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Abstract—We consider the problem of broadcasting a common
message and two individual messages to two users on a prod-
uct channel of two reversely degraded Gaussian multiple-input
multiple-output (MIMO) broadcast channels. Though El Gamal
provided a single letter characterization for the general discrete
memoryless problem in 1980, this characterization in fact does
not include a channel cost constraint, and thus does not apply
directly to the Gaussian MIMO setting. We first show El Gamal’s
single letter characterization can indeed be generalized to include
channel cost constraints, however special care has to be taken
and the characterization holds only with certain class of cost
functions. This characterization has an equivalent form, and by
utilizing this form, as well as the enhancement technique and
an extremal inequality which were only discovered recently, we
show that indeed Gaussian codebooks are optimal for this MIMO
setting.

I. I NTRODUCTION

The capacity region of general memoryless broadcast chan-
nels remains an open problem in multi-user information the-
ory, despite the establishment of capacity region in many
special cases such as degraded [1][2], deterministic [3][4],
more powerful broadcast channels [5] and broadcast channels
with degraded message sets [6] (see [7] for a review). Re-
cently, important progress was made in this area for Gaussian
multiple-input multiple-output (MIMO) channels in [8], where
Weingarten et al. showed that dirty paper coding based on
Gaussian codebooks is optimal when only individual messages
are required, and thus completely characterized the capacity
region for this case.

When common message is involved in non-degraded broad-
cast channels in addition to individual messages, known results
in the literature are quite limited. In [9], El Gamal provided
a single letter characterization of the capacity region for
the product of reversely degraded broadcast channels (often
simply referred to as the reversely degraded broadcast chan-
nel), and furthermore, showed that when the two individual
broadcast channels are scalar Gaussian, Gaussian codebooks
are optimal. In [10], the problem of Gaussian MIMO broadcast
channel with common message is considered, and it was
shown a coding scheme based on dirty paper coding [11]
with Gaussian codebooks is optimal under certain specific
conditions.

In this work, we consider the problem of broadcasting a
common message and two individual messages to two users

on a reversely degraded Gaussian MIMO broadcast channel.
Although a single letter characterization of the capacity re-
gion was established in [9] for general discrete memoryless
channels, this characterization in fact does not include channel
cost constraint, and thus can not be applied directly to the
MIMO setting. We first show that the result in [9] can indeed
be generalized to include channel cost constraints, however
special care has to be taken and the characterization holds only
with certain class of cost functions. The characterizationhas
an equivalent form, and by utilizing this form, as well as the
enhancement technique [8] and an extremal inequality [12],we
prove the non-trivial fact that Gaussian codebooks are optimal
for this MIMO setting under separate covariance constraints
on two sub-channels, individual antenna power constraints, or
a total power constraint1. Similar to [8], the case with separate
covariance constraints on two sub-channels can be understood
as an intermediate step toward the more realistic constraint on
total power.

The rest of the paper is organized as follows. In Section II,
we describe channel model and provide necessary notations.
The main result is given in Section III. The generalization of
El Gamal’s characterization to include certain cost functions,
and the alternative single letter characterization are discussed
in Section IV, and the proof of the main result is given in
Section V. Finally Section VI concludes the paper.

II. CHANNEL MODELS

We first describe the system for general discrete memoryless
channels, and then introduce the specific Gaussian MIMO
notations.

The broadcast channel in question is given by channel input
in the alphabetX = (X1,X2), and first user channel output in
the alphabetY = (Y1,Y2), and second user channel output in
the alphabetZ = (Z1,Z2), where the transition probability
P (Y1, Y2, Z1, Z2|X1,X2) factorizes as follows

P (Y1, Y2, Z1, Z2|X1,X2)

= P (Y1|X1)P (Z1|Y1) · P (Z2|X2)P (Y2|Z2). (1)

Thus, the overall broadcast channel consists of two parallel
broadcast channels with reversely degraded outputs; note this

1These settings do not satisfy the specific conditions under which tight
characterization was given in [10].



also implies the fact thatY2 ↔ Z2 ↔ X2 ↔ X1 ↔ Y1 ↔ Z1

is a Markov chain.
For channel with cost constraints, a set of cost functions

ci : X → Ci, i = 1, 2, . . . ,K are defined, andCi is a space of
ti-by-ti positive semidefinite matrices, with the partial order
4 defined by positive semidefiniteness.

Definition 1: An (M0,M1,M2, n) broadcast code consists
of an encoding function

f : IM0
× IM1

× IM2
→ Xn, (2)

whereIn = {1, 2, . . . , n} and two decoding functions

g1 : Yn → IM0
× IM1

= (Ŵ0, Ŵ1)

g2 : Zn → IM0
× IM2

= (Ŵ0, Ŵ2). (3)

A decoding error is defined in the usual way as either at user
one(w0, w1) 6= (ŵ0, ŵ1) or at user two(w0, w2) 6= (ŵ0, ŵ2);
the probability of decoding errorPe is averaged over the
message spaceIM0

×IM1
×IM2

, i.e., assuming the messages
are distributed uniformly.

Definition 2: A rate triple(R0, R1, R2) is called achievable
under channel cost constraintsCi ∈ Ci whereCi < 0, i =
1, 2, . . . ,K, if for any ǫ > 0 and sufficiently largen there
exists an(M0,M1,M2) code such that

Mi ≥ 2nRi , i = 1, 2, 3

E
1

n

n∑

j=1

ci(X(j)) 4 Ci + ǫI, i = 1, 2, . . . ,K, (4)

whereX(j) is the channel codeword input atj-th position,
and Pe < ǫ. The capacity region under cost constraints
(C1,C2, . . . ,CK), is the closure of the set of achievable rate
triples, denoted asC(C1,C2, . . . ,CK).

For the Gaussian MIMO problem, we consider the setting
that the inputXi is in fact a vectorXi for i = 1, 2, and

Y1 = Y1 = X1 + n1, Z1 = Z1 = X1 + m1,

Y2 = Y2 = X2 + n2, Z2 = Z2 = X2 + m2, (5)

where ni is a ti-dimensional random Gaussian vector with
covarianceNi, andmi is a ti-dimensional random Gaussian
vector with covarianceMi, for i = 1, 2; moreover,(n1,m1)
is independent of(n2,m2). The covariances are given such
that 0 ≺ N1 4 M1 and0 ≺ M2 4 N2.

We shall consider three kinds of constraints:

• Separate covariance constraints: given two positive
semidefinite matricesS1 andS2, the two cost functions
over ti-dimensional vectors are given byci(x) = xixi

t.
In other words, two covariance constraints are placed
separately over the two sub-channels. We denote the
capacity region asC(S1,S2).

• Individual antenna power constraints: given a(t1 + t2)-
dimensional non-negative vector(P1, P2, . . . , Pt1+t2),
the (t1 + t2) cost functions are given byci(x) = x2(i).
We denote the capacity region asC(P1, P2, . . . , Pt1+t2).

• Total power constraint: given a non-negative power con-
straint P , the scalar-valued cost function is given by
c1(x) = xtx. We denote the capacity region asC(P ).

As we shall discuss in Section IV, these three kinds of cost

functions belong to the so-called class of statistically separable
cost functions, which allows an explicit characterizationof the
capacity region.

III. M AIN RESULTS

Define the regionR(S1,S2) as the non-negative rate triple
(R0, R1, R2) for which there exist some positive semidefinite
matrices(Q1,Q2), 0 4 Qi 4 Si for i = 1, 2, such that

R0 + R1 ≤ R∗
0 + R∗

1

R0 + R2 ≤ R∗
0 + R∗

2

R0 + R1 + R2 ≤ R∗
0 + R∗

1 + R∗
2 (6)

where

R∗
0 = min

{
1

2
log

|S1 + N1|

|Q1 + N1|
+

1

2
log

|S2 + N2|

|Q2 + N2|
,

1

2
log

|S1 + M1|

|Q1 + M1|
+

1

2
log

|S2 + M2|

|Q2 + M2|

}
, (7)

R∗
1 =

1

2
log

|Q1 + N1|

|N1|
, (8)

R∗
2 =

1

2
log

|Q2 + M2|

|M2|
. (9)

We have the following theorems.
Theorem1:

C(S1,S2) = conv(R(S1,S2)),

whereconv(·) is the convex hull operator.
Theorem2:

C(P1, P2, . . . , Pt1+t2)

=
⋃

(S1,S2)∈P(P1,P2,...,Pt1+t2
)

conv(R(S1,S2)),

where P(P1, P2, . . . , Pt1+t2) is the set of pair of positive
demidefinite matrices such thatS1(i) ≤ Pi and S2(i) ≤
Pi+t1 , whereSi(j) is the j-th diagonal element ofSi.

Theorem3:

C(P ) =
⋃

(S1,S2)∈P(P )

conv(R(S1,S2)),

whereP(P ) is the set of pair of positive semidefinite matrices
such thatTr (S1) + Tr (S2) ≤ P , whereTr (·) is the trace.

Remark: We write the form of the capacity region as in (6)-
(9), because it reveals a fundamental constraint in broadcast
when common message is involved. Since common message
can be also used to convey individual messages, and vice
versa, the rate region in (6) can be taken as a minimal capacity
template, or the so-called latent capacity region [13][14].

The rest of the paper is largely devoted to the proof of
Theorem 1, along the direction outlined in Section I.

IV. CAPACITY CHARACTERIZATION WITH CHANNEL COST

CONSTRAINT AND AN ALTERNATIVE FORM

In this section, we first show that the capacity region
characterization in [9] can be generalized to include channel
cost constraints, however the result only holds for certain
class of cost functions, namely channel cost functions that
are statistically separable. Through the proof of this capacity



result, we introduce an alternative form of the capacity region,
which will become useful in the next section. In this section,
we focus on the general discrete memoryless model.

Definition 3: A cost function c(·) is called statisti-
cally separable, if for any joint distributionP (X1,X2),
and P ′(X1,X2) = P (X1)P (X2), EP (c(X1,X2)) =
EP ′(c(X1,X2)), where the expectations are with respect to
the distributionP (X1,X2) andP ′(X1,X2), respectively.

Let R(U1, U2,X1,X2) be the collection of non-negative
rate triples(R0, R1, R2), for some choice of probability dis-
tribution P (U1, U2,X1,X2, Y1, Y2, Z1, Z2) such that

R0 ≤ min {I(U1;Y1) + I(U2;Y2), I(U1;Z1) + I(U2;Z2)} ,

(10)

R0 + R1 ≤ I(U1;Y1) + I(U2;Y2) + I(X1;Y1|U1), (11)

R0 + R2 ≤ I(U1;Z1) + I(U2;Z2) + I(X2;Z2|U2), (12)

R0 + R1 + R2 ≤ I(X1;Y1|U1) + I(X2;Z2|U2)

min {I(U1;Y1) + I(U2;Y2), I(U1;Z1) + I(U2;Z2)} . (13)

The following theorem states that when the cost functions
are statistically separable, the characterization in [9] can be
generalized to the case with channel cost constraints.

Theorem4: If the cost functionsc1, c2, . . . , cK are statis-
tically separable, then

C(C1,C2, . . . ,CK)

=
⋃

(U1,U2,X1,X2)∈P(C1,C2,...,CK)

R(U1, U2,X1,X2),

whereP(C1,C2, . . . ,CK) is the set of distributions satisfy-
ing the following conditions

• The distribution factorizes asP (U1)(U2)P (X1|U1) ·
P (X2|U2)P (Y1, Z1|X1)P (Y2, Z2|X2); in other words,
(U1,X1) and (U2,X2) are independent;

• E(ci(X1,X2)) 4 Ci, for i = 1, 2, . . . ,K.

Remark: The only difference from [9] is the condition on
the cost functions, and the last condition on the distribution in-
duced by the cost function. We can in fact similarly define the
notion of statistical sub-separability whenEP ′(c(X1,X2)) 4
EP (c(X1,X2)), and it can also be shown this is sufficient for
Theorem 4 to hold.

Remark: It is clear for the Gaussian MIMO case, all three
channel cost functions given in Section II are statistically
separable.

To prove Theorem 4, we need the following theorem.
Let R̆(U1, U2,X1,X2) be the collection of non-negative rate
triples (R0, R1, R2), for some choice of probability distribu-
tion P (U1, U2,X1,X2, Y1, Y2, Z1, Z2) such that

R0 ≤ R̆0, (14)

R0 + R1 ≤ R̆0 + I(X1;Y1|U1), (15)

R0 + R2 ≤ R̆0 + I(X2;Z2|U2), (16)

R0 + R1 + R2 ≤ R̆0 + I(X1;Y1|U1) + I(X2;Z2|U2). (17)

where

R̆0 = min {I(U1;Y1) + I(U2;Y2), I(U1;Z1) + I(U2;Z2)}

Theorem5:

C(C1,C2, . . . ,CK)

⊇
⋃

(U1,U2,X1,X2)∈P(C1,C2,...,CK)

R̆(U1, U2,X1,X2),

whereP(C1,C2, . . . ,CK) is the same as in Theorem 4.

The proof of this theorem is rather straightforward by using
the well known super-position codebook used in degraded
broadcast channels [2] and the cost function conditions arethe
direct consequences of typical sequences, and we thus omitted
the details of the proof. Next we prove Theorem 4.

Proof of Theorem 4: The converse part follows directly
from the proof in [9]. However, during the last step of proof,
the dependence between(U1,X1) and (U2,X2) can not be
severed arbitrarily, since though the mutual information quan-
tities only involve the marginal distributions, the cost functions
may not preserve their costs during this transformation. How-
ever when the cost functions are statistically separable, indeed
we can sever the dependence between(U1,X1) and(U2,X2)
without causing any change to the region.

Now we turn to the forward part of the proof. We claim that
for any (U1, U2,X1,X2) such that(U1,X1) is independent of
(U2,X2) and U ′

i ↔ Xi ↔ (Yi, Zi) is a Markov string for
i = 1, 2, there exist some(U ′

1, U
′
2,X1,X2) where(U ′

1,X1) is
also independent of(X2, U

′
2) which preserves the marginal

distribution of (X1,X2), and U ′
i ↔ Xi ↔ (Yi, Zi) is a

Markov string fori = 1, 2, and furthermore,

R(U1, U2,X1,X2) ⊆ R̆(U ′
1, U

′
2,X1,X2). (18)

Note that since the marginal distribution of(X1,X2) is
preserved, the cost function conditions are also preserved.
Once this inclusion is proved, Theorem 5 can be invoked to
complete the proof of Theorem 4.

Without loss of generality, we assumeI(U1;Y1) +
I(U2;Y2) ≥ I(U1;Z1) + I(U2;Z2). If this inequality in
fact holds with equality, then clearlyR(U1, U2,X1,X2) =
R̆(U1, U2,X1,X2). If the inequality is strict, then define
U

(α)
2 , (Tα, Û), α ∈ [0, 1], whereTα is a Bernoulli random

variable withP (Tα = 1) = α and

Û =

{
U2, Tα = 0
X2, Tα = 1

(19)

This implies thatU (0)
2 = (0, U2), U

(1)
2 = (1,X2), and more-

over U2 ↔ U
(α)
2 ↔ X2 is a Markov string for anyα ∈ [0, 1],

and the marginal distribution of(U1,X1,X2) is preserved, and
clearly the Markov stringU (α)

2 ↔ X2 ↔ (Y2, Z2) is true for
any α.

We shall increaseα until I(U1;Y1) + I(U2;Y2) =

I(U1;Z1) + I(U
(α)
2 ;Z2) or α = 1 (i.e., U

(α)
2 = X2); we

denote the correspondingα asα∗. Next we show that in either
case,R(U1, U2,X1,X2) ⊆ R̆(U1, U

(α∗)
2 ,X1,X2).

If α∗ 6= 1, the respective comparisons between (10)-
(13) and (14)-(17) are straightforward by noticing that both
I(U1;Y1) + I(U

(α)
2 ;Y2) and I(U1;Z1) + I(U

(α)
2 ;Z2) are



monotone increasing functions ofα, and thus

I(U1;Z1) + I(U
(α∗)
2 ;Z2) = I(U1;Y1) + I(U2;Y2)

≤ I(U1;Y1) + I(U
(α)
2 ;Y2).

If α∗ = 1, then we clearly have

I(U1;Z1) + I(X2;Z2) ≤ I(U1;Y1) + I(U2;Y2). (20)

The comparison of other quantities are again straightforward,
and we only need to consider the comparison between (11)
and (15). Note that because of (20), the right hand side of
(13) can be written to satisfy the following inequality

I(U1;Z1) + I(U2;Z2) + I(X1;Y1|U1) + I(X2;Y2|U2)

= I(U1;Z1) + I(X2;Z2) + I(X1;Y1|U1) (21)

≤ I(U1;Y1) + I(U2;Y2) + I(X1;Y1|U1), (22)

however the quantity in (22) is exactly the right hand side of
(11), and sinceR0, R1, R2 are non-negative, the condition in
(11) can be safely removed and replaced by the quantity in
(21), i.e.,

R0 + R1 ≤ I(U1;Z1) + I(X2;Z2) + I(X1;Y1|U1),

which is however exactly the inequality of (15) forα∗ = 1.
This completes the proof.

From Theorem 4 and Theorem 5, it is seen that an alterna-
tive characterization ofC(C1,C2, . . . ,CK) is as follows.

Corollary 1:

C(C1,C2, . . . ,CK)

=
⋃

(U1,U2,X1,X2)∈P(C1,C2,...,CK)

R̆(U1, U2,X1,X2),

whereP(C1,C2, . . . ,CK) is the same as in Theorem 4.

V. REVERSELY DEGRADED GAUSSIAN MIMO
BROADCAST CHANNEL

Now we turn to the reversely degraded Gaussian MIMO
broadcast channel. We first prove Theorem 1. The proof of
Theorem 2 and 3 will also be discussed briefly.

To prove the converse, a result from [12] is needed.
Theorem6 ([12]): Let Q∗ be a positive semidefinite ma-

trix such that0 4 Q∗ 4 S and such that

β1

K1∑

i=1

λ
(1)
i (Q∗ + Ni)

−1 = β2

K2∑

j=1

λ
(2)
j (Q∗ + Mj)

−1 + O,

whereβi > 0 for i = 1, 2, λ
(1)
i ≥ 0, λ

(j)
i ≥ 0, O < 0, (S −

Q∗) · O = 0, and there exists anN∗ such thatNi 4 N∗ 4
Mj for all i and j. Then for anyT independent ofWi ∼
N (0,Ni) andVj ∼ N (0,Mj) andX such thatE(XXt) �
S we have

β1

K1∑

i=1

λ
(1)
i h(X + Wi|T ) − β2

K2∑

j=1

λ
(2)
j h(X + Vj |T )

≤
β1

2

K1∑

i=1

λ
(1)
i log |2πe(Q∗ + Ni)|

−
β2

2

K2∑

j=1

λ
(2)
j log |2πe(Q∗ + Mj)|.

Next consider the optimization problem

max
04Q14S1,04Q24S2

µ0R
∗
0 + µ1R

∗
1 + µ2R

∗
2,

where the clearly achievable rate triple(R∗
0, R

∗
1, R

∗
2) is defined

in (7)-(9), andµ0 ≥ (µ1, µ2) ≥ 0 (since otherwise one can set
R0 = 0 and the problem reduces to the case with only private
messages). Clearly, we can assumeµ0 > 0 since the objective
function is zero otherwise. It is possible to show using Fritz
John necessary conditions [16] that the following lemma is
true.

Lemma1: There existλi ≥ 0 (i = 1, 2), λ1 + λ2 = 1 and
Q∗

1 andQ∗

2 such that

max
04Q14S1,04Q24S2

µ0R
∗
0 + µ1R

∗
1 + µ2R

∗
2

= µ0λ1

(
1

2
log

|S1 + N1|

|Q∗

1 + N1|
+

1

2
log

|S2 + N2|

|Q∗

2 + N2|

)

+ µ0λ2

(
1

2
log

|S1 + M1|

|Q∗

1 + M1|
+

1

2
log

|S2 + M2|

|Q∗

2 + M2|

)

+
µ1

2
log

|Q∗

1 + N1|

|N1|
+

µ2

2
log

|Q∗

2 + M2|

|M2|
,

and furthermore there exist positive semidefinite matricesO1

andO2 such that

1) µ1(Q
∗

1 + N1)−1 + O1 = µ0λ1(Q
∗

1 + N1)−1 +
µ0λ2(Q

∗

1 +M1)−1 +O′

1 andµ2(Q
∗

2 +M2)−1 +O2 =
µ0λ1(Q

∗

2 + N2)−1 + µ0λ2(Q
∗

2 + M2)−1 + O′

2.
2) Q∗

i · Oi = 0 and (Si − Q∗

i ) · O′

i = 0, i = 1, 2.
3) We haveλ1 = 1 andλ2 = 0 if

1

2
log

|S1 + N1|

|Q∗

1 + N1|
+

1

2
log

|S2 + N2|

|Q∗

2 + N2|

<
1

2
log

|S1 + M1|

|Q∗

1 + M1|
+

1

2
log

|S2 + M2|

|Q∗

2 + M2|

andλ1 = 0 andλ2 = 1 if
1

2
log

|S1 + N1|

|Q∗

1 + N1|
+

1

2
log

|S2 + N2|

|Q∗

2 + N2|

>
1

2
log

|S1 + M1|

|Q∗

1 + M1|
+

1

2
log

|S2 + M2|

|Q∗

2 + M2|
.

Now we are ready to prove Theorem 1.

Proof of Theorem 1:

The forward part is clearly true, and we only need to prove
the converse. Without loss of generality, we shall assumeµ0 ≥
µ1 ≥ µ2 ≥ 0, and subsequently chooseλ1 andλ2 as specified
in Lemma 1. We start by writing the following inequality using
Corollary 1,

µ0R0 + µ1R1 + µ2R2

= µ2(R0 + R1 + R2) + (µ1 − µ2)(R0 + R1) + (µ0 − µ1)R0

≤ µ0 min {I(U1;Y1) + I(U2;Y2), I(U1;Z1) + I(U2;Z2)}

+ µ1I(X1;Y1|U1) + µ2I(X2;Z2|U2)

≤ µ0λ1(I(U1;Y1) + I(U2;Y2)) + µ0λ2I(U1;Z1)

+ µ0λ2I(U2;Z2) + µ1I(X1;Y1|U1) + µ2I(X2;Z2|U2).



Note that

µ0λ1(I(U1;Y1) + I(U2;Y2))

+ µ0λ2(I(U1;Z1) + I(U2;Z2))

+ µ1I(X1;Y1|U1) + µ2I(X2;Z2|U2)

= µ0λ1(h(Y1) + h(Y2)) + µ0λ2(h(Z1) + h(Z2))

− µ1h(Y1|X1) − µ2h(Z2|X2) + (µ1 − µ0λ1)h(Y1|U1)

− µ0λ2h(Z1|U1) + (µ2 − µ0λ2)h(Z2|U2) − µ0λ1h(Y2|U2)

≤ µ0λ1(
1

2
log(|2πe(S1 + N1)|) +

1

2
log(|2πe(S2 + N2)|)

+ µ0λ2(
1

2
log(|2πe(S1 + M1)|) +

1

2
log(|2πe(S2 + M2)|)

− µ1h(Y1|X1) − µ2h(Z2|X2)

+ (µ1 − µ0λ1)h(Y1|U1) − µ0λ2h(Z1|U1)

+ (µ2 − µ0λ2)h(Z2|U2) − µ0λ1h(Y2|U2).

To complete the proof, we need to show that

(µ1 − µ0λ1)h(Y1|U1) − µ0λ2h(Z1|U1) − µ1h(Y1|X1)

≤
µ1 − µ0λ1

2
log(|2πe(Q∗

1 + N1)|)

−
µ0λ2

2
log(|2πe|Q∗

1 + M1|) −
µ1

2
log(|2πeN1|),

(23)

(µ2 − µ0λ2)h(Z2|U2) − µ0λ1h(Y2|U2) − µ2h(Z2|X2)

≤
µ2 − µ0λ2

2
log(|2πe(Q∗

2 + M2)|)

−
µ0λ1

2
log(|2πe(Q∗

2 + N2)|) −
µ2

2
log(|2πeM2|),

(24)
whereQ∗

1,Q∗

2 are as specified by Lemma 1. By symmetry,
we only need to show that (23) is true.

If O1 = 0 in Lemma 1, then we must haveµ1−µ0λ1 ≥ 0,
and it follows from Theorem 6 that (23) is true. Now consider
the caseO1 < 0. If µ1 − µ0λ1 < 0, then O1 ≻ 0 since
µ1(Q

∗

1 + N1)−1 + O1 = µ0λ1(Q
∗

1 + N1)−1 + µ0λ2(Q
∗

1 +
M1)−1 + O′

1, which further impliesQ∗

1 = 0 due to the fact
that Q∗

1 · O1 = 0. Then it is clear that (23) is true. Ifµ1 −
µ0λ1 = 0, then again we have eitherQ∗

1 = 0 or λ2 = 0. It
can be seen that (23) is true in both cases.

The remaining case isµ1 − µ0λ1 > 0 andO1 < 0. Define

Ñ1 ≻ 0 such that(µ1 − µ0λ1)(Q
∗

1 + Ñ1)
−1

= (µ1 −

µ0λ1)(Q
∗

1 + N1)−1 + O1. It is clear thatÑ1 4 N1 4 M1.
Define an enhanced receiver̃Y1 associated withÑ1. It is
important to note that if we replace the overall sub-channel
Y1 by Ỹ1, then the rate of the common message will also be
affected. Instead, we shall only enhance the component related
to the private messages. More specifically, letY1 be physically
degraded version of̃Y1, then it follows

I(X1;Y1|U1) ≤ I(X1; Ỹ1,Y1|U1) = I(X1; Ỹ1|U1).

It follows that we can now bound the left hand side of (23)

as given next

(µ1 − µ0λ1)h(Y1|U1) − µ0λ2h(Z1|U1) − µ1h(Y1|X1)

≤ µ1I(X1; Ỹ1|U1) − µ0λ1h(Y1|U1) − µ0λ2h(Z1|U1)

= µ1h(Ỹ1|U) − µ0λ1h(Y1|U1)

− µ0λ2h(Z1|U1) − µ1h(Ỹ1|X1)

(a)

≤
µ1

2
log(|2πe(Q∗

1 + Ñ1)|) −
µ0λ1

2
log(|2πe(Q∗

1 + N1)|)

−
µ0λ2

2
log(|2πe(Q∗

1 + M1)|) −
µ1

2
log(|2πe(Ñ1)|),

where (a) is due to Theorem 6. SinceQ∗

1 ·O1 = 0 and(µ1 −

µ0λ1)(Q
∗

1 + Ñ1)−1 = (µ1 − µ0λ1)(Q
∗

1 + N1)−1 + O1, we
have

(µ1 − µ0λ1)Q
∗

1 · (Q∗

1 + Ñ1)−1

= (µ1 − µ0λ1)Q
∗

1 · (Q∗

1 + N1)−1 + Q∗

1 · O1

= (µ1 − µ0λ1)Q
∗

1 · (Q∗

1 + N1)−1,

i.e., Q∗

1 · (Q∗

1 + Ñ1)−1 = Q∗

1 · (Q∗

1 + N1)−1. This implies
Ñ1 · (Q

∗

1 +Ñ1)−1 = N1 · (Q
∗

1 +N1)−1. Therefore, we have

|Q∗

1 + Ñ1|

|Ñ1|
=

|Q∗

1 + N1|

|N1|
.

Thus (23) is proved. Since both regions in the statement of
Theorem 1 are convex, and we have essentially shown that
their supporting hyperplanes match, the proof is now complete.

The proof of Theorem 2 can be outlined as follows. Due
to the single letter characterization of Theorem 4, there exist
independent random variables(U1,X1) and (U2,X2) to sat-
isfy the individual antenna power constraints. However, such
random variables induce separate covariancesE(X1X1

t) and
E(X2X2

t), the diagonal elements of which satisfy the indi-
vidual antenna power constraint. But this rate triple must be-
long to a certain capacity regionC(E(X1X1

t), E(X2X2
t)),

again due to Theorem 4. Thus the union of capacity region
over all possible covariance pairs(S1,S2) gives the complete
capacity regionC(P1, P2, . . . , Pt1+t2). The proof of Theorem
3 follows a similar argument.

VI. CONCLUSION

We considered the problem of broadcasting on reversely de-
graded Gaussian MIMO channels. The characterization given
in [9] is generalized to include channel cost constraints for
statistically separable cost functions. By utilizing an alternative
characterization, an extremal inequality and the enhancement
technique, we showed that Gaussian codebooks are optimal
for the reversely degraded Gaussian MIMO channels under
various power constraints.
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