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Abstract—Catastrophic forgetting is a problem encountered
with neural networks as well as other learning systems whereby
past representations are lost as new representations are learned.
It has been shown that catastrophic forgetting can be mitigated
in neural networks by using a neuron selection technique,
dubbed "cluster-select," which performs online clustering over
the network inputs to partition the network such that only a
subset of neurons are used for a given input vector. Cluster-select
can benefit by using Mahalanobis distance which relies on an
inverse covariance estimate. Unfortunately, covariance estimation
is problematic when lacking a very large number of samples
relative to the number of input dimensions. One way to tackle
this problem is through the use of a shrinkage estimator that
offers a compromise between the sample covariance matrix and
a well-conditioned matrix with the aim of minimizing the meansquared error (MSE). In online environments, such as those in
which catastrophic forgetting can occur, data arrives sequentially,
requiring the covariance matrix to be estimated sequentially.
Therefore, in this work we derive sequential update rules for
the shrinkage estimator and approximate it’s related inverse.
The online covariance estimator is applied to the cluster-select
technique with results that demonstrate further improvements in
terms of effectively mitigating catastrophic forgetting.

I. I NTRODUCTION
Catastrophic forgetting is a well studied problem with neural
networks and other learning systems where past representations are lost as new representations are learned. This problem
is particularly severe with models that have a shared global
pool of resources where updates that are meant to affect one
region of the input space can affect regions that are distant.
Catastrophic forgetting can have detrimental effects to real
world applications of deep learning. One such area is in
training very large networks on very large datasets. It was
shown in [1] that there is a law of diminishing returns for
increasing the capacity of a network by adding more neurons.
This suggests that as training datasets grow larger, it may
become difficult to avoid under-fitting when learning all of the
details of the dataset. Catastrophic forgetting may be involved
here due to the network being unable to retain all of the
characteristics of a large dataset.
Another area where catastrophic forgetting can adversely
affect performance is online learning where the input examples
are provided in a non-stationary manner. In this type of
problem, the input examples can be highly correlated which
precipitates catastrophic forgetting. A recent example appears
in [2], where the authors successfully applied reinforcement
learning along with a deep neural network to successfully learn

to play many different Atari games. A key element to their
success was the use of a technique known as "Experience
Replay". The use of a replay buffer decorrelates the input
examples by storing past observations in a large buffer and
presenting them as training examples in a random order.
Clearly, better techniques to mitigate catastrophic forgetting
need to be developed in order for neural networks to be
scaled up to more complex real world problems. In this
paper we extend a neuron selection technique dubbed "clusterselect" which was previously introduced in [3]. The aim of
cluster-select is to reduce activation overlap by selectively
choosing neurons which are used in the feed forward and back
propagation pass.
The general framework of cluster-select is to assign each
neuron a cluster in addition to its regular weights. When an
input is fed in; l out of k neurons which have the nearest
centroids are selected. A sub-network is built out of the l
neurons such that only those neurons are used in the feedforward pass. Selecting neurons in this manner has the effect
of partitioning the input space such that different regions
are assigned to different neurons, making the representation
explicit such that it no longer overlaps. In essence, the network
is divided in the sense that not all neurons are active at the
same time.
In this work, we extend this technique by sequentially
estimating a covariance for each centroid which allows the
use of Mahalanobis distance instead of Euclidean distance.
The use of Mahalanobis distance allows the centroids to take
covariance into consideration when covering the input space.
A performance boost is demonstrated in a non-stationary
catastrophic forgetting test case.
In environments where data arrives sequentially, the covariance matrix is required to be updated sequentially [4].
Techniques such as cross-validation, to achieve regularization,
or model selection are not feasible [5]. Instead, to avoid
complexity, it is often assumes that the covariance matrix is
known in advance [6] or that it is restricted to a specific model,
such as a diagonal matrix [7], [8]. Moreover, when the number
of observations n is comparable to the number of variables p
the covariance estimation problem becomes more challenging.
In such scenarios, the sample covariance matrix is not wellconditioned nor is it necessarily invertible (despite the fact that
those two properties are required for most applications). When
n ≤ p, the inversion cannot be computed at all [9, Sec. 2.2].

An extensive body of literature concerning improved estimators in such situations exist [10], [11]. In the absence of a
specific knowledge about the structure of the true covariance
matrix, the most successful approach so far has, arguably,
been shrinkage estimation [12]. It has been demonstrated in
[13] that the largest sample eigenvalues are systematically
biased upwards, and the smallest ones downwards. This bias is
corrected by pulling down the largest eigenvalues and pushing
up the smallest ones, towards the grand mean of all sample
eigenvalues. This is an application of the general shrinkage
principle, going back to [14], [15].
This paper contains a fundamental work, providing a sequential update of the shrinkage estimator in the sense of
mean-squared error (MSE), which can be obtained analytically. In addition to the catastrophic forgetting motivating
case, this is a general result that can be utilized in a wide
range of machine learning applications. The paper elaborates
on the Ledoit Wolf shrinkage estimator that addresses the
problem of covariance matrix estimation when the number
of samples is relatively small compared to the number of
variables. The estimator offers a compromise between the
sample covariance matrix and a well-conditioned matrix (also
known as the target) with the aim of minimizing the MSE. We
derived a sequential update rule for the shrinkage estimator.
The estimator is propagated using recursive update equations
each time new data is available. The paper is organized as
follows: Section 2 presents the general idea of the shrinkage
estimator. In Section 3 we derived a sequential update for the
shrinkage estimator. Finally, in Section 4 we conduct an experiment which combines the sequential covariance estimation
technique with the cluster-select network architecture.

When the number of observations n is large (i.e., n  p), the
most common estimator of Σ is the sample covariance matrix
n

1 X
T
Sn =
(xi − mn ) (xi − mn ) .
n − 1 i=1

(2)

Both Sn and mn are unbiased estimators of Σ and µ,
respectively, i.e., E {Sn } = Σ and E {mn } = µ. The
shrinkage estimator Σ̂ (λn ) is in the form
Σ̂ (λn )

=

(1 − λn )Sn + λn Tn

(3)

where the target Tn is a restricted estimator of Σ defined as
Tn =

Tr (Sn )
I.
p

(4)

The objective is to find an estimator Σ̂ (λn ) which minimizes
the mean squared error (MSE)


2
.
(5)
E
Σ̂ (λn ) − Σ
F

The value of λn that minimize the MSE (5) is defined as


2
Σ̂ (λn ) − Σ
(6)
λOn = arg min E
λn

F

and can be given by the distribution-free formula
λOn =

E {hTn − Sn , Σ − Sn i}
o .
n
2
E kTn − Sn kF

(7)

The scalar λOn is called the oracle shrinkage coefficient, since
its depends on the unknown covariance matrix Σ. Therefore,
λOn (7) must be estimated.
A. Estimations of the Oracle Shrinkage Coefficient λOn (7)

II. S HRINKAGE E STIMATOR FOR C OVARIANCE M ATRICES
Notations: we denote vectors in lowercase boldface letters
and matrices in uppercase boldface. The transpose operator
T
is denoted as (·) . The trace, the determinant and the Frobenius norm of a matrix are denoted as Tr (·), |·| and k·kF ,
respectively. The identity matrix is denoted as I, while e =
T
[1, 1, . . . , 1] is a column vector of all ones, and 1 = eeT is a
matrix of ones. The centering matrix denoted as H = I−1/n.
For any real matrices R1 and
 R2 , the inner product is defined
2
as hR1 , R2 i = Tr RT1 R2 , where hR1 , R1 i = kR1 kF [16,
Sec. 2.20]. To make for easier reading, when
R1 is a random
n
o
2
matrix, we use the notation V (R1 ) = E kR1 − E {R1 }kF
(the sum of variances of the elements in R1 ).
We briefly review single-target shrinkage estimator by
following [13], [17], which is generally applied to highdimensional estimation problems. Let X = [x1 , . . . , xn ] be
n
a data matrix of size p × n where {xi }i=1 is a sample of
independent identical distributed (i.i.d.) p-dimensional vectors
drawn from a density with a mean µ and covariance matrix
Σ. The sample mean mn is defined as
n

mn =

1X
xi .
n i=1

(1)

It has been shown in [18, Sec. 3.B] that the target Tn (4)
is a private case of the general target framework which allows
to reformulate λOn (7) as
λOn =

V (Sn ) − V (Tn )
n
o.
2
E kTn − Sn kF

(8)

The oracle shrinkage coefficient λOn (8) can be estimated from
its sample counterparts as
! !
V̂ (Sn ) − V̂ (Tn )
,1 ,0 ,
(9)
λ̂On = max min
2
kTn − Sn kF
where the symbol ^ indicates an estimated value of the
parameter. The estimated oracle shrinkage coefficient λ̂On (9)
is bounded

in [0,1] in order to keep the shrinkage estimator Σ̂ λ̂On positive-definite as required from a covariance
matrix [18, Sec. 2.A]. As in [18], we
n use the
o unbiased
estimators V̂ (Sn ) and V̂ (Tn ) (i.e., E V̂ (Sn ) = V (Sn )
n
o
and E V̂ (Tn ) = V (Tn ) ) that are equal to


n
(n − 1)2
2
V̂ (Sn ) =
ν
(n)
−
kS
k
n F
2
n
(n − 1) (n − 2)
(10)

and
V̂ (Tn ) =

2

n
2

(n − 1) (n − 2) p

ν (n) −

!

(n − 1)
Tr2 (Sn ) ,
n
(11)

respectively, where ν (n) is equal to
ν (n) =

n 
X

2

kxi − mn kF

2

.

(12)

In the rest of the paper we derived the sequential update rule
Σ̂ (λn ) (3), and an update rule that approximate the oracle
shrinkage coefficient λ̂On (9) when a new observation xn+1
is added, using only the current knowledge of Sn , mn and
n. Similar derivations can be done when an observation xn is
removed.
III. S EQUENTIAL U PDATE OF THE S HRINKAGE E STIMATOR


We want to know what happens to Σ̂ λ̂On (3) when we
add an observation xn+1 , using only the current knowledge of
Sn , mn and n. Setting dn+1 = xn+1 − mn while using [16,
15.12.(c)], we have the following update rules for mn (1) and
Sn (2) when an observation xn+1 is added
mn+1
Sn+1

n−1
1
=
Sn +
dn+1 dTn+1 .
n
n+1

The expression λ̂On (9) involves update rules for its numerator and denominator. The update rule for λ̂On (9) denominator
is
2

n−1
2
2
kTn − Sn kF + ζn (19)
kTn+1 − Sn+1 kF =
n
where

i=1

1
dn+1
= mn +
n+1

A. Update Rules for the Oracle Shrinkage Coefficient Estimator λ̂On (9)

+

1
n−1
2
Tn +
kdn+1 kF I
n
(n + 1) p

(n + 1)

2



1
p

1−

4

kdn+1 kF

2 (n − 1) T
d
(Sn − Tn ) dn+1 .
n (n + 1) n+1

(20)

The numerator of λ̂On (9) involves an update of V̂ (Sn ) (10)
and V̂ (Tn ) (11), which in turn involve the update rules for
2
kSn kF , Tr2 (Sn ) and ν (n) (12).
2
In the same manner as (19), the update rules of kSn kF and
Tr2 (Sn ) can be written as
2

n−1
1
4
2
2
kSn+1 kF =
kSn kF +
2 kdn+1 kF
n
(n + 1)
+

(13)

2 (n − 1) T
d
Sn dn+1
n (n + 1) n+1

(21)

and
(14)



2

(15)

By using Sn+1 (14) and Tn+1 (15), the update rule for the
shrinkage estimator Σ̂ (λn ) (3) can be written as

n−1
n

Tr (Sn+1 ) =

Based on Sn+1 (14), we can write the update rule for the
target Tn (4) as
Tn+1 =



1

ζn =

+

2

Tr2 (Sn ) +

1
(n + 1)

4

2

kdn+1 kF

2 (n − 1)
2
Tr (Sn ) kdn+1 kF
n (n + 1)

(22)

respectively. The update rule for ν (n) (12) is more complicated. As we will show next, the current knowledge of Sn ,
mn and n allow us to give only approximated update rule for
ν (n) (12).
B. Approximated ν (n) Update Rule

Σ̂ (λn+1 ) = Gn + Fn

(16)

where Gn and Fn defined as
Gn =

n−1
1
Σ̂ (λn ) + (1 − λn+1 )
dn+1 dTn+1
n
n+1

(17)

Until now we derived precise update rules when a new
observation xn+1 is arrived, while using only the current
knowledge of Sn , mn and n. However, this is not the case
for ν (n) update rule . The full derivation of ν (n) (12) update
rule appears in Appendix A and is equal to

and

ν (n + 1) = ν (n) + φn −

1
2
Fn =
λn+1 kdn+1 kF I
(n + 1) p
n−1
+
(λn − λn+1 ) (Sn − Tn ) ,
n

4
dT XHκ
n + 1 n+1

(23)

where
φn =

(18)

respectively.
The expression Σ̂ (λn+1 ) (16) is general for any arbitrary
values of λn+1 and λn . In the following section we derived
the update rule for the estimated oracle shrinkage coefficient
λ̂On (9).

n n3 + 1
(n + 1)
+

4



4

kdn+1 kF +

2 (n − 1)
(n + 1)

2

4 (n − 1)
(n + 1)
2

2

dTn+1 Sn dn+1

kdn+1 kF Tr (Sn )

(24)

and
κ = diag HXT XH



(25)

The last term on the right hand side of ν (n + 1) (23) can
not be computed as a function of only Sn and dTn+1 . However,
since
dTn+1 XHκ =

n
X

T

2

(xn+1 − mn ) (xi − mn ) kxi − mn kF ,

Figure 1. How MNIST was split into P 1 and P 2

i=1

(26)
we can use the distribution of the sample mean mn (1) and
the central limit theorem [19, Ch. 8.3] to show that
lim

n
X

n→∞

T

2

(xn+1 − mn ) (xi − mn ) kxi − mn kF

i=1

=

n
X

T

2

(xn+1 − µ) (xi − µ) kxi − µkF

(27)

i=1

Since the new observation xn+1 is independent of previous
observations xi , i = 1, . . . , n, it holds that
n
o
E lim dTn+1 XHκ = 0.
(28)
n→∞

Therefore, a reasonable approximation for ν (n + 1) (23) will
be
ν̃ (n + 1) = ν̃ (n) + φn .
(29)
For completeness, we provide in Appendix B an upperbound
for ν (n + 1) (23) based on the current values of ν (n) (12), Sn
(2) and dn+1 . The use of the approximated update rule ν̃ (n)
(29) instead of ν (n) (23) will result with an approximation
of λ̂On (9) denoted as
! !
Ṽ (Sn ) − Ṽ (Tn )
,1 ,0 ,
(30)
λ̃On = max min
2
kTn − Sn kF
where Ṽ (Sn ) and Ṽ (Tn ) are calculated in the same manner
as V̂ (Sn ) (10) and V̂ (Tn ) (11), respectively, where ν (n) (23)
is replaced by its approximation ν̃ (n) (29).
IV. E XPERIMENTS
In this section, we run experiments to evaluate the effectiveness of incorporating covariance estimation in cluster-select.
We begin in Section IV-A by providing a brief overview of
the cluster-select framework and discuss the general design of
the experiments. Note that a more in depth discussion of this
technique can be found in [20]. In Section IV-B we perform
experiments on the MNIST [21] handwritten digit dataset, and
in Section IV-C we perform experiments on a dataset from a
gas sensor array measuring gas mixtures [22].
A. Test Setup
The main premise behind cluster-select is to reduce activation overlap which causes catastrophic forgetting. To accomplish this reduction in overlap, only a subset of the
neurons within a hidden layer are active at any given time. To
determine which neurons are active, each neuron i is given a
centroid vector ci in addition to its weight vector. For a given
input vector denoted by xn+1 , the distance from that input

to neuron i’s centroid can be computed using Mahalanobis
distance.
q
(31)
δi = (xn+1 − ci )T Σ−1
i (xn+1 − ci )
where Σi is the unknown covariance matrix and therefore
must be estimated. Previously, Euclidean distance was used
for this measure, i.e., Σi replaced by the identity matrix I.
However, with the covariance estimation technique, a measure
of a centroid i’s covariance can be estimated sequentially,
allowing for Mahalanobis distance to be used in this test.
Only the l nearest neurons are allowed to have a nonzero
output. All other neuron outputs are forced to zero, which
essentially creates a sub-network consisting of l neurons, and
partitions the network such that different regions of the input
space activate different neurons.
Our technique is compared to maxout [23] and local winnertake-all (LWTA) [24] networks, which have been shown to
help with catastrophic forgetting in [25]. These types of
networks also partition the input space such that only a
subset of neurons are active at any given time. A software
tool known as hyperopt [26] was used to find the optimal
hyper-parameters (number of neurons, learning rate, number
of centroids selected, etc) for the test cases discussed below.
In terms of computation, this technique scales well to parallel
architectures since computing the distances for all neurons can
be performed simultaneously.
B. MNIST Experiment
For the first catastrophic forgetting test, we used the MNIST
handwritten digit dataset. An autoencoder [27] was constructed
consisting of a hidden layer with 50 activations which was
used to reduce MNIST to 50 dimensions. The dataset was then
divided into two subsets as illustrated in Figure 1. Samples that
had class labels for digits 0 through 4 were placed in subset
P 1, and samples for which the class was 5 through 9 were
placed in subset P 2. A network was trained on P 1 to predict
which of the 5 classes the sample belonged. Once training on
P 1 was complete (no improvement on test error was observed
for 30 epochs), the dataset was switched to P 2. After switched
to P 2, both P 1 and P 2 error were observed for forgetting.
Figure 2 below depicts a log-scale possibilities frontiers plot
of P 1 test error vs. P 2 test error during the forgetting phase.
This type of plot was first introduced in [25] and provides a
way to visually compare the P 1 and P 2 errors. A curve that is
close to the bottom left hand corner indicates that the network
was able to learn both P 1 and P 2 at some point during
training. This figure illustrates a definite improvement of using
Mahalanobis distance over Euclidean because it shows that the
network was able to capture more of P 1 without misclassifying P 2. Forgetting curves for maxout and LWTA networks
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Figure 2. Cluster-Select MNIST Result

Figure 3. Cluster-Select Gas Sensor Array Dataset Result

are also shown. The results depicted in Figure 2 demonstrate
that cluster-select using euclidean distance outperforms both
LWTA and maxout networks. Adding covariance to clusterselect provides a significant boost in performance.

rule for the shrinkage estimator that offers a compromise
between the sample covariance matrix and a well-conditioned
matrix with the aim of minimizing the mean-squared error
(MSE). The optimal solution is obtained analytically, which
provides a notable advantage since it reduces the complexity
involved in estimating covariance. The analytical solution is
an alternative to the computationally complex cross-validation
(CV) procedure for establishing the values of shrinkage coefficients. Experimental results demonstrate that incorporating a
covariance estimate into the neuron clustering scheme provides
a notable boost in performance. The proposed estimator is
fits well to our clustering approach, since it outperforms the
sample covariance matrix, while introducing fewer hyperparameters than alternative covariance estimation schemes.

C. Experiment with Gas Sensor Array Dataset
For the second catastrophic forgetting test, a dataset was
utilized that consists of readings from a gas sensor array
under dynamic gas mixtures. This dataset has 19 dimensions,
including a time dimension which was removed. The task is to
determine which of two gas concentrations (Ethylene and CO,
or Methane and Ethylene) are present, hence creating a binary
classification task. The dataset was first normalized such that
each dimension had zero mean and unit variance. Then, to
make the dataset more challenging, Gaussian noise was added
with variance 1.0.
To test catastrophic forgetting, dataset P 1 was scrambled
such that the input dimensions were randomly rearranged,
producing dataset P 2. Just as before, training is performed on
P 1 until it reaches satisfactory performance (no improvement
observed on the test set for 30 epochs). Training is then
switched to P 2 and both P 1 and P 2 are observed.
The results for the gas dataset follow the same trends as
before, cluster-select outperforms both LWTA and maxout.
Adding covariance further boosts performance. Cluster-select
with covariance estimation is generally closer to the bottom
left hand corner of the graph indicating better performance.

A PPENDICES
A. ν (n)(12) Update Rule Derivation
We can write ν (n + 1) as
ν (n + 1) =

n+1
X

2

kxi − mn+1 kF

2

i=1



2

= kxn+1 − mn+1 kF

2

+

n 
X

2

kxi − mn+1 kF

2

i=1


=

n
n+1

4

4

kdn+1 kF + diag AT A



2
F

(32)

where

V. C ONCLUSIONS
A key challenge in our approach to mitigating catastrophic
forgetting stems from the need to obtain the covariance matrix
of the data, which is unknown in practice and should be
estimated. In order to avoid additional complexity during the
training process, it is commonly assumed that the covariance
matrix is known in advance, or alternatively, simplified estimators are employed. In this work, we derived a sequential update

1
dn+1 eT .
(33)
n+1
Then, by using κ (25), we can write the last term in (32) as
A = XH −

2
1
2
κ−
HXT dn+1 +
2 e kdn+1 kF
n+1
(n + 1)
= κT κ −

2

F

4
2
2
T
κT HXT dn+1 +
2 kdn+1 kF κ e
n+1
(n + 1)

+
−

4
(n + 1)

(n + 1)

T
T
2 dn+1 XHX dn+1

n

2

3

= υ (n) +
+

4

4 (n − 1)
(n + 1)

2
(n + 1)

kdn+1 kF dTn+1 XHe +

2

dTn+1 Sn dn+1 +
2

2

kdn+1 kF Tr (Sn ) e −
−

(n + 1)

4

4

4

n
(n + 1)

3

4

4

kdn+1 kF

4
κT HXT dn+1
n+1

2

(n + 1)

kdn+1 kF

kdn+1 kF dTn+1 XHe

(34)

where the last term in (34) is equal zero (since XHe = 0).
Then, by substituting (34) into ν (n + 1) (32) we get the final
update rule of ν (n + 1) (23).
B. An Upper Bound for ν (n + 1) (23)
An upper bound of ν (n + 1) can be calculated as follows:
By using [16, 12.5.(b)] we can write
q

dTn+1 XHκ = Tr dTn+1 XHκdTn+1 XHκ
q


= Tr κdTn+1 XH κdTn+1 XH
r 

T 
≤ Tr κdTn+1 XH κdTn+1 XH
q

Tr κdTn+1 XHXT dn+1 κT
q
= (n − 1) dTn+1 Sn dn+1 ν (n).

=

Therefore, an upper bound ν̂ (n + 1) for ν (n + 1), i.e.,
ν̂ (n + 1) ≥ ν (n + 1), is equal to
q
4
(n − 1) dTn+1 Sn dn+1 ν (n)
ν̂ (n + 1) = ν̃ (n + 1) +
n+1
(35)
where ν̃ (n + 1) defined in (29).
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