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Problem 1. Electrostatics 

One surface of an infinitely large ideal conductor plate is at the plane x = 0 of the Cartesian 
coordinate system, with the x-y plane being the plane of the paper and the z axis represented by 
the dot, as shown in the figure.  The conductor plate is grounded (i.e. at a potential 0).  A positive 
point charge Q is located at (d, 0, 0).  Assuming free space (i.e. vacuum, with permittivity  0), 
find the following: 
(1)  The electric field and potential anywhere with x < 0, and 

(2)  The electric field and potential at point (d, 2d, 0). Note:  The filed is a vector while the 
potential is a scalar.  You may express a field in the form of zyx ˆˆˆ zyx EEE  . 

(3)  The electric field and potential anywhere on the y axis. 

(4)  The potential anywhere in the plane x = 0.  

(5)  (Optional; for bonus) The electric field anywhere in the plane x = 0. Hint: For convenience, 
you may define your own polar coordinate in this plane 𝐑 𝑦𝐲 𝑧𝐳. 

   
Let the field due to the image charge be E2. 

 

 

 

The total field 𝐄 𝐸 𝐱 𝐸 𝐲  
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Solution: 

(1) For x < 0, E = 0 and V = 0. 

(2) Image charge Q at (d, 0, 0). 

The field due to charge Q is 
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The potential V at (d, 2d, 0) is the sum of the potentials due to Q and its image: 

 

(3)  

 

(4)  

 

(5) 
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Problem 2. Electrostatics 

As shown in the figure below, an infinitely large slab of dielectric with a dielectric constant r is 

joined at x = 0 to another infinitely large slab of dielectric, with the same dielectric constant r.  

The dielectric slab on the right side (x > 0) has a uniform volume charge density , while the one 

on the left side has a charge density .  You may take  as positive.  The thickness of both slabs 
is d.  Find the electric field and potential as functions of x for all x.  For convenience, you may 
set the potential at the interface between the two slabs to be zero, i.e. V(0) = 0. Visualize your 
results by sketching plots of potential V and field E as functions of x.  

Note: The permittivity of vacuum is 0.  You may write the permittivity of the dielectric as  = 

r0.   

  
Now, leave the bottom surface at x  d, and move the top into the positively charged slab. The 
enclosed net charge is: 

  
At the bottom surface, E = 0. At the top surface, 

 
Therefore, for 0 < x < d, 

 
The direction of E is along the x axis, and the negative sign signifies that it points to x. 

Now, leave the top surface of the original cylinder/prism at x  d, and move the bottom into the 
negatively charged slab. The enclosed net charge is: 

 
At the top surface, E = 0. At bottom the surface, 

 
for d < x < 0. 

x0 dd x0 dd

Method 1: the graphical way 

Imagine a cylinder/prism with sidewall(s) parallel 
to the x axis, and the bottom and top surfaces at x < 
d and x > d, respectively. The net charge inside is 
0.  

Therefore, E = 0 for x < d and x > d.  
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For 0 < x < d, the potential 

 

  

(You may do the integral graphically: the shaded area.) 

For x  d, the field is 0 therefore the potential is constant: 

 

For d < x < 0, 

 

For x  d, 

 

Method 2: the mathematical way 

 
In this particular one-dimensional situation: 

 

 
In this particular one-dimensional situation: 

 

 
Need a boundary condition to determine the integral constant. 
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Problem 3.  Electrostatics 

(1) Two infinitely large, parallel, perfect conductor plates form a capacitor. The distance between 
the plates is d, and the permittivity of the dielectric between the two plates is .  Derive an 
expression for the capacitance per area (simply writing down the result does not earn points).  
Hint: Refer to Figure (1) below, where the density of E field lines signifies the strength of the 
field, E.  Since the plates are infinitely large, the field should be laterally uniform (i.e. no special 
locations).  

(2) For a practical parallel-plate capacitor of plate area A = ab, where a and b are the sides of the 
rectangular plates, the capacitance C is approximated using the above derived expression, if a >> 
d and b >> d.  In doing this, we assume the field distribution at an edge is as shown in Figure (2) 
Left, but the actual distribution is as shown in Figure (2) Right. The “fringe effect” at edges is 
neglected in the approximate model.  Show that the approximate model on the left violates some 
fundamental physical law. 

 

By definition, the capacitance of an area A is 

 

 

Alternative proof: Find the field by adding up contributions from the two plates. 

(2) For a rectangle loop shown in Fig. (2) Left, with length l and width 0,  

 
The conservativity of the electrostatic field (a special case of Faraday’s law) is violated. 

Solution:  

(1) By Gauss’s law, 

 
where s is the surface 
charge density of each 
plate.  

Since the field is 
uniform,  the voltage 
between the plates is  
V = Ed. 

l 
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Problem 3 continued  

(3) As shown in Figure (3), a parallel-plate capacitor of plate distance d and area A is filled with 
two dielectrics, with permittivities 1 and 2, each in half of the plate area. Find the fields E1 and 
E2 in the two dielectrics if the voltage between the plates is V, ignoring the fringe effect. 

(4) Derive an expression for the total capacitance (simply writing down the result does not earn 
points) of the capacitor in Figure (3).   

(5) How much energy does this capacitor store when charged to voltage V ? 

(6) The breakdown fields are Eb1 and Eb2 for the two dielectrics, respectively.  Given Eb1 > Eb2, 
what is the maximum amount of energy that can be stored in this capacitor?  

(7) Is there any fringe effect at the interface between the two dielectrics? Why? 

 
Solutions: 
(3) E1 = E2 = V/d.  Both E1 and E2 are perpendicular to the plates, pointing from the positively 
charged to the negatively charged plate. 

(4) The surface charge density of the two parts are 

  

Therefore, 

  

(5) The total stored energy is  

  

(6) Since Eb1 > Eb2,  

 

 
(7) No. 

 
for any loop spanning both sides of the interface between dielectrics 1 and 2. 
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Problem 4.  Magnetostatics 

See the figure below.  In a uniform magnetic field B (shown by crosses, going into the paper), a 
metal bar (considered a perfect conductor) is placed on a pair of parallel metal rails (also perfect 
conductors) a distance l apart. An ideal current source I is connected to the rails.   

(1) Find the force F exerted by the magnetic field on the bar in terms of B, I, and l.  Note:  F is a 
vector.  You need to specify its direction.  You may indicate the direction on the figure.  

(2) Driven by F, the bar slides, and it in turn drives a mechanical load. At the steady state, the bar 
moves at a constant velocity v, in the same direction as F.  If we measure the voltage between 
the rails, what value will we get?  Express your answers in terms of v, B, I, and l. Indicate the 
polarity of the voltage in the figure.  

(3) If the magnetic field were turned off, what voltage would we measure between the rails? 

(4) What is the electric power fed by the current source to the moving bar? Prove that energy is 
conserved and that the magnetic field does not do work.  

 

Solutions: 

(1) F = IBl. Direction of F shown in figure. 

(2) V = emf = vBl. Polarity of V shown in figure. 

(3) V = 0 when B = 0, since all conductors are perfect.  

(4) The electric power is IV = IvBl.  

With a finite B, the bar moving at velocity v pushes the load, doing work Fv = Fv = IBlv.  

Any mobile charge q in the bar, moving along with the bar at v, experiences a force qvB, 
giving rise to the emf vBl.  To counter this emf, the electric power IvBl must be done to push 
current I into the bar.   

The electric power fed into the bar equals the mechanical power that the bar exerts to push the 
load. Therefore, energy is conserved and the net work done by magnetic forces is 0.  

l F 

+ 
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Problem 5. Dynamic Fields  

An N-turn coil of a perfectly conducting wire is shown in the figure below. Each turn is circular 
with radius a, in the x-y plane with the center at the origin.  The two ends are connected to a 
resistor R.  In the presence of a magnetic field  

B = ẑ (B0 + C1t) + ŷC2t,  

where t is time,  find 
1) An expression for the magnetic flux linking a single turn; 
2) An expression for the induced emf;   
3) The induced current in the circuit; 
4) The direction of the current, assuming B0, C1, and C2 are all positive. (Hint: Everybody is 

prone to mistakes.  Describe your rationale, so that you can get partial points in case you 
get the conclusion wrong.) 

 

The polarity of the emf and the direction of the induced electric field are shown in Figure. 

(Polarity of emf not required to answer this question, although needed for the current direction in 
the next question.) 

(3) The current is 

 

(4) From the direction of the induced electric field that is obtained according to Faraday’s law, 
the direction of the current is indicated by the arrow shown in the figure.  

+ 

 

E 
I 

Solution: 

(1) The magnetic flux is 

 

(2) The induced emf is: 
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