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The decomposition of locational marginal price (LMP) under the popular DCOPF framework generally
depends on the choice of the reference bus. A previous work has achieved reference independence for the
overall LMP and LMP congestion component, but not all individual LMP components. This paper proposes
a method to obtain a truly reference-independent LMP decomposition such that all three components
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loss factors based on a new AC-based distribution factor model, which depends on the network topology
and the present operating condition only, but not the system reference bus. This model gives reference-
independent loss prices, which can serve for a better loss hedging financial transmission rights, since the
choice of reference bus will not change the loss prices. Further, this paper uses the fictitious nodal demand
(FND) model to obtain loss distribution factors (LDFs). FND gives more reasonable power flows since losses
should be distributed in each individual line, rather than at load buses when the load-weighted LDFs are
applied. Also, the proposed reference-independent distribution factors and loss factors may have great
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1. Introduction

The locational marginal price (LMP) methodology has been
implemented or is under consideration at a number of US RTOs or
ISOs such as PJM, New York ISO, ISO-New England, California ISO,
ERCOT, and Midwest ISO. LMP at a given Bus B can be decomposed
into three components: marginal energy price, marginal congestion
price, and marginal loss price [1-5]. This can be written as

LMP; = LMPS™"8Y 4 [ MP{*™ 4 LMP}y*® (1)

A number of earlier works [6-18] have reported LMP-related
research results. In particular, Refs. [6-13] discussed the modelling
of LMPs and its decomposed components. Also, a distributed ref-
erence bus model is discussed in [14]. The sensitivity of LMP is
discussed in [13,15]. The comparison of AC-based and DC-based
results is discussed in [9,13]. A modification of LMP methodology
is proposed in [16]. Forecasting of LMP considering load variation
and uncertainty is presented in [17,18]. Loss hedging rights are
discussed in [19,20].

Ref.[10] presents an ACOPF-based decomposition which is inde-
pendent of the choice of energy reference bus. Ref. 8] presents an
approach to calculate reference-independent LMP and its conges-
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tion component based on DCOPF using linear programming (LP).
Since LP-based DCOPF is popularly employed in industrial prac-
tices for real-time LMP calculation at a number of RTOs/ISOs, this
paper uses DC models to extend the previous LMP research in [8].

In the decomposition model in [8], LMP congestion component
at Bus B, i.e., LMP;’"¢, remains invariant w.r.t. different reference
buses, and the combination of the other two components, i.e.,
LMP®"e'8Y 4 [MP, is also reference-independent. The LMP" is
needed for financial transmission rights to hedge the transmission
congestion cost, while LMPY* is useful for the proposed loss price
hedgingin[19,20]. Since the previous works did not provide a sepa-
ration of LMPe"e'8Y and LMP%OSS, this can be controversial when loss
price hedging is considered. Based on this motivation, this paper
will present a decomposition model that makes three individual
LMP components fully independent of the choice of reference. This
is achieved by using a loss factor model based on a proposed new
AC-based distribution factor model, which depends on the network
topology and the operating condition only and does not require a
system reference bus. Also, the loss factor and the LMP loss com-
ponent at the man-made reference bus will not be zero, while the
literature gives zero values. The non-zero values are more reason-
able since in reality there is no reference bus and every bus should
have some contribution to losses.

There are a few assumptions of the formulations in this paper
that are listed here to avoid confusion: (1) each bus has one genera-
tor and one load for simplicity of discussion; (2) each transmission
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constraint (thermal, contingency, nomogram, etc.) may have bidi-
rectional limits in reality, but it is modelled as if a unidirectional
limit for simple formulation; (3) a single-block generation cost or
bid model is assumed, while in reality a monotonically increasing
multi-block model is commonly used; and (4) the demand elastic-
ity is not explicitly modelled since unserved loads can be simply
viewed as generation resources.

2. Review of DCOPF formulations for LMP calculation
2.1. Model 1 (lossless)

Earlier studies of LMP calculation with linearized OPF ignore
line losses. Thus, the energy price and the congestion price follow
a perfect linear model given by:

N
Min ZC,’ x G;j (2)
i=1

N N
s.t. ZG, = ZD,‘ (3)
i=1

i=1
N
ZGSFk_,» x (G; — D;) < Limity, fork =1~M (4)

i=1

Gl{nin < Gi < Glmax,

fori=1~N (5)

The LMP decomposition of this model is straightforward and
ignored here. It is well known that the actual GSF values depend on
the choice of reference bus. However, the line flow models in (4)
based on the reference-dependent GSF are reference-independent.
So, this model produces the same power flow results and hence
the same LMP regardless of the choice of reference bus. This model
can be acceptable for estimation purposes or as a starting point for
market-related research. However, it may not be preferred in oper-
ation because of the lack of the loss component. Also, the energy
and congestion components will vary w.r.t. different choices of ref-
erence.

2.2. Model 2

When losses are considered, the key to consider marginal loss
price is marginal loss factor (LF) and the marginal delivery factor
(DF), defined as:

oP, Loss

DFi=1-1F=1- =2

(6)

LFs and DFs will be one of the main topics in this paper. For
now, they are assumed available. Then, we can formulate different
DC-based OPF models. A straightforward approach presented in the
past is to multiply DF by nodal injections to account for losses in
the energy balance equation while keeping (2)-(5) unchanged.

N
Min Zc,- x G; (7)
i=1
N N
S.t. ZDFi x Gj — ZDF,» x D; + offset = 0 (8)
i=1 i=1
N
ZGSF,H- x (G; — D;) < Limity, fork =1~M 9)
i=1
GMN < G; < GMX . fori=1~N (10)

The LMP decomposition of this model is straightforward and can
be found in [8,13]. It has been observed that the marginal DF may
produce doubled losses in Eq. (8) without offset. Ref. [13] rigorously
proves that in a fully DC-based model the value of offset should be
the estimated total system losses. Without offset, generators may
output doubled losses. Also, offset may consider errors in initial loss
estimation.

2.3. Model 3

This is the optimization model named LP2 in [8] for LMP calcu-
lation considering losses. It can be written as:

N
Min ZC,-XG,- (11)
i=1

N N
S.t. ZG,- - ZDi —Ploss=0 (12)
i=1

i=1

N N
Ploss — ZLF,» x Gi + ZLFi x D; + offset = 0 (13)
i=1 i=1
N
ZGSFk_i x (G; — D; — LDF; x Pposs) < Limity,
i=1

fork=1~M (14)

GMM < G; <GP, fori=1~N (15)

As previously mentioned, LMP;"® is reference-independent,
and the combination of the other two components, i.e., LMP"™8Y 4
LMPJSS, is also reference-independent. But each of LMPeerey or
LMPISS is still reference-dependent.

2.4. Model 4

Another model of LMP with losses is proposed in [13] using an
iterative approach. It can be written as:

N
Min Zc,- x G; (16)
i=1
N N
st Y DFx Gi—» DF™ x D+ Pfst =0 (17)
i=1 i=1
N
ZGSFk_i x (G — D; — E®Y) < Limity, fork = 1~M (18)
i=1
GMN < G; < GMX_ fori=1~N (19)

Here an iterative approach is used. Initially, DF{*" = 1, E{** = 0,
and Pfg;s = 0; and essentially a lossless DCOPF is performed. Then,
DF;, E; and Pp s are updated to start a new DCOPF. This is repeated
till convergence. It is also discussed that a two-iteration simplifi-
cation, i.e., lossless model in (2)-(5) for the first iteration and then
(16)-(19)for the second iteration, can produce good enough results.
The LMP decomposition of this model is the same as Model 2, as
shown in [13]. An important feature of this formulation is the fic-
titious nodal demand (FND) model to mimic line losses. For each
line, 50% of the line loss is assigned to each connected bus as an
extra demand, represented by E;. Hence, the losses are distributed
in each line. As shown in Section 5, this FND model can be used to
give fairer and more reasonable loss distribution factors (LDFs) to
improve Model 3.
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3. Reference-independent distribution factors and loss
factors

3.1. Motivation for reference-independent LF

When losses are considered, LF is commonly employed as shown
in Models 2-4. However, LF in the previous works depends on
the reference choice. In general, this leads to reference-dependent
decomposition.

Model 3 is the present state of the art in terms of achieving
reference-independence LMP;™"® and (LMP®"*'#¥ { LMP**) using
DC model. The LMP decomposition is given by:

LMPenersy — ¢ (20)

LMPYSS = —7 x LFg (21)

k=1

M M N
LMPZ™ = A — 7+ E Mk x GSFy—p = — E Mk % E LDF; x GSFj—;
k=1 i=1
+ E (tk x GSFy—p) (22)

From (20) to (21), the combination of LMP energy and loss com-

ponents can be written as
LMPEPersy 4 LMPlOSS T— 17 x LFg = 7 x (1 — LFp) (23)

There are only two variables in (23). Hence, if we can find a
way to make one variable (such as LFg) reference-independent, the
other variable, 7, will be reference-independent as well. Therefore,
a fully reference-independent LMP decomposition can be achieved.

3.2. Basic model for loss factors

As shown in [13], LF can be modelled as:

M
Pioss = » F2 xR (24)

M M
_ OPoss 0 2 B oFy
LFi= =55% = 5 ;Fk xRy | = ;Rk x 2F x g (25)

In the above equations, the line flow F, should be obtained
from state estimation results in operation. If we assume a per-
fect data measurement and state estimation to simplify our
discussion, F, will be the same as the results from economic
dispatch by solving ACOPF or a close approximation (a lossless
DCOPF as an extreme simplification). Although either ACOPF or
lossless DCOPF needs a voltage zero-angle reference, the line
flow F; should be always reference-independent. Hence, seeking
reference-independent loss factors (LF;) is converted to seeking a
reference-independent oF,/dP;, the distribution factor (a.k.a. sen-
sitivity factor) of line flow w.r.t. bus injection. Please note dF,/dP;
involves real power only.

The real-power-only dF,/dP; naturally makes one to consider a
linear lossless DC network, in which a line flow is usually considered
as the aggregation of the contribution from all power sources (gen-
eration as positive and load as negative) based on superposition.
This can be written as

N
Fk—ZGSFk_Jx (G;—Dj)
j=1

ZGSFk_] x P; (26)

From (26), we have

F,

aP GSFk i (27)

Hence, the conventional LF; in (25) is reference-dependent
because the above DC-based distribution factor, namely GSF in this
paper, is reference-dependent. For this reason, it is not likely to
have DC-based reference-independent distribution factors. Thus,
we may have to explore other approaches like AC-based model,
which will be intensively studied next.

To avoid confusion, we first define the generalized AC-based dis-
tribution factor of line flow in MVA with respect to nodal injection
in MVA, namely, dS;/dS; or p_; for notational convenience. Also, we
need to define the real-power distribution factor, py_;gg, as:

. _ aFk _ (ask)RE
Pk—i,RE = 2 (aSi)RE (28)

It should be noted that the above definition takes out the impact
of reactive components because the imaginary components in Sy
and dS; will partly contribute to the real part of p,_;. Hence, (28) will
be truly the real power sensitivity. It should be noted that in gen-
eral we have py_ire # (0S,/3S;)RE. Apparently, the challenge here
is to find a reference-independent py_;gg, i.e., AC-based distribu-
tion factor (9Sy)RE/(3S;)RE. The remaining part of this section will
show a previous model of AC-based sensitivity, point out an unjus-
tified assumption in its derivation, and then give a mathematically
rigorous model with numerical verification.

3.3. Previous model of reference-independent py,_;

Ref. [21] shows a well-known derivation of p,_;, which is
reference-independent. This is shown as follows:

3, Vi)  8(Via - (Via = Via)'/z))
35; ~ O(Vil?) AViIF)

L AWV —Vie)'/z) _ 1 (Vg Vg
ATy Sz \ o oI

*

_ Zkl,i

- *
Zk

Pik—i =

75 .
k2,i (29)

Regardless of the difference between p_; and py_; g that Eq. (29)
does not address, the above derivation implies injection as current
sources, because it assumes that all bus voltages are held invariant
and close enough in both magnitude and angle (i.e., Vi; = V; and they
are invariant). The voltage magnitudes may be close to constant,
but the angle difference can be considerable. In addition, from the
viewpoint of circuit analysis, if there is a current injection change at
Bus i, it should change the voltage at every bus as well. Otherwise,
if voltages do not change, the current and power injection will not
change at all since we have V=2, s x I. So, generally speaking, volt-
ages are not independent variables if we consider the network and
do not consider some voltage control actions. Hence, the assump-
tion of constant voltage magnitude and angle is not justifiable and
should be relaxed.

3.4. Reference-independent py_; rg

The bus voltage at any Bus B can be written as:

N
Vg = Z(ZB,j -1p) (30)

Jj=1
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And the bus injection power at Bus i is given by

N
Si=Vi-ly =17 (Zij-1)) 31
j=1
The existing line flow through Line k at the sending end, i.e., Bus
k1, is given by

N
Via - (Vi — Vi) _ 2= )

Sk = Viq - II=
k 1k zi* Zi*
N N
Z kg Z k2
j=1 j=1
N N «
[ijl(zklaf'lf)} ’ [ijl((zklj Zk2,j)'1f)

- o (32)

Aswe cansee from (31)and (32), both bus injection and line flow
are related to the system topology and the initial injections. The
former is constant and the latter is independent variables. Hence,
bus injection S; and line flow S; can be expressed using indepen-
dent variables I, and there is no intermediate variable like voltages
involved in (31) and (32). This will make the derivation below very
clear without any possible confusion.

Now we need to consider a small change of I;, say, 0x. Although
0x can be any complex number in theory, here we can consider that
Oxis applied to the magnitude I; only to keep the same power factor,
roughly speaking. To facilitate our derivation, we can take angular
shift to make the angle of I; the reference angle, i.e., 0 degrees for
I;. This is because angular shift (or changing voltage/current refer-
ence angle) does not affect bus injection power and line flows, since
phase angles are indeed relative measures while power is not.

Without losing generality, we continue to use the symbol I; for
simplicity after the angular shift. Since I!M = 0, we have

(I,-+8x)* —I? = 8x:(1,-+8x)—1,— (33)

The change of bus injection power at Bus i is given by

3S; = x.- Z -

[)+Zi; I - 0x

N
Z(z,-,j ) +Zi T | - dx (34)

The change of the kth line flow at the k1 end is given by
7 N
£k1,i - 9%
Sy = Z Kk1,j " Z k2, "
j=1 j=1

N
ii1(Ziaj- 1)
+Z]7] k1.,J

Zi*

=

(Z;{kll ZZZ z) ax (35)

To obtain py_jge we need to combine (34) and (35). Since the
perturbation dx is a real-number scalar (magnitude only), which
can be eliminated, so we have the sensitivity pj_;gg at the sending
end Bus k1 given by:

(3Sk)RE {(Zkl,i/zk*)' (Z (Zi:] J I;) - Z (ZZZJ

Similar to (31)and (32), (36) involves only the network topology
and the initial condition of current injections. There is no interme-
diate variable, and there is no reference bus involved. Hence, the
power distribution factor py_;j g does not require a reference bus.

Further, if we consider Vg = ZjNﬂ (Zpj - I;), we can simplify (36)
as follows:

(Zuai/z)- (Vi = Vi) + ((Z;:l.j B
Vi+2Z - I:1

Zi, ) 2) Vi I*

(37)

Pk—i,RE(k1) =

This simplified equation shows the involvement of intermediate
state variables of bus voltages, which are essentially determined
by the initial condition and the network topology. So, it is still
reference-independent. It is not difficult to observe that if we
assume voltages are all close to unity, and Vj(= ZJN:](Z,-J ) is
much greater than Z; ; - I, then (37) is simplified back to (29).

The receiving end sensitivity is similar to (37) except that Bus
k2 is treated as k1. This is given by

RE
[(Zai/2)- (Vi = Vi) + (5 = 25, )2) Vi

i+ 1:1%

(38)

Prk—i,RE(k2) =

The sensitivity based on the flow at the center of Line k is the
average of (37) and (38). Thus, we have

Pk—i,RE(k1) + Pk—i,RE(k2)
Pk—i,RE = - 3

@i+ Zi) (Vi — Vi) + Rf“) (Via + Via))/ 221" (39)
[Vi+ZLI I,*]

The above analytical derivation of (39) is rigorous and does not
need the assumption of invariant voltages implied by (29). Hence,
this is the first major contribution of this paper. This can be sum-
marized as below:

The complex power distribution (sensitivity) factor, py_;, and the
corresponding real power distribution factor, py_;jgg, are deter-
mined by the network topology and the present operating condition
only, and do not require a system reference.

It should be noted that the derivation of analytical Eq. (39)
assumes the bus injections at the present operating point are cur-
rent sources. This is also implied in Ref. [21] for Eq. (29). This should
be a reasonable assumption because of two reasons: some loads
behave as current sources indeed as evidenced by many power
system dynamic studies; and more important, the voltage or power
control cannot have instantaneously effect when a very tiny current
perturbation is instantaneously applied to a selected bus.

3.5. Numerical verification of reference-independent py_; rg

Numerical tests are presented in this subsection to verify Eq.
(39). The test system is a modified PJM 5-bus system with details
shown in Section 5 (see Fig. 3 and related data). The test procedure
is described as follows:

o First, the current injections for a base case are obtained. This is
done with an ACOPF run to find different voltage magnitudes
and angles, which should represent the results from economic
dispatch. The voltage phasors from Buses A to E are 1.1 £0°,
1.0797 £ —3.3066°, 1.0855 £ —3.0619°, 1.0866 £ —2.6929°, and
1.092 £ 0.7443°, respectively. Then, solving I=Z-1 x V gives the
bus current injections. The injections will be considered as the

N
- )"‘ (Zj:l(Zkl-J i)z ) (Zi1i = Zia)

RE

Pk—i,RE(k1) = ( =

j=1

RE RE
9i) [ZN (Zij 1) +Z;- 1{‘}

(36)
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Table 1
Verification of p,_;ge of each line w.r.t. Buses 1 and 4.

1999

(o}

o]

Line Analytical: using the proposed Numerical: 1% perturbation of Real part of py_; using the previous
model in Eq. (39) injecting current work shown in Eq. (29)
w.r.t. Bus 1 w.r.t. Bus 4 w.r.t. Bus 1 w.r.t. Bus 4 w.r.t. Bus 1 w.r.t. Bus 4
AB 0.3267 0.0047 0.3267 0.0047 0.2402 0.0416
AD 0.2016 —0.3322 0.2016 -0.3322 0.1490 —0.2934
AE 0.4700 0.2221 0.4700 0.2221 0.3265 —0.0427
BC 0.0009 —0.1688 0.0009 —-0.1688 0.0693 -0.1279
CD -0.1037 —0.2869 —0.1037 —0.2869 —0.0999 -0.2931
DE -0.1049 0.3839 —0.1049 0.3839 —-0.0822 0.2911
0.67x0P; Ref.
— Bus
o | — o

Py 1 o
7

(a) No current can flow back to the ground
without a reference bus to absorb the injection.

OP,

(b) Current can flow to the reference
bus through the network.

Fig. 1. Necessity of the reference bus for finding GSF using DC model.

&B?

(a) AC network with shunts

(b) Equivalent to have multiple sinks
determined by network parameters

Fig. 2. Using AC network to find loss factors.

initial condition here. Note: The voltage angle reference for
ACOPF is Bus 1. Changing it to another bus will change the angle
values at each individual bus, but not the relative differences
between any two phasors. Hence, generation dispatch and line
flow remain the same, because angle is a relative measure, but
power is not. Hence, generation output and line flows from ACOPF
are indeed reference independent.

Second, a perturbation is performed by applying a 1% current
change at a given bus. The system is solved using V'=Z x I' (prime
means the perturbed case), since current injections are the inde-
pendent variables.

Finally, the ratio of real-power line-flow change versus real-
power bus-injection change is calculated using power flows
from the base case obtained with ACOPF and the perturbed
case. The values of this “numerically” calculated sensitivity, i.e.,
(AS)REJ(AS;)RE, are compared with the “analytically” calculated
values, i.e., (3S;)RE/(3S;)RE, using (39). The comparison is shown
in the second and third columns in Table 1.

Apparently, the analytically calculated pj_; gg using (39) is accu-
rate as verified by the numerically calculated values, i.e.,

(@5 (ASFE
(@3)FE T (AS)RE

The distribution factors using the real part of p,_; from the pre-
vious work shown in Eq. (29) is listed in the last column in Table 1.
If compared with Eq. (39), Eq. (29) leads to significant difference.
This is reasonable because of the nonlinearity of power systems,
which means that the sensitivity with the present operating condi-
tionignored, i.e., sensitivity without no source, is certainly different
from the condition with loads. This justifies the necessity of using
a more complicated analytical model (39) that includes the initial
system condition and considers voltages as variables rather than
constant. And, more numerical tests, not shown here simply due to
space limit, all support Eq. (39).
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Combining (39) with (25), the reference-independent loss factor
is given as follows:

_ aPLoss

= "p,
1

M
= "Rix 2Fi X pi-ige (40)
k=1

where pg_jge is defined in (39). Since both Fy and pp_ige
are reference-independent, the loss factor LF; is reference-
independent.

3.6. Some illustrative comments

The foundation of the DC power flow model is that the line flow
can be simplified to
Fk= 81{1 _8’(2 (41)

Xk

Hence, only line reactances are needed in the model. Line resis-
tances and shunt capacitances are all ignored. To calculate the GSF
of Bus i to Line k, it is assumed that there is a small injection dP; at
Busi. Here 0P; can be viewed as a current injection as well since the
voltage is held at 1.0 p.u. at every bus. Then the resultant line flow
at Line k divided by 0P; is the GSF of Bus i to Line k. This is shown in
Fig. 1 with the upper-right bus as the reference. As shown in the fig-
ure, since we have an injection, we must specify a reference bus to
absorb the injection. Otherwise, there is no path to let the dP; injec-
tion at Bus i to flow back to ground. This is why a reference/slack
bus must be specified. In case we have a distributed reference bus,
then the dP; injection will flow back at different buses to ground
with the amount decided by reference-bus weighting factors.

As shown in Fig. 1, when the reference bus changes, the GSF of
each bus to different lines may change. This is the reason that LF
from (25) and (27) is reference-dependent.

In contrast, the AC network model has shunt capacitances that
are typically represented by the “pi” model shown in Fig. 2. The dis-
tribution factor p,_; means the change of MVA flow through Line k
when thereis a per unit change of an injection at Busi. As we assume
the injections are all current sources, a small change of I; leads to
voltage changes at all buses and then leads to changes of injection
power at all buses with injection sources, positive (generation) or
negative (load). The changes at other buses are essentially equiva-
lent to multiple absorption sinks corresponding to the perturbation
(0S;) at Bus i, as illustrated in Fig. 2. The absorption amounts at
different buses are different, and they are objectively determined
by the system topology and the initial condition (operating point).
It is not determined by any user-defined or man-made reference.
This is the significant difference between the proposed model and
conventional approaches. For instance, the generic Power Transfer
Distribution Factor (PTDF) in [22-24] requires a pair of user-defined
injection and sink. Also, the traditional (distributed) reference bus
is essentially a user-defined sink.

The user-defined or man-made source-sink pair or reference
bus(es) will give different incremental line flow with a different
choice of sink or reference. However, the equivalent sinks shown
in Fig. 2(b) are objectively determined by the network topology
and the present operating point, both of which are reference-
independent. Therefore, the AC-based sensitivity factor pj_; (or
Pk-igre) and the loss factor LF; do not need a reference bus defined
by users.

Here is another explanation from the mathematical viewpoint.
The Z,,s matrix in Eq. (39) is the inversion of the Y}, matrix. If all
line resistances and shunt branches are ignored, the AC model is
simplified to the DC model. That is, pk_; = pk-i rg = GSFy-;. Then, we
cannot obtain the Z;,; matrix because the N x N Y},,s matrix is sin-
gular with arank of N — 1 due to the ignored shunt branches. Hence,
to make the Y}, matrix invertible, we have to specify a reference

Sundance

L@ $40
200MW

Brighton
; E

600MW

Limit = 240MW

Alta

o]

[T1omw | ! B | c
-

$15
A = @
Park City : W Solitude

|
1

Generation Center Load Center

Fig. 3. The base case for simulation test.

bus. This means to delete the row and column associated with the
reference bus such that the rank of the new (N—1) x (N—1) Ypys
matrix is N — 1 (i.e., nonsingular). Apparently, with shunt branches
and the AC model, the original N x N Y},,s matrix is nonsingular and
can be inversed to obtain Zj.

4. Proposed LMP model
4.1. Application of FND model for LDF

Beside the proposed reference-independent loss factors
expressed in (40) and (39), another proposed improvement of LMP
model lies in the representation of loss distribution factors (LDFs).
In the previous work [8], LDFs are simply modelled with bus loads
as the weighting factors as follows:

D D
D - N
z Zj:l b;

The proposed improved model applies fictitious nodal demand
(FND) to represent LDFs. This can be done by obtaining line flows
first via an initial ACOPF or DCOPF. Then, the kth line losses can
be calculated as F,f x Ry and then equally allocated to each of the
two connected buses [13]. The accumulated FND at each bus will
be used as the weights to calculate LDF; in Eq. (14). The new LDF
model at Bus i can be written as:

LDF; = (42)

M;

E=Y 2 xE xR, (43)
k=1

LDF; = Ei (44)

where M; =the number of lines connected to Bus i.

If compared with the LDF model using bus loads as weighting
factorsin(42), this FND-based model is a more reasonable approach
giving better power flow results with very little extra computing
and modelling effort, because there is no new variable introduced
into the optimization model in (11)-(15).

4.2. Proposed models

Here are two models that will be used in the simulation test in
this paper.

o Model 5 (for comparison purpose):
e Egs. (11)-(15) for DCOPF-based dispatch;
¢ Eq. (40) and (39) for loss factors;
e Eq. (42) to obtain LDFs using bus loads as weights.
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Table 2 Table 3
Line parameters. Initial dispatch results from ACOPF.
Line AB AD AE BC CD DE Gen Alta Park City Solitude Sundance Brighton
R(%) 0.281 0.304 0.064 0.108 0.297 0.297 Dispatch(MW) 110 100 325.92 0 468.44
X (%) 2.81 3.04 0.64 1.08 2.97 2.97
B2(%1073)  3.56 3.29 15.63 9.26 3.37 3.37
Table 4
Initial MW line flows from ACOPF.
o Model 6 (final model): UNE B D A aC D oF
e Egs. (11)-(15) for DCOPF-based dispatch;
Y Eqs (40) and (39) for lOSS factors; Sending end 249.94 188.13 —228.07 -51.60 —25.73 —238.54
. . Receivingend  248.40 187.21 -22847 -51.65 -2574 -239.97
°
Egs. (43) and (44) to obtain LDFs using the FND model. Line center 24917 18767 29897 5162 2574 23995
Both models use (20)-(22) for LMP decomposition. It should
be noted that the DC-based GSF is still needed in the dispatch Table 5
model, i.e., (11)-(15), to model line flows under linear program- Results from Model 5 using Bus A as the reference bus.
ming because of the nature and advantage of DCOPF in handing Bus A B c D E
transmission constraints and achieving a straightforward LMP
decomposition. Otherwise, the final line flows from dispatch model Bus gen. 210.0000 00000 329.1660 00000 465.7886
p : ’ p Bus load 0.0000  300.0000  300.0000  400.0000 0.0000
cannot perfectly produce the same power flow results, and the Bus loss 0.0000 1.4864 1.4864 1.9818 0.0000
reference-independent LMP decomposition cannot be achieved. Loss factor 0.0071 -0.0176 0.0321 -0.0092 0.0177
The above models require initial values of system status, such f[s)i g-gggg *8-;383 *8?838 *giggg g-(])(])(z)g
as lm.e flows, gener.atlon outputs, a.nd so on, to obtain E; in (43), LMP 23.9953 29.7270 30,0000 36.5493 20.0000
LDF; in (44), offset in (13), and LF; in (40). Since they need to be LMPenergy ~ 325590 325500 325590 325590 32,5590
reference-independent, the initial values of system status need to LMP loss ~0.2328 0.5746  —1.0450 02996  —0.5756
be reference-independent. Apparently, running an initial ACOPF LMP cong. -8.3310 —3.4067 -1.5141 3.6906  -11.9834

or lossless DCOPF should fit this need. Then, the DC-based Model
5 or 6 can be applied for LMP calculation with fully reference-
independent decomposition.

4.3. Role of the initial OPF

It is important to be noted that running an initial ACOPF is
aligned with the popular industrial practice of Ex Post LMP model.
In operation, there are three typical steps:

1. An ACOPF or a close approximation, lossless DCOPF as an
extreme, is performed for Ex Ante economic dispatch.

2. State estimation is performed to smooth measurement error and
to provide input (line flows, generation outputs, etc.) for LMP and
other real-time applications.

3. A DCOPF-with-loss model is performed for Ex Post LMP.

If we reasonably assume measurement is perfect to skip the
state estimation such that we can focus on LMP models, the above
process is basically an ACOPF (or a lossless DCOPF) for dispatch and
a DCOPF-with-loss for LMP calculation. Since ACOPF (or lossless
DCOPF) gives reference-independent line flows, generation out-
puts, etc., it is justifiable for the proposed process to use the initial
ACOPF results for reference-independent LF; and then DC-based
Model 5 or 6 for reference-independent LMP decomposition.

5. Test results
5.1. Test case

The PJM 5-bus system [1] is used for simulation in this section.
The system configuration, generation bids, generation limits, and
loads are shown in Fig. 3. Only the Line DE is assumed to have a
thermal limit of 240 MW. The line parameters are given in Table 2,
where the reactances are from the original case in [1] and the resis-
tances are assumed to be 10% of corresponding line reactances. Each
of the two shunt capacitances of a “pi” model transmission line is
assumed to have areactance value of —100 times the line reactance.
And the reactive generation limits are simply set to 150 MVar, from
leading to lagging. The above data are from [8] except the assumed

line resistances, shunt capacitances, and the reactive generation
limits, which are not available from [8].

An ACOPFis applied to obtain the initial economic dispatch solu-
tion used for the follow-up LMP calculation. For instance, the results
can be used to obtain nodal AC currents and voltages and then
the reference-independent py_; g, as exactly shown in Section 3.5.
Then, the reference-independent loss factor, LF;, can be calculated
using Eq. (40). The estimated system losses can be used to set the
offset in Eq. (13), and the line flows can be used to obtain E; in (43)
and LDF; in (44).Table 3 shows the generation output. Table 4 shows
the MW line flows at the sending end, at the receiving end, and at
the line center.

If the results from an initial lossless DCOPF are applied to find
reference-independent LF;, the final LF; is extremely close to (less
than 3% error) the one obtained using results from ACOPF. This is
reasonable because linearized DC model in high voltage AC system
is usually considered efficient enough.

5.2. Results from Model 5 (bus loads as weights for LDFs)

In this test, LDFs are calculated using bus loads as the weighting
factors as specified in Model 5. So, the LDFs are 0, 0.3, 0.3, 0.4, and
0 from Buses A to E, respectively. Here two cases are studied: (1)
Bus A as the reference; and (2) distributed reference buses of B, C
and D with bus loads as the weights (i.e., 0.3, 0.3, and 0.4).

As shown in Tables 5 and 6, the GSFs are different w.r.t. different
references. But the dispatches are the same. Each LMP component
is also identical. The LMPs at the marginal unit buses (C and E)
are equal to the corresponding marginal unit cost. This meets the
principle of LMP modelling.

Fig. 4 also shows the line flows. It can be easily verified
that the values of bus loss or bus mismatch (=incoming line
flows + generation — outgoing flows —load) accounting for losses
are 0, 1.4864, 1.4864, 1.9818, and 0 at Buses A-E, respectively.
There is no loss balance at Buses A and E because the LDFs are 0
at these two buses. This is different from reality because losses are
distributed in each line, and every bus should balance some losses.
The next subsection will show that each bus will absorb some losses
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Table 6 Table 8
Results from Model 5 using distributed reference at B, C, and D. Results from Model 6 using distributed reference at B, C, and D.
Bus A B C D E Bus A B C D E
Bus gen. 210.0000 0.0000  329.1660 0.0000  465.7886 Bus gen. 210.0000 0.0000  326.9002 0.0000  468.0212
Bus load 0.0000  300.0000  300.0000  400.0000 0.0000 Bus load 0.0000  300.0000  300.0000  400.0000 0.0000
Bus loss 0.0000 1.4864 1.4864 1.9818 0.0000 Bus loss 1.5822 0.8910 0.0244 1.4020 1.0218
Loss factor 0.0071 -0.0176 0.0321 —0.0092 0.0177 Loss factor 0.0071 -0.0176 0.0321 —0.0092 0.0177
GSF 0.2554 0.1044 0.0464  -0.1131 0.3673 GSF 0.2554 0.1044 0.0464  -0.1131 0.3673
LDF 0.0000 0.3000 0.3000 0.4000 0.0000 LDF 03215 0.1811 0.0049 0.2849 0.2076
LMP 23.9953 29.7270 30.0000 36.5493 20.0000 LMP 23.9194 29.4972 30.0000 36.3131 20.0000
LMP energy ~ 32.5590 32.5590 32.5590 32.5590 32.5590 LMP energy ~ 27.6851 27.6851 27.6851 27.6851 27.6851
LMP loss -0.2328 05746  —1.0450 02996  -0.5756 LMP loss -0.1979 0.4886  —0.8885 02548  —0.4895
LMP cong. -8.3310 34067  -1.5141 3.6906 —11.9834 LMP cong. ~3.5678 1.3235 3.2034 83731 ~7.1957
Brighton E 240 D Sundance
T 465.79 = 0 ™ Fig. 5 shows that the losses are distributed in each line and even-
(’\;)—' Limit = 240MW '—('\_ ) & .
N - N tually balanced at every bus as FNDs (i.e., E;). The values of bus losses
P gﬂ—, are 1.5822,0.8910, 0.0244, 1.4020, and 1.0218 at Buses A-E, respec-
,\%69&//'/ ‘*\/ tively. It can be easily verified that each bus loss equals to its loss
= factor multiplied by the system total losses. Hence, this is a fairer
< and more reasonable model for obtaining LDFs.
P
— " 248.85 | 52.64 Solitude
: = 32017 . .
B |:| —tc \//l 5.4. Comparison with Model 3

Park City

Fig. 4. Line flow results using load-weighted LDF (Model 5).
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Fig. 5. Line flow results using FND-based LDF (Model 6).
Table 7
Results from Model 6 using Bus A as the reference bus.
Bus A B C D E
Bus gen. 210.0000 0.0000  326.9002 0.0000  468.0212
Bus load 0.0000  300.0000 300.0000  400.0000 0.0000
Bus loss 1.5822 0.8910 0.0244 1.4020 1.0218
Loss factor 0.0071 -0.0176 0.0321 —0.0092 0.0177
GSF 0.0000 -0.1509 —0.2090 —0.3685 0.1120
LDF 0.3215 0.1811 0.0049 0.2849 0.2076
LMP 23.9194 29.4972 30.0000 36.3131 20.0000
LMP energy 27.6851 27.6851 27.6851 27.6851 27.6851
LMP loss -0.1979 0.4886 —-0.8885 0.2548 —0.4895
LMP cong. -3.5678 1.3235 3.2034 8.3731 -7.1957

corresponding to its connecting line losses with the FND model for
LDFs.

5.3. Results from Model 6 (FND-based LDFs)

Here the proposed final model (Model 6) is used for another
simulation run, in which the FND model is applied for calculating
LDFs. Results are shown in Fig. 5 and Tables 7 and 8. Again, the
GSFs are different w.r.t. different reference buses; but the dispatch
results and the LMP decomposition are identical. Similar to Model 5,
the LMPs at marginal unit buses (Cand E) are equal to local marginal
unit cost.

Models 5 and 6 use the same LDF model as Model 3. The loss
factor model is the only difference between Models 5 and 3. The
loss factors of Model 3 are reference-dependent; therefore, LF at
the reference in Model 3 should be 0. Hence, LMP!osS at the refer-
ence should be 0 as well. This is shown in the results in [8]. For
instance, Tables Il and IV in [8] show LF=0 and LMP!°ss =0 at the
reference bus. Note that the weighted average values for LF and
LMP!°ss should be used for the distributed reference bus in the case
of Table IV in [8].

In contrast, Models 5 and 6 give non-zero loss factors and non-
zero LMP!°ss at all buses. This should be more reasonable than
Model 3 because in reality there is no reference (slack) bus and
every bus should have some contribution to losses. Hence, LF and
LMP!oss should not be zero at a given reference which is purely
man-made or user-defined.

As previously mentioned, Model 6 further improves Model 5 by
using the FND model for a better power flow representation such
that losses are distributed into each line, rather than load buses.

5.5. Comparison with ACOPF-based LMP

Although true ACOPF is not commonly used in industrial prac-
tices due to the convergence issue, it is a good tool for benchmark
purpose because ACOPF gives the exact dispatch results considering
all transmission and generation constraints in full AC model. Thus,
it gives the accurate LMP at each bus. Therefore, a good approxi-
mate, with-loss, DCOPF-based model should produce results close
to that from ACOPF.

However, it should be noted that decomposition of the exact
ACOPF-based LMP into three LMP components has to take some
approximation for linearization because ACOPF only gives the
total LMP at each bus, which is the Lagrange multiplier of the
corresponding AC power flow constraints [13]. Usually, the gen-
eration shift factors and/or the loss factors are involved during the
approximate decomposition of LMP. Hence, this leads back to the
original question of a fair loss allocation such as being reference-
independent. In other words, ACOPF gives the accurate and unique
results of the generation dispatch and the total LMP at each bus,
but there is no accurate or unique LMP decomposition. An impor-
tant goal of the LMP research works is to identify more reasonable
LMP decompositions such as the proposed decomposition method
in this paper.



F. Li / Electric Power Systems Research 81 (2011) 1995-2004 2003

The ACOPF-based LMPs for the test system are $23.410, $28.272,
$30.000, $34.766 and $20.000 per MWh, from Buses A to E,
respectively. The generation dispatches are 110.00 MW from Alta,
100 MW from Park City, 325.92 MW from Solitude, 0 MW from Sun-
dance, and 468.44 MW from Brighton. If compared with results
from Model 5 or 6, the numbers are very close. As a matter of fact,
the FND-based with-loss model usually produces the dispatch and
LMP results very close to that from ACOPF, as evidenced in [13].
Hence, it is reasonable that the proposed method, which incorpo-
rates the FND model, produces the results very close to ACOPF while
giving a fully reference independent decomposition.

6. Conclusions

The main contributions of this paper are as follows:

o First, it presents new analytical equations to calculate the AC-
based distribution factors and then loss factors that only depend
on the system topology and the present operating point. Hence,
the proposed new model of distribution factors and loss fac-
tors is reference-independent. The rigorous derivation considers
the change of bus voltages when there is a perturbation of bus
current injection. This leads to more reasonable distribution fac-
tors, if compared with (29) from [21] that ignores the nodal
voltage changes and the present operation point. The reference-
independent LMP loss component can serve for a better loss
hedging FTR proposed in [19,20], since it gives LMP loss prices
invariable to the energy reference bus.

Next, this paper plugs the proposed loss factor model into the
original LMP Model 3 to achieve a fully reference-independent
LMP decomposition. In addition, it also combines the FND model
in[13] into Model 3 to obtain new loss distribution factors (LDFs)
such that losses are distributed at each line to achieve a fairer
and more reasonable model. Therefore, the final model of LMP
decomposition using the proposed Model 6 is fully reference-
independent, and the system losses are distributed at each
individual line giving a better power flow results.

(o}

Future works may include the investigation of possible appli-
cations of the proposed reference-independent distribution factor
and loss factor to other areas in power system analyses.
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Appendix A.

List of symbols

A Lagrangian multiplier of Eq. (12)

T Lagrangian multiplier of Eq. (13)

Ui Lagrangian multiplier of the kth trans. constraint in Eq.
(14)

Pk—i AC-based distribution factors from Bus i to Line k

pk-ige  Teal powerdistribution factor from Busi to Line k obtained
from AC-based model

8i, 8i voltage angles at Bus i and Bus j

G generation cost at Bus i

D; demand at Bus i

DF; marginal delivery factor at Bus i

G, G, and G{“i" generation output, minimum limit, and maxi-
mum limit at Bus i

GSF,_; reference-dependent, DC-based generation shift factor
(or just shift factor) of Line k w.r.t. Bus i

E; fictitious nodal demand at Bus i to represent 50% of the
losses of the lines connected to Bus i

Fy line flow through Line k

I; current injection at Bus i

I current through Line k

LDF; loss distribution factor at Bus i

LF; marginal loss factor at Bus i

Limit,  limit of the kth transmission constraint

LMPg (LMPe"ereY, LMP}*S, and LMP°"®) LMP at Bus B (energy, loss,
and congestion component)

M number of lines

M; number of lines connected to Bus i
N number of buses

P; net injection at Bus i

Pross total system losses

offset the offset in loss balance equation
Ry resistance of Line k

S; MVA injection at Bus i

Sk MVA flow through Line k

Vi complex voltage at Bus i

X reactance of Line k

Y bus admittance matrix

V4 bus impedance matrix

Zk impedance of Line k
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