trees. (As is commonin expressiontrees,the dataflow is
upward,andthereforeagainstthearrows.) In molecularterms,thelink is amoleculargroup
with distinctbindingsitesat its ends,whichwemaycall theheadandtail.

Nodesmaybeclassifiedasleavesor interior nodes. Most leavesaremoleculargroups
with a singlebinding site, to which the headof a link canbind. In computationalterms,
they deliveraresultbut havenoinputs.Themostcommonleavesareprimitivecombinators
suchas � and

�
. A few leaf types( � , 	 ), which will bediscussedlater, bind the tail of a

link.
Sofar, all interior nodeshave threebindingsites.Themostcommonis theapplication

or � primitive,which representstheapplicationof a function to its parameter. Therefore,
an � nodehastwo “inputs,” representingthefunctionandits parameter, to which thetails
of links canbind, andit hasone“output,” representingtheresultof applyingthefunction
to its parameter, to which theheadof a link canbind(seeFig. 1 for examples).Someother
primitives(e.g., 
 , � , discussedlater)haveone“input” andtwo “outputs.”

Becauseof their interpretationin expressiontrees,we definea resultsite to be a site
to which a link headcanbind, andan argumentsite to be oneto which a link tail binds.
Thereforewe cansay: � and

�
eachhave oneresultsite; � and 	 eachhaveoneargument
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site; � hastwo argumentsitesandoneresultsite; 
 and � have two resultsitesandone
argument.

3 Result and Ar gumentCaps

In doing molecularcombinatoryprogramming,we dealwith complexesonly whenthey
arein well-defined,stablestates;in particular, wedealwith themonly whenall thebinding
sitesarefilled, not during transientstageswhenbinding sitesmay be unfilled or shared
betweentwo groups. Therefore,whencomplexeshave unusedbinding sites(e.g.,when
they areavailableasreactantsor generatedasreactionwasteproducts),they mustbefilled
by someplace-holders.For this purposewe have postulatedtwo otherwiseinert groups,
	 and � . The result cap 	 can fill or “cap” a result site on any complex; likewise the
argumentcap � canfill anargumentsite. Whenbotharerequiredasreactants,they may
comeboundasapair 	
� (e.g.,Figs.6, 10–13,pp.6–12).

As aconsequenceof theforegoingrules,molecularcombinatoryreactionspermutethe
sitesto which theaffectedlinks arebound,but do not createor destroy any links or other
moleculargroups.

4 Replication and Sharing

4.1 The Problem

Combinatorylogic is a term-rewriting system[HO82,Ros73]or abstractcalculus[Mac90].
Therefore,a rule suchas � -substitution,

���������
� �������������
canbethoughtof asanoperationon parenthesizedlinearexpressions,

����������������� �!�"� ���#��� �$����� ����� (1)

or as an operationon trees,as shown in Fig. 2. The latter interpretationis, of course,
whatsuggestscombinatorylogic asabasisfor universalmolecularcomputation.However,
asdiscussedin a previous report [Mac02b], therearedifferencesbetweenterm-rewriting
systemsandmolecularprocesses.In thecontext of term-rewriting systems,thecopying of
a term,suchas � in Fig. 2 or Eq.1, is assumedto beanatomic(constant-time)operation.
This is certainlya poorassumptionfor molecularcomputation,in which thereplicationof
a largestructurecouldtakeconsiderabletime.

Constant-timecopying is also a poor assumptionin conventionalcomputation,and
so implementationsof term-rewriting systemstypically sharea singlecopy of a structure
ratherthanmakingmultiple copies;this is shown in Fig. 3. This strategy worksbecause
the term-rewriting systemsof greatestinterest(including combinatorylogic) satisfy the
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Figure2: � -substitutionwith copying. � , � , � , and � areany combinatortrees.In this
implementationof the � operation,thetree � is copied.
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Figure3: � -substitutionwith sharing. � , � , � , and � areany combinatortrees. In this
implementationof the � operation,anadditionalpointeris createdto thetree � .
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Figure4: � -substitutionreactionwith replication.Thereactionintroducesan 
 (replicator)
complex, which beginsthereplicationof � , which canproceedin parallelwith othersub-
stitutions.This diagramshowsboththereactantsneededfor thesubstitutionaswell asthe
reactionproducts.Notice that the two � complexeson theright-handsideareorientedin
oppositedirections.

Church-RosserProperty[CR36, Ros73],which implies that suchsharingwill not affect
theresultsof computation(interpretedaslinearparenthesizedexpressions;it mayproduce
differentgraphstructures).Unfortunately, this doesnot seemto be a goodapproachfor
molecularcomputation,sinceit mayresultin anunlimitednumberof pointersto a struc-
ture.In molecularterms,thiswouldcorrespondto anunlimitednumberof links to abinding
site,which is impossible.

Variouswaysaroundthis problem,suchashaving binary“f an-in” nodesto theshared
structure,donotseemfeasible,sincetheseintermediatenodeswouldblock theapplication
of thecomputationalreactions.Thereforewehaveoptedfor adifferentsolution,described
in thefollowing section.

4.2 Replication

Our approachis somethingof a hybridbetweenthecopying andsharingimplementations;
it might becalled“lazy replication.” The two usesbegin by linking to a singlecopy of a
tree,which is graduallysplit into two replicates(seeFig. 4). Thanksto theChurch-Rosser
Property, assoonas the rootsof the replicatesareseparated,they canbegin to be used
separately, althoughsomeprocessesmighthaveto wait until thereplicationhassufficiently
progressed.

Themostimportantreactionis illustratedin Fig. 5: whenreplicationencountersan �
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Figure5: Replicationof anapplication( � primitive),which triggersreplicationof its two
daughternodes,which canproceedin parallel. Notice that the two � primitiveson the
right-handsideareorientedin oppositedirections.
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Figure6: Replicationof aprimitivecombinatorcomplex %'& (suchas � , � , or () ).

(application)primitivelinkedto subtrees� and � , anew � is allocatedandthetwo � sare
linkedto correspondingreplicatesof � and � , thustriggeringrecursive replicationof the
subtrees.Themolecularreactionis described:

� *+
,�-���/./	0�-�213.4	,15

�76,8 � *9�31:
;1����/.=<�	"�?>
The reactantsinclude“capped” � and 
 groups;the reactionreleasesthree 	
� pairsas
waste.

Eventuallyreplicationwill reacha leafof thetree,thatis, aprimitivecombinator(e.g.,
� , � , or () ); replicationterminateswith the allocationof a new instanceof the primitive
(Fig. 6). Thereactionis simply:

� *@
A%9./	B%�./	
��6,8 �C%�.D*E%�./	;15

�F�
where% is any primitive combinator. The 
 complex, appropriately“capped,” is released
asa reactionwasteproduct.

Completereactionspecificationsfor replicationcan be found in Sec.13 [Mac02a].
Replicationalsointeractswith deletion,whichwill bediscussedin Sec.6 of this report.
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Figure7: The � primitiveallowssharingof anetwork. Networks � and � bothconnectto
network � via � (sharing)primitive.

5 Sharing

5.1 The G Primiti ve

As remarked, thecopying andsharingimplementations(Figs.2 and3) areequivalentfor
term-rewriting systemssatisfyingtheChurch-RosserProperty, suchascombinatorylogic,
but they resultin differentnetwork structures.Sinceonegoalof universallyprogrammable
intelligentmatteris theassemblyof specificnanostructures,wemustbeableto controlthe
networks thatareconstructed.Therefore,althoughlazy replicationis a goodsolutionfor
implementingcombinatoryreductions,therewill becircumstancesin which we will want
to createspecificsharedstructures;oneobviousexampleis thecreationof cyclic structures
(Sec.5.3).

To accomplishsharingwe postulatea sharing primitive, denoted� (to suggestits
shape),which allows two links to point at one binding site; therefore� hastwo result
sitesandoneargumentsite(Fig. 7). Situationsin which morethantwo links areintended
to point to thesamedestinationareaccomplishedby usingmultiple � groups.Thus,a �
primitiveoccursin thesameconfigurationasa 
 primitive,but it doesnot triggerreplica-
tion. Conceptually, andperhapsphysically, it actslikeaninert replicationoperator.

Notice that the � primitive introducesanextra level of indirectionbetweentheshared
structureandthe referencesto it (Fig. 7). This is a fundamentaldifferencebetweensym-
bolic linking, suchaswe have on conventionalcomputers,in which any numberof cells
may hold the addressof the sharedstructure,and physical linking, suchas we have in
molecularcomputation.As a consequence,sharedstructurescannotbeusedcomputation-
ally with full generality, sincethe � groupswill oftendisruptthepatternsthat trigger the
computationalreactions.Therearevariouswaysof working aroundtheselimitations,but
they seemunduly complicated. For now it seemsbetter to restrict the useof � to the
constructionof noncomputationalnanostructures.
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Figure8: (� -substitution,which introducesa � (sharing)primitive. The � complex will
blockmostothersubstitutions;thereforeits primarypurposeis thecreationof staticshared
structures.Noticethatthetwo � complexeson theright-handsideareorientedin opposite
directions.

5.2 The HI Combinator

It is not enoughto have a sharingprimitive; we mustalsohave somegeneralmeansof
introducingit into molecularstructures.Thesimplestapproachis suggestedby theparallel
betweenreplicationandsharing:modify a 
 -producingoperatorto producea � instead.
Two of thesimplestcombinatorsthatreplicatetheirargumentsare � and J :

�����K� �"� ��������� ��� (2)

JL��� �"� �����!> (3)

A sharingversionof � , which wedenote(� , is shown in Fig. 8; its reactionis:

�M�3NA(�O�P���Q./	;1��R�S6;8 �M�3NT���F�U�=.4	V(�9./	
�F> (4)

To notatethefactthatastructureis shared,weoftenuseparenthesizedsuperscripts,andso
wemaywrite:

(���������"�W���FXZY�[������?X]\^[_��� (5)

or, lessprecisely, we useprimes, (�A�����`�"� ���Ea#����� � . (SeealsoSec.17 [Mac02a]on
thenotationfor sharing.)

Since J is simplerthan � , a correspondingsharingoperation (J might seema better
choice.It wouldbedefined

(JL���b�"�W��� XcY�[ � Xd\^[ � (6)
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with acorrespondingreaction:

�M�31 (Je���4./	;1��R�S6;8 �M�31T�f�C�/./	 (Jg./	
�?> (7)

Nevertheless,we have decidedtentatively to take (� as the primitive. Thereare several
reasons:

1. The reactionfor (� (Fig. 8) is very similar to that for � (Fig. 4); the former has �
wherethelatterhas 
 . Thereforeonereactionmightbemodifiedto yield theother.

2. (� canbedefinedin termsof (J andviceversa.However, thedefinitionof (J in terms
of (� (Eq. 45 [Mac02a]), (J �Whi(�"j , is muchsimpler than that of (� in termsof (J
(Eq.34 [Mac02a]), (�+�lk!��k!��kf(Jm�nho�$�pkqkr� .

Neverthelesswe will oftenfind that (J is moreconvenientin programming;in particular
wecanexponentiateit (Sec.28 [Mac02a])to createsharingchains,

(Jest�P�u�"� ���KXdsv[��KXdsxwyY�[Oz5z5zT�KXcY�[��{Xd\^[�� (8)

whichcanbeusedto link togetherlargestructures.

5.3 The H| Combinator

Theso-calledparadoxicalor fixed-pointcombinator
)

is definedsothat

)~} �"� } � )~} ��> (9)

It’ seasyto seethatthis leadsto anonterminatingprocess:

)V} �"� } � )~} �!�"� } � } � )~} ���q�"� } � } � } � )~} �����R�"� z5z5z (10)

Neverthelessthis operationis usefulin conventionalfunctionalprogrammingfor defining
recursive functions[Bur75,Mac90].Whetherit will besimilarly usefulin molecularcom-
binatoryprogrammingis lessobvious,but if it is needed,it canbe definedin termsof �
and

�
(Sec.21 [Mac02a]),soit doesnotneedto besupportedby a primitivereaction.

However, aswehaveseen(Sec.4.1),sharingandcopying arecloselyrelated,andcyclic
structuresareabstractlyequivalentto infinite structures.Similarly, theinfinite expansionof)~}

canbeinterpretedasa cyclic structure,
)~} �"� � , where ��� } � . This suggeststhat

anappropriate(sharing)versionof
)

mightbeusedto constructcyclic structures.(Indeed,
in many functionalprogramminglanguageimplementationsonconventionalcomputers,

)
createsaself-referentialstructure;henceits useto implementrecursion.)

Figure9 shows a reactionimplementing () , a sharingversionof thefixed-pointcombi-
nator. Thereactionis described:

�M��()2} ./	;1T�R�76,8 �E�;� } ./	?() ./	
�?> (11)
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Figure9: () -substitution,whichintroducesacycleby meansof a � (sharing)primitive.The
indicatedsharingstructuremaybedescribed()2} �"� � XcY�[ where�{� } � Xd\^[ . Normally

}
is

a combinatoryprogramcomplex, which will leadto furthersubstitutionsthatwill expand
thecycle into amoreusefulstructure.

Usingourconvention(Sec.5.2)for notatingsharing,thecreationof thecyclic structurecan
bewrittenasasubstitutionrule:

()V} �"� � XZY�[ where�{� } � Xd\^[ > (12)

Here � is definedasa namefor theresultof the � nodein Fig. 9, and � XZY�[ and � Xd\^[ arethe
two links to the � primitive.

Thecreationof thevery tight cyclebetweenthe � and � nodes,shown in Fig. 9, might
not seemveryuseful,but it is, ascanbeseenwhenwe realizethat

}
canbeany combina-

tory complex, andtherefore
} � Xd\^[ canresultin very complex computationsinvolving the

link � X]\^[ . Exampleswill bepresentedin laterreports.

6 Deletion

Combinatorcomputationproceedsby permuting,replicating,anddeletingnetwork struc-
tures[CFC58, Sec.5H]. In a molecularcontext, this meansthatthecomputationalprocess
will generatemany wastestructures.Thesecould,of course,be abandoned,but it seems
betterto arrangefor theirdisassembly, sothattheircomponentgroupscanberecycledasre-
actionresources.Indeed,withoutsuchrecycling thereactionspacecouldbecomecluttered
with wasteproducts,andresidualbut uselesscomputationin discardedcomplexescould
consumevaluablereactionresources.Therefore,at this time at least,it appearpreferable
to arrangefor thedisassemblyandrecycling of deletedstructures.To accomplishthis, we
postulatea primitive � (deletion)operator, which maybelinkedto anetwork to disassem-
ble it recursively.
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Figure11: Deletionof anapplication( � ) primitive.This triggersdeletionof its two daugh-
ters,which mayproceedin parallel.

Figure10 shows thebaseof the recursive process;deletionof a primitive combinator
causesit to be“capped”andreleasedfor reuse.Thereactionis:

�"%�./	
�76,8 	B%�./�C�?� (13)

where% representsany primitivecombinator(e.g., � or
�

). Deletionof anapplication( � )
primitivetriggersthedeletionof its daughters(Fig. 11); thereactionis:

�-�R�P��.4�C�m./	
��6,8 �3��./�!�4.4	0�-�i15> (14)
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Figure12: Deletionof a replicationin progress.If a deletioncatchesup with a replication
( 
 primitive),thenboththedeletionandreplicationareterminated.
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Figure 13: Deletion of one path to a sharingnode( � primitive). The deletedpath is
“capped”with a 	 primitive(resultcap),but theotherpathis left intact.

The foregoing reactionsaresufficient, but thereareadvantagesto consideringthe in-
teractionof deletionwith 
 and � primitives.If a deletioncatchesup with a replicationin
progress,thenit shouldsurelycancelthereplication(Fig. 12):

�~��
;��.D�A	"�76;8 �M��.4	,1:

�L./�C�?> (15)

It would surelybewastefulto wait for theduplicationto complete,andthenhave to begin
the processof disassemblingthe new copy! Anotherargumentin favor of this reaction
comesfrom observationsof functionalprogramstranslatedinto � � combinatortrees.The
standardtranslationalgorithmsgeneratemany instancesof the j combinator, which is de-
fined j���� �C� . This meansthat an identity operationis implementedby replicatingand
thendeletingacopy of theargument:

j��g�"� � �U� ���"� � ��� � ���!�"�W�f>
Althoughsomeof thesepointlessreplicationscanbeavoidedby cleverertranslationalgo-
rithms, a certainamountof it is an avoidablecharacteristicof combinatorycomputation.
Thereforewewill bebetteroff if theseuselessreplicationsareterminatedbeforethey com-
plete.

Finally, we mustconsiderthe effect of deletinga link to a sharing( � ) primitive. We
couldleaveit unspecified,in whichcaseit wouldbereasonableto supposethatthedeletion
stopswhenit reachesthe � primitive.Alternately, andmoreneatly, wecouldspecifythe �
resultsin thedeletedpathbeing“capped”(Fig. 13):

�~�M�q��./	
�76,8 	o�E�q��.4�C�F> (16)

(Indeed,thetwo approachesmaynot besodifferent,for � might beusablein placeof the
resultcap 	 .) On theotherhand,whenboth links to a � complex have beendestroyed,it
seemsreasonableto triggerthedeletionof the(previously) sharedstructure:

�2	'�q��.4	"��6,8 �3��.4	,1��3�?> (17)

(This reactionis not includedin thespecificationof deletionin Sec.6 [Mac02a].)
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Figure14: Deletionof only remainingpathto a sharingnode( � primitive). The shared
complex is recursively deleted,andthe“capped” � primitiveis releasedasawasteproduct.

7 BooleanValues,Conditionals, etc.

Thefundamentalmeaningof �n�_�:� and ����� �p� is theability to selectbetweentwo alternatives.
Sincein combinatorylogic, we takedatato be(potentiallyactive) functions,wecandefine
�n���:� to selectthefirst of two alternatives,and ���B� ��� to selectthesecond:

�n���:����� �"� �f� (18)

����� �p����� �"� �C> (19)

Thesearetheusualdefinitionsin thelambdacalculusandcombinatorylogic [Bar84, Bur75,
Mac84, Mac90,e.g.] They aredefinedin combinatorylogic asfollows:

�n�_�:� � � � (20)

����� �p� � � � > (21)

The logical operationsare easyto define. Since �:����� � � ���B� ���{�n�_�:� , we can define
�:���q��h-� 1_��jT���B� ���r�n�_�:� (seeSecs.4,30[Mac02a]).Thuswehave(seealsoSec.31[Mac02a]):

�:����� h � 1_� jv����� �p�U�n���:�0� (22)

���:� � h � 1_� jv����� �p��� (23)

����� hqjv�n�_�:��> (24)

If   is aBoolean-valuedexpression(onereducingto �n�_�:� or ����� �p� ), thentheconditional
“if   then � else � ” canberepresentedby theexpression ?��� . For greaterclarity, we
canwrite it usingALGOL68 notation, �� �8W� ¡x�K� .

�� u8W� ¡x���!�"�  F���!> (25)

This is not quite the sameasa conditionalin a programminglanguage,sincereduction
could proceedin � and � in parallel,even thoughoneof themwill be discarded.This
couldbea problemif oneof thecomputationsin nonterminating,sincethat computation
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could consumeall the reactionresources,even thoughit won’t be selected.This is es-
pecially a problemwith recursive function definitions,sincetypically onebranchof the
conditionalwill leadto recursiveexpansionof thefunction.

One commonmethodof avoiding this problemis to “delay” executionof the arms
of the conditionaluntil oneof themis chosen,at which point its executionis “released”
[Bur75,Mac90]. Executionof anexpressionis delayedby “abstracting”[Abd76, CFC58]
adummyformalparameterfromit. Thenit cannotbereduceduntil acorrespondingdummy
actualis provided.Theseoperationsaredefined:

¢£¢�¤�¥¦¥ �"� §y¨-� ¤ ��� (26)

�#���ª©�� } �"� }¬« � (27)­ �R 4�n®:�x�2���t� ���2� �"� �#���ª©$���� �8 ¢£¢ � ¥£¥ ¡ ¢¦¢ � ¥¦¥ ��> (28)
¢¦¢_¤�¥¦¥

means§y¨-� ¤ � , wherë is any variablethatdoesnotoccurin
¤

; thisdelaysexecution
of
¤

by convertingit to asingle-parameterfunction.Executionis allowedby providing an
actualparameter

«
, whichrepresentsany combinator(theinert ¯ wouldbeagoodchoice).

Thus, �#���ª©$� ¢£¢_¤�¥£¥ �"� ¤
. The ‘

­ �°�n®:�t���t� ��� ’ is thendefinedto delayexecutionof its arms
until oneof themis chosen.

8 L ISP-styleLists

8.1 RepresentationBasedon Triples

Thereare a numberof ways to defineL ISP-style lists in combinatorylogic. One way
[Mac84] is to definea“cell” with threefields, ©��t�d�p± }9² . If ± is �n���:� , then

}
and

²
arethe

“first” (car, head)and“rest” (cdr, tail) of thelist. If ± is ����� �p� , then ©��t�d�p± }9² representsa
null list, andthevalues

}
and

²
areirrelevant. This canbeaccomplishedby defining ©$�x�d�

sothat ©$�x�d�p± }9² returnsafunctionthat,whenappliedto a“selector” ³ , returnstheselected
componentof thecell. Therefore,to begin wedefinethreeselectorswith theproperties:

´ ����µ:¨'�O¶ �"� ¨r� (29)· ����µ:¨'�O¶ �"� �;� (30)

µ�����µ:¨'�O¶ �"� ¶�> (31)

Theseareeasilydefinedin combinatorylogic (seeSecs.24,30 [Mac02a]):
´ �t��µ � hR� \ �

� 1 � � 1 � (32)· �t��µ � hR� Y �
� 1 �uh � 1 � (33)

µ��t��µ � h � 1_� � 1 > (34)

©��t�d�p± }9² thenis definedto bea functionthatappliesaprovidedselector³ to ± }9² :

©$�t�£��± }¬² �"� �_§;³0>]³5± }¬² ��> (35)

14



Thus, ©��t�d� shouldsatisfy ©$�x�d��± }¬²F¸ �"� ¸ ± }9² , and a suitabledefinition is (Sec.30
[Mac02a]):

©$�x�d����h-� N_��j¹> (36)

A definitionof list-processingoperationsis thenstraight-forward:

� ­ � º � ©$�x�d������� �p�5»¬»{� (37)

©$���:��º � ©$�x�d���n�_�:��� (38)

�:�O�������£� º � §y¨r>¼�#¨ ´ ����µ��q�uh3j ´ ����µ�� (39)½ �¼�p�pº � §y¨r>¼�#¨ · ����µ��q�uh3j · ����µ�� (40)

�ª���p�pº � §y¨r>¼�#¨;µt����µ��q�uh3jtµt����µ�� (41)

�����£� º � �:���"¾?�:�O�������£� ºM> (42)

(The subscriptsare to distinguishthesedefinitions from the alternatives consideredin
Sec.8.2. » is any combinator;̄ wouldbea goodchoice.)

Let’s explore the actualcombinatoryrepresentationof sucha list. The “cons cell”
resultingfrom ©$�O�:��º }¬² lookslike this:

©$���:��º }¬² �
� ©$�x�d���n���:� }¬² �"� ©$�t�£� �R}¬² �"� h � N_� j �R}¬² > (43)

Therefore,let ¿
ºÀ�Sh � N_� j � > (44)

Therepresentationof an Á -elementlist is:
¢ � Y ���Â1v�$>v>v>���� s

¥ �"� ©��O�:�pº~� Y ��©��O�:��º~�Â1:�^z5z5z5�#©$�O�:�pº~� s �
­ � ºi�
z5z5z£����� (45)

�"�
¿
º~� Y �

¿
º~�Â1x�pz5z5z5�

¿
º~� s �

­ � ºi�
z5z5z£����� (46)

where � ­ � ºÃ�Äh � N_� j¼��� � ��¯~¯ . Thus,a list structureis a network asin Fig. 15. We cansee
thateachlist elementrequirestwo � nodesandaninstanceof

¿
º , which hassize:

¡
¿
º�¡t�S�tÅ0�9.=��< � .QÅ�Æ��Ç�7È0< total primitives> (47)

(Onthemeasurementof network sizes,seeIntr oduction in [Mac02a].)In addition,thelist
is terminatedby a representationof � ­ � , but wecanuseany complex suchthat

�:�O�������d�t� ­ �t�"� � ­ � ´ ����µF�"� ����� �p�M�"� � � >
Thuswecanuse

� ­ �7� � ��� � ��� (48)

¡d� ­ �¼¡7� É5�¬.D� � .D�t�e�7Ê total> (49)

Hencethesizeof this list representationis

¡ ¢ � Y �v>v>v>���� s
¥ ¡t�Ë�_�xÅ0ÁÂ./É:�p�¬.7�_�t<�ÁÂ.D�0� � .7�#Å�Ì�Á{.=�0�p�e�7È�ÊxÁÂ.DÊ total� (50)

exclusiveof thesizesof the ��Í .
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Figure15: L ISP-style list asa combinatorcomplex. The diagramshows the molecular
representationof thelist

¢ � Y �$>v>v>$��� s
¥
. Interior nodesareapplication( � ) primitives.

8.2 RepresentationsBasedon Pairs

A secondapproachdefinesa“conscell” asanorderedpair [Bar84, LV97]. Herearetypical
definitions:

©��O�:��Ò � §Ó¨'�O³�>d³$¨'�{��h � 1_� j¹� (51)

� ­ � Ò � � �n�_�:��� (52)Ô � � � � ����� �p�5��� (53)

�����d� Ò �"� h3j Ô � (54)½ �ª�^�pÒ �"� h3j5�n�_�:��� (55)

�¼�$�^�pÒ �"� h3j5���B� ���t> (56)

Thelatter two definitionsuse �n���:� and ���B� ��� to selectthecomponentsof a pair. It’ s easyto
show that

½ �ª�^�pÒ-�#©$�O�:�pÒy�������"� �f�
�����d� Ò-�#©$�O�:�pÒy�������"� ��©��O�:�pÒy�P��� Ô �"� ����� �p���

�����£� Òo� ­ �7�"� �n�_�:�t�
etc.Therepresentationof a list looksthesameasin Fig. 15,exceptthat¿

Ò � h � 1_� jZ� (57)

¡
¿
Òq¡�� É:Ê��¬./É$Å � .D�tÌ��L��Ê0Õ total� (58)

� ­ � Ò � � �n���:� � �U� � (59)

¡£� ­ � Òq¡�� Ö0�¬.D� � .4Év�Ç�7< total> (60)
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Hence,

¡ ¢ � Y �v>v>$>���� s
¥ ¡t�lÉ:ÊxÁ"�¬.7�^ÉvÅ0ÁÂ.D��� � .���<0Ö�ÁÂ.4É:�p�Ç�SÊtÈ�ÁÂ.=< total (61)

(exclusive of the ¡ �ÂÍA¡ ), which is smallerthanthe representationin triples. However, it is
difficult to saywhetherit mattersin molecularterms.

CurryandFeys [CFC58] usedavariantof thisapproachto definepairs:

©��O�:�T× � §Ó¨'�Ó³0>¼Ø£³B� � �O�^¨yÙ;�Sh!�pk!��h-� 1_��jd� � ��� (62)

� ­ �Ñ× � � �n�_�:�M� �C� � (63)½ �ª�^��× � h3jdÚ \ � (64)

�¼�$�^��× � h3jdÚ svÛ,Y � for any Á�Ü4Ö�> (65)

(SeeSec.9.3 below on the “Church numerals” Ú
Í .) With this representationit is easyto
show thata list hassize

¡ ¢ � Y �v>v>v>���� s
¥ ¡t�Ë�pÉ5ÊtÁÂ./É:�p�¬.7�pÉ5ÊtÁÂ.D�0� � .7��<OÉvÁ{.4É:�p�e�7ÆOÉ$ÁÂ.=< total� (66)

exclusiveof the ¡ ��ÍB¡ .

8.3 Sequences( Ý -tuples)

Ratherthan building up lists by pairs, it is possibleto representthem directly; that is,
insteadof usingtriplesor couples,weuseÁ -tuples[Bar84,p. 134]. Definean Á -tupleto be
a functionthattakesaselectorandreturnstheselectedelement:

¢ � Y �v>v>$>$��� s
¥ �7§,³B�_³$� Y z5z5zp� s ��> (67)

This is satisfiedby thefollowing combinatorialexpression:
¢ � Y �v>$>v>$��� s

¥ �"� h � s � j�� Y z5z5z�� s > (68)

The Þ th elementof a list is selectedby applyingit to a selectorfunction �p�t� sß , which selects
the Þ elementof an Á -elementsequence.By Eq.26 [Mac02a],

� ß wyY } � Y z5z5zp� ß wyY �"�
} > (69)

Also, by Eq.26 [Mac02a], � stw ß � ß z5z5z^� s �"� � ß > (70)

Therefore,substituting
� sxw ß for

}
in Eq.69,wehave

� ß wyY � stw ß � Y z5z5z�� ß wyY � ß z5z5zp� s �"�
� stw ß � ß z5z5z�� s �"�à� ß >

Therefore,
�p�t� sß � ��ß wyY � sxw ß > (71)
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Figure 16: Sequence
¢ � Y �$>v>v>$��� s

¥
representedas combinatorstructure. Interior nodes

representapplication( � ) primitives.

In contrastto theprecedingdefinitions,theoverheadof sequencesis verysmall(Fig. 16):

¡ ¢ � Y �v>v>$>$��� s
¥ ¡��á¡¦hR� s �#jâ¡�.�Á
�~� (72)

exclusive of the ¡ �ÂÍA¡ . However, ¡£h � s � ¡9ã�ä°�#Áo� , sincefrom Sec.30 [Mac02a] we can
calculate

¡£h � s � ¡t�Ë��È�Á�6mÅ����¬.7��Ì�Á�6LÅB�
� .7�pÉ5ÕtÁ@6QÈ��^�L�/<�Å0Á�6åÉ:Õ total>

Hence,

¡ ¢ � Y �v>v>v>���� s
¥ ¡t�Ë��È�Á�6Q<0���¬.7��Ì�Á�6Q�0� � .7�^É5Ì�Á�6QÆ��^�L�/<�ÊtÁ�6åÉ0É total� (73)

exclusiveof the ¡ ��ÍB¡ .

8.4 Comparison

The mostefficient representationin termsof spaceis the sequence( Á -tuple) representa-
tion, but it hasthe disadvantagethat onemustknow the length Á of the sequence.This
precludesL ISP-style list processing(that is, having a function recuruntil the endof the
list is reached).Also, theelementsareindexedwith theselectorfunctions �p�t� sß , although
it would be possibleto definethemasfunctionsof Þ , thusallowing computationof sub-
scripts.Therefore,althoughsequencesmaybeusefulfor particularpurposes,it seemsthat
thecommonlist representationshouldbebasedon pairs(conscells).

9 Numerals

9.1 Unary Numeral System

As in ordinarycomputation,in programmableintelligentmatterweoftenwantto represent
nonnegative integers. For example,we might definea complex æ suchthat æ9ç7± pro-
ducesan ç èL± grid, givensuitablerepresentationsof the integers ç , ± . In electronic
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computers,integersarerepresentedin binarynotation,andof courseit is possibleto define
combinatoryprogramsthatusebinarynumerals,but this doesnot seemto bethebestap-
proach.Rather, thesimplestapproachis to representnumbersasunarynumerals; that is,
the number ± is representedby somestructure(e.g.,a chain)of size ± . The savings in
sizeby usingbinarynumerals(size éâê¼ë0ì 1 ±°í ) insteadof unarynumeralsis not sogreat,in
molecularterms,andthedecodingcomplexity is significantlygreater.

9.2 List Representation

Thesimplestunaryrepresentationof Á is asa list of length Á ; this is in effect whatPeano
usedin his axiomatizationof naturalnumbers.With sucha representationit is simpleto
computethesuccessorof a number( ©$�O�:� a new elementonto it), computeits predecessor
(take the �ª�$�^� of thelist), or askif it’ s0 (testif it’ s �����£� ). Oneproblemwith thisapproachis
its relative inefficiency. Basedonourprecedinganalysisof list representations,thenumber
Á will requireanetwork of at least Ê�È�ÁÂ.�< primitives.

9.3 Church Numerals

Of course,Á mayberepresentedby any structureof size Á , andsoit maybebetterto pick
a structurethatdoessomethinguseful. This fits betterwith theblurring of thedistinction
betweenprogramanddatain combinatorylogic, in which datais oftenactive.

To move towarda morefunction-orientedview, startby thinking of thenumberÁ asa
list of length Á ,

¢ � Y ����1$�v>v>v>���� s
¥
. From this, we areled to consideran argumentlist of

length Á , suchas � } � Y �Â1�z5z5zp� s � . This is turn suggestsan Á -fold functionalcomposition
asarepresentationof Á , suchas

}
Y �
} 15�pz5z5z5� } s ���
z5z5z¦��� , or, moresimply,

} s � (seeSec.28
[Mac02a]for this notation).This immediateleadsus to the iterators or Church numerals
Ú s (Sec.23 [Mac02a]),whicharedefinedsothat

Ú s
} �"� } s�>

Accordingto Sec.23 [Mac02a], Ú s is É5Ö�Á@.�Õ in size,which is considerablybetterthan
the list representation(seealsoFig. 17); moreimportantly, the Churchnumeralsareim-
mediatelyuseful,without theneedof a programto interpretthem. Sec.23 [Mac02a]also
shows that it is possibleto add,multiply, andexponentiateChurchnumerals.Predecessor,
subtraction,andzerotestarenotneededoften,but whenthey are,they canbeaccomplished
by convertingto thelist representation,doingtheoperation,andconvertingbackto Church
numerals,asshown by Barendregt [Bar84,pp.140–1].

9.4 Representationof Lar geNumbers

The readermay be worried aboutthe useof unarynumeralsin the caseswherewe need
to representlarge numbers,since ¡ÑÚ s ¡iã�ä���Á"� . In thesecaseswe cansimple compute
the numberswe needby exponentiation.By Eq. 67 [Mac02a], Ú svî ��Ú,ïVÚ s , so we can
representÁ ï by Ú,ï~Ú s , whichhassize ä°�#ðË.QÁo� , specifically É5Öy��ðÃ.�Á"�o./É:Ê .
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Figure17: Iteratoror ChurchNumeralrepresentedascombinatorstructure.The iterator
Ú s is representedby achainof Á��
k complexeswith a terminal

� j complex. Interiornodes
representapplication( � ) primitives.
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