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Abstract--This paper proposes a measurement-based voltage
stability monitoring method for a load area fed by N tie lines.
Compared to a traditional Thevenin equivalent based method,
the new method adopts an N+1 buses equivalent system so as to
model and monitor individual tie lines. For each tie line, the
method solves the power transfer limit against voltage instability
analytically as a function of all parameters of that equivalent,
which are online identified from real-time synchronized measurements on boundary buses of the load area. Thus, this new
method can directly calculate the real-time power transfer limit
on each tie line. The method is first compared with a Thevenin
equivalent based method using a four-bus test system and then
demonstrated by case studies on the NPCC (Northeast Power
Coordinating Council) 48-machine, 140-bus power system.
Index Terms--Load center, N+1 buses equivalent, parameter
estimation, PMU, power transfer limit, Thevenin equivalent,
voltage stability margin.

I. INTRODUCTION

G

ROWTHS in electrical energy consumptions and penetration of intermittent renewable resources would make
power transmission systems more often operate close to their
stability limits. Among all stability issues, voltage instability
due to the inability of the transmission or generation system to
deliver the power requested by loads is one of major concerns
in today’s power system operations [1]. Usually, voltage instability initiates from a local bus but may develop to widearea or even system-wide instability. At present, some electricity utilities use model-based online Voltage Stability Assessment (VSA) software tools to assist operators in foreseeing potential voltage instability. Based on a state estimate on
the operating condition, those software tools employ power
system models to simulate assumed disturbances such as contingencies and load changes. However, such a model-based
approach has its limitations: the fidelity of its results highly
depends on the accuracy of power system models; it needs a
convergent, accurate state estimate in order to conduct stability assessment, which may be hard to obtain under stressed
system conditions.
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urement units (PMUs) on transmission systems to provide
wide-area measurements for real-time stability monitoring.
That leads to more interests in developing measurement-based
VSA methods to directly assess voltage stability from measurements on monitored buses [2]-[23]. A family of measurement-based methods is based on Thevenin’s Theorem: local
measurements at the monitored load bus or area are used to
estimate a Thevenin equivalent (TE) approximating the rest of
the system, i.e. a voltage source connected through a Thevenin
impedance; the power transfer to the monitored load reaches
its maximum when that Thevenin impedance has the same
magnitude as the load impedance [4], [5]. Based on a TE,
voltage stability indices can be obtained [6], [7]. Multiple such
equivalents may together be applied to a load area [8]. For
practical applications, paper [9] demonstrates a TE-based
method on realistic EHV network, and some other works consider load tap changers and over-excitation limiters in their
models for better detection of voltage instability [10]-[12].
Influences from system-side changes and measurement errors
on TE estimation are concerned in [13]. The equivalent circuit
considering HVDC integrated wind energy is studied in [14].
Basically, a TE-based method works satisfactorily on a radially-fed load bus or a transmission corridor, and its computational simplicity makes it suitable for real-time application.
In recent years, some research efforts have been on how to
extend the application of the TE to a broader transmission
system, e.g., the coupled single-port circuit or the Channel
Components Transform [15]-[19]. Some other efforts tested
TE-based methods on load areas. References [20] and [21]
apply a TE-based method to a load center area. The method
requires synchronized measurements on all boundary buses of
the area in order to merge them into one fictitious load bus, for
which a TE can be estimated and applied. That method was
demonstrated on a real power transmission system in the realtime environment using PMU data [22]. Paper [23] improves
the TE estimation for a load area to tolerate better the fluctuations in voltage phase angles and power factors measured at
boundary buses. Paper [24] proposes a measurement- and
model-based hybrid approach using the TE to assess voltage
stability under N-1 contingencies.
However, as illustrated in [25], a TE-based method may not
provide accurate voltage stability margin for each of multiple
tie lines together feeding a load area if it merges those tie lines
as done in [20] and [21]. Even when estimating the total transfer limit of multiple tie lines, the TE is accurate only if the
boundary buses through which those tie lines feed the load
area are strongly connected and the external system is coher-
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ent so as to be regarded as a single voltage source. Those are
two necessary conditions for merging tie lines and boundary
buses and developing a meaningful TE. If connections between boundary buses are weak, when the load of the area
gradually increases, tie lines may reach their power transfer
limits at different time instants. In other words, voltage instability may initiate near one of boundary buses and then propagate to the rest of the area. Thus, only monitoring the total
power transfer limit of all tie lines using a single TE may delay the detection of voltage instability.
This paper will extend and generalize the TE-based approach for voltage stability monitoring to a unified approach
based on the identification of an N+1 buses equivalent system.
This new equivalent has N buses interconnected to represent a
load area with N boundary buses and one voltage source representing the external system. In fact, the TE is its special case
with N=1. By modeling boundary buses separately for a load
area, a new method based on that equivalent is developed and
demonstrated in this paper to calculate power transfer limits at
individual boundary buses.
In the rest of the paper, section II introduces the new method in detail, including the N+1 buses equivalent system, its
parameter identification and analytical solutions of power
transfer limits of its tie lines. In section III, an online scheme
to implement the new method is presented. Section IV first
uses a four-bus power system to illustrate the advantages of
the new method over a traditional TE-based method, and then
validates the new method on the NPCC 48-machine, 140-bus
power system. Finally, conclusions are drawn in section V.
II. PROPOSED N+1 BUSES EQUIVALENT SYSTEM

load seen from that bus. Connection between any two boundary buses i and j is modeled by impedance zij . The power transfer limit of each tie line is a function of N ( N 1) / 2  2 N  1
complex parameters of that equivalent system including voltage phasor E , N tie-line impedances z Ei ’s, N ( N  1) / 2 transfer impedances zij ’s and N load impedances zii ’s.
Let S i =Pi+jQi denote the complex power fed to boundary
bus i and let Vi denote the bus voltage phasor. Using synchronized measurements on S i and Vi , all parameters of the
equivalent can be identified online (e.g. every 0.1~1s) using
the latest measurements of a sliding time window. The rest of
the section presents the algorithms for estimating the parameters of the external system (i.e. E and z Ei ) and the load area
(i.e. zii and z ij ) and then derives the analytical solution of
each tie-line power transfer limit.
A. Identification of External System Parameters
Assume that the sliding time window contains K measurement points. The external system parameters are assumed to
be constant during the time window and hence are estimated
by solving the following optimization problem. Nodal power
injection equation (1) holds at each measurement point k of
the time window.
E  Vi (k ) *
(1)
Si ( k )  (
)  Vi (k ) k=1~K
zEi
where Si (k )  Pi (k )  jQi (k ) and Vi (k )  Vi (k )i (k ) are respectively the received complex power and voltage phasor at
boundary bus i at time point k. The magnitude of E , denoted
by E, can be estimated from measurements at each boundary
bus i, whose estimation error is
eiex (k )  E  ( Pi (k )  jQi (k ))(rEi  jxEi )  (Vi (k )) 2 / Vi (k ) (2)
The optimization problem in (3) computes the optimal estimates of E, rEi and xEi.
min J

Fig. 1. N+1 buses equivalent.

For a load area fed by N tie lines, voltage instability may be
a concern with its boundary buses when power flows of those
tie lines approach to their transfer limits. As shown in Fig. 1,
an N+1 buses equivalent system is proposed to model those
boundary buses and tie lines while reducing the network details both inside and outside of the load area. Assume the external system to be strongly coherent without any angular stability concern. Thus, it is represented by a single voltage
source with phasor E connected by N branches with impedances z E1 ~ z EN (representing N tie lines) to N boundary buses,
respectively. Each boundary bus is monitored and connects an
equivalent load with impedance zii modeling the portion of
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The 1st term summates the estimation errors of E for all buses
and all time points. The 2nd and 3rd terms respectively summate normalized differences in rEi and xEi between the estimates for the current and previous time window. e and z
are weighting factors respectively for variances of E and z Ei
over the time window. For instance, if the network topology of
the external system does not change, z Ei will be constant.
Thus, there should be  z > e to allow more changes in E. The
Sequential Quadratic Programming (SQP) method is used to
solve the optimization problem in (3) [26].
The above optimization problem for the external system is
actually a non-convex problem, so it needs to select good initial values for the external system parameters. As long as the
initial values are in a neighborhood of the optimum that is
considered as the true solution, the SQP method can make sure
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to converge to that solution. However, the problem does have
multiple local optima. In practice, the initial values of external
system parameters for optimization are determined as follows:
at the beginning when the new measurement-based method is
performed or whenever a major disturbance, e.g. a line outage
and a generator outage, is detected on the external system, the
Least Square method is applied to the K data points of the current time window to estimate the parameters as new initial
values; otherwise, the new method selects initial values from
the optimization results of the previous time window. Because
of the non-convex nature of this optimization problem, if the
initial values selected at the beginning are far from the true
solution, the optimization may converge to a different solution
with errors in parameter estimation and consequently cause
inaccurate transfer limits at the end. Those errors may last
until the next time the Least Square method is performed to recreate new initial values. Later in a case study on the NPCC
system, the results from different initial values with errors
intentionally added are compared. In practice, the Least
Square method may be performed at a certain frequency, e.g.
every a few minutes, even if a major disturbance is not detected.
B. Identification of Load Area Parameters
Load area parameters include load impedance zii and transfer impedance z ij (i and j=1~N), whose admittances are yii
and yij . In each time window, assume constant yij if there is
no topology change in the load area, and allow yii to change.
From power flow equations,
S (k ) 
*
i

yii (k ) 



j 1~ N , j  i

Vi (k )  Vi (k )V j (k )  yij
2

*

(4)

2

Vi (k )

A window of K data points has NK values of yii and N(N-1)/2
values of yij to be estimated. Thus, there are totally
N 2  N  2 NK real parameters to estimate. K data points can
provide 2NK nodal power injection equations in real realm.
Since N 2  N  2 NK  2NK , there are insufficient equations to
solve all parameters. In each window, if we may assume a
constant power factor for each yii , its conductance gii and

susceptance bii of yii at two adjacent time points will satisfy
g ii (k  1) g ii (k )

bii (k  1) bii (k )

(k=2~K)

(5)

Thus, K-1 more equations are added to each bus and the entire
load area needs to solve 3NK-N equations. From equality (6),
there is K=N.
(6)
N 2  N  2 NK  3NK  N
It means that each time window needs to have at least N data
points to be able to solve all parameters of the load area. For
instance, for load areas with N=2, 3 and 4 boundary buses, we
need at least the same numbers of data points to solve 10, 24
and 44 unknowns, respectively.
From (4), gii and bii are both functions of yij ’s (ij). An error index on (5) is defined as

ei (k )  gii (k  1)bii (k )  gii (k )bii (k  1)
in

(7)

The second optimization problem is formulated as (8) for estimating load area parameters by minimizing three weighted
summation terms. gij and bij are estimated conductance and
susceptance of y ij ; the 2nd and 3rd terms respectively summate
their normalized differences from the previous time window;
pf and y are the weighting factors respectively for variances
of the power factor and y ij over the time window.
K

N
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(8)

The SQP method is also used to solve all

y ij ’s

for each time

window. Then, calculate load admittance yii directly by (4).
For this second optimization on estimation of load area parameters, initial values of gij and bij are also required, which
can be obtained directly from the reduced bus admittance matrix about the load area by eliminating all buses except boundary buses.
C. Solving the Power Transfer Limit of each Tie Line
From real-time estimates of equivalent parameters, the active power transfer limit of each tie line can be solved analytically as a function of equivalent parameters.
The admittance matrix of the load area of the equivalent
N
system is given in (9), where Yij  Y ji   yij and Y  
y .
ii

Y11


Y  Yi1


Y
 N1

Y1i
Yii
YNi

Y1N 


YiN 


YNN 

j 1

ij

(9)

Let YE be a column vector about all admittances yEi  1 / zEi
(i=1~N) and YED be a diagonal matrix created from YE, i.e.
YE  [ y E1

yE 2

 y E1
Y  diag (YE )  
 0
D
E

 y EN ]T
0 


yEN 

A vector about the injected currents satisfies
I  E YE  YED V
where V  [V1 V2
VN ]T . Then, there is
V  E (Y  YED )1 YE  E

adj(Y  YED )
YE
det(Y  YED )

(10)
(11)

(12)
(13)

For simplicity, let i denote the i-th element of adj(Y  YED )YE
and let  = det(Y  YED ) . There is
(14)
Vi  Ei / 
The complex power transferred on each tie line is a function of
elements of Y, E and YE.
(15)
S  [S1 S2
S N ]T  ( EYED  V DYED )* V
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where V D  diag (V) . If changes on the external system are
ignored, each complex power is a function of load admittances, i.e.
2
* 
(16)
Si ( y11 , , yNN )  ( E * yEi*  yEi* Vi * )Vi  E ( yEi*  yEi* *i ) i
 
*
2
 *
 
* i
(17)
Pi ( y11 , , yNN )  E Re ( yEi
 yEi
) i
*




Based on the aforementioned constant power factor assumption over a time window for each load, Pi is a function of all
load admittance magnitudes, i.e. yjj (j=1~N). Its maximum
with respect to the change of yjj at bus j is reached when
Pi ,Max
j
Pi ( y11 , , yNN )
0
y jj

i, j=1~N

(18)

If an analytical solution of yjj is obtained from (18) as a
function of equivalent parameters, an analytical expression of
can be derived by plugging the solution of yjj into (17).
Pi ,Max
j
with i=j represents the maximum active power transfer
Pi ,Max
i
to bus i with only the local load at bus i varying; Pi ,Max
with ji
j
represents the maximum active power transfer to bus i with
only the load at another bus j varying.
For a general N+1 buses equivalent, the analytical solution
of Pi ,Max
can be obtained by solving a quadratic equation. The
j
proof based on (18) is given in the Appendix.
This paper assumes that each yjj may change individually,
so there are N such transfer limits Pi ,1Max ~ Pi ,Max
for each tie
N
line. By estimating the real-time pattern of load changes, the
limit matching best that pattern will be more accurate and selected. Voltage stability margin on a tie line is defined as the
difference between the limit and the real-time power transfer.
III. ONLINE SCHEME FOR IMPLEMENTATION

window for several seconds. In a later case study on the NPCC
system, results from 5s and 10s time windows will be compared. If the scheme uses PMUs, in order to speed up online
parameter identification and filter out noise or dynamics irrelevant to voltage stability, the original high-resolution measurements (e.g. at 30Hz) may be downgraded to a lowsampling rate fs (e.g. 2Hz) by averaging the raw data over a
time internal of 1/fs (i.e. 0.5s for 2Hz).
As shown by the flowchart in Fig. 2, the new method first
identifies all branches connecting the load area with the rest of
the system, which comprise a cut set partitioning the load area.
Those branches are assumed coming from the same voltage
source E . Then, any branches coming to the same boundary
buses are merged. Assume that M branches are yielded. The
proposed method is able to calculate the transfer limit for each
branch using an M+1 buses equivalent. However, if M is large,
it will result in huge computational burdens in estimating
M(M-1)/2+2M+1 parameters and consequently calculating M
limits. Different from the TE that merging all M branches to
one fictitious tie line, this new approach may group some
branches across the boundary and only merge each group to
one fictitious tie line. The criteria of grouping are such as: the
boundary buses in one group are tightly interconnected; the
branches in one group reach limits almost at the same time; it
is not required to monitor the branches within a group individually. For the fictitious tie line representing a group of branches, only its total limit is calculated. Thus, after merging some
groups of branches to fictitious tie lines, the final number of
tie lines becomes N<M. A simpler N+1 buses equivalent is
used, which still keeps characteristics of the load area regarding voltage stability. The TE-based approach is a special case
of this new method with N=1.
The next two sections will test the new method on a 4-bus
power system and the NPCC 140-bus system using data generated from simulation. All computations involved in the algorithms of the new method are performed in MATLAB on an
Intel Core i7 CPU desktop computer.
IV. DEMONSTRATION ON A 4-BUS POWER SYSTEM
This section demonstrates the new method on a 4-bus power system with one constant voltage source supporting three
interconnected load buses representing a load area. The system
is simulated in MATLAB with gradual load increases at three
load buses. The simulation results on three load buses are
treated as PMU data and fed to the new method. The system
represents a special case of the system in Fig. 1 with N=3. Let
E  1.05 pu and three tie lines have the same impedance
zE1  zE 2  zE 3  0.01  j 0.1 pu. At the beginning, three load

Fig. 2. Flowchart of the new method.

Compared with the traditional TE-based approach, this new
measurement-based method uses a more complex N+1 buses
equivalent to model more details about the boundary of a load
area. Synchronized measurements on all boundary buses are
needed from either state estimation results if only steady-state
voltage instability is concerned or PMUs for real-time detection of voltage instability. The parameters of the equivalent
are identified using real-time measurements over a recent time

impedances z11 = z22 = z33 =1+j1 pu. Consider two groups of
transfer impedances in Table I respectively for weak and tight
connections between three boundary buses.
Group
A
B

TABLE I VALUES OF TRANSFER IMPEDANCES
z13 (pu)
z12 (pu)
z23 (pu)
0.01+j0.1
0.0005+j0.005

0.015+j0.15
0.0008+j0.0075

0.005+j0.05
0.0003+j0.0025

Keep the impedance angle of z33 unchanged but gradually
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reduce its modulus by 1% every 2s until active powers on all
tie lines meet limits. As shown in Fig 3, three PV curves (Pi
vs. Vi) are drawn for two groups of transfer impedances. For
Group A, the transfer impedances between boundary buses are
not ignorable compared with the tie-line and load impedances,
so three PV curves are distinct. However, when those impedances decrease to the values in Group B, three PV curves basically coincide, which is the case a TE can be applied to.

tie-line flow. However, the TE-based method detects zero
margin much later since, first, it only monitors the total tieline flow limit and second, the limit curve is not as flat as that
given by the new method.
For Group B with tight connection between boundary buses, Fig. 5 shows that all tie-line flows reach their limits at
t=732s. Also, P meets both PMax(New) and PMax(TE) at that same
time.

(a) Group A (weak).
(b) Group B (tight).
Fig. 3. PV curves for weak and tight connections between boundary buses.

Simulation results are recorded at 1Hz sampling rate. The
new method is performed every 1s using the data of the latest
10s time window. All computation of the new method on each
time window is finished within 0.05s in MATLAB. The new
method gives each tie line three limits for three extreme load
increase assumptions. For two groups, Fig. 4 and Fig. 5 show
P1~P3, the total tie-line flow P=P1+P2+P3, and their limits
calculated by the new method. The limits from solutions of
P1/y33 ~P3/y33 match the actual load increase, so their sum
is defined as the total tie-line flow limit PMax(New) . For com-

Fig.4. Tie-line flows and limits for Group A (weak connection).

parison, the TE-based method in [20] and [21] is also performed to give the total tie-line flow limit as PMax(TE) in Fig. 4.
Tests on those two groups of data show that when a TEbased method is applied to a load area, voltage instability is
detected only when the total tie-line flow meets its limit.
However, due to the uneven increase of load, one tie line may
be stressed more to reach its limit earlier than the others,
which can successfully be detected by the new method. Another observation on Fig. 4 and Fig. 5 is that the curve of
PMax(New) is flatter than that of PMax(TE) , and PMax(TE) is more
optimistic and less accurate than PMax(New) when the system
has a distance to voltage instability.
For Group A with weak interconnection between boundary
buses, Fig. 4 shows that three individual tie-line flows P1, P2
and P3 meet their limits at t=680s, 676s and 666s respectively.
The total tie-line flow P meets PMax(New) at t=680s. PMax(TE)

5

Fig. 5. Tie-line flows and limits for Group B (tight connection).

from the TE-based method is not as flat as PMax(New) , and it is
met by P after t=700s. Fig. 6-Fig. 8 give details of Fig. 4 on
each tie-line flow and its three limits calculated according to
(18) for three load increase assumptions. The limit from solution of Pi/y33 matches the actual load increase, and its curve
is flat and met by Pi earlier than the other two. By using the
new method, zero margin is first detected at t=666s on the 3rd
tie line and then on the other two tie lines as well as the total
Fig. 6. P1 and limits for Group A.
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data of the latest 5s time window.

Fig. 7. P2 and limits for Group A.

(a)

System topology.

Fig. 8. P3 and limits for Group A.

V. CASE STUDIES ON THE NPCC TEST SYSTEM
The proposed new method is tested on a Northeast Power
Coordinating Council (NPCC) 48-machine, 140-bus system
model [27]. As highlighted in Fig. 9, the system has a Connecticut Load Center (CLC) area supported by power from
three tie lines, i.e. 73-35, 30-31 and 6-5. Line 73-35 is from
the NYISO region and the other two are from the north of the
ISO-NE region. Powertech’s TSAT is used to simulate four
voltage instability scenarios about the CLC area:
A. Generator trip followed by load increase leading to voltage instability;
B. Generator trip followed by a tie-line tip causing voltage
instability;
C. Two successive tie-line trips causing voltage instability;
D. Shunt switching to postpone voltage instability.
The load model at each load bus adopts the default load model
setting in TSAT, i.e. 100% constant current for real power
load and 100% constant impedance for reactive power load.
Simulation results on the voltages at boundary buses 35, 31
and 5 and the complex powers of the three tie lines are recorded at 30Hz, i.e. the typical PMU sampling rate. The raw data
are preprocessed by an averaging filter over 15 samples to be
downgraded to 2Hz. The processed data are then fed to the
new method for estimating the external and load area parameters and calculating transfer limits. That data preprocessing
improves the efficiency of two optimizations for parameter
estimation while keeping necessary dynamics on voltage
stability in data. The new method is performed every 0.5s on

(b) CLC area.
Fig. 9. Map of NPCC system and CLC area.

A. Generator Trip Followed by Load Increase Leading to
Voltage Instability
To create voltage collapse in the CLC area, all its loads are
uniformly increased by a total of 0.42 MW per second from its
original load of 1906.5 MW with constant load power factors.
At t=360s, the generator on bus 21 is tripped, which pushes
the system to be close to the voltage stability limit. Shortly
after slight load increase, voltage collapse happens around
t=530s as shown in Fig. 10 on three boundary bus voltages.
Fig. 11 indicates the PV curves monitored at three boundary
buses. To better illustrate the PV curves, the figure is drawn
using the data sampled at 25s intervals until t=500s to filter
out transient dyanmics on the curves right after the generator
trip and the voltage collapse at the end. Note that the generator
trip causes a transition from the pre-contingency PV curves to
the post-contingency PV curves with a more critical condition
of voltage stability. Bus 35 is the most critical bus since the
“nose point” of its post-contigency PV curve is passed.
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Fig. 14 gives estimates of three load impedance magnitudes
seen at the boundary buses. The figure shows that the load
seen from bus 5 changes more siginificantly than the others.
Max ,
Max and
Max calculated from P /y =0 are
Hence, P35,5
i
5
P31,5
P5,5
more accurate and used to calculate stability margin.

Fig. 10. Voltage magnitudes at CLC boundary buses.

Fig. 14. Real-time estimation of load impedance magnitudes.

To compare with the new method, Fig. 15 gives the total
transfer limit estimated using a TE-based method. The margin
stays positive until the final collapse of the entire system.
Fig. 11. PV curves monitored at the CLC boundary buses.

When the external system has strong coherency, the proposed new method can be applied to reduce it to one voltage
phasor E connected with boundary buses of the load area by
N branches, respectively. Fig. 12 and Fig. 13 show the voltage
magnitudes and angles of all buses in Fig. 9(b) that are outside
the CLC load center, indicating a strong coherency of the external system. Therefore, the proposed method is valid and
may adopt a 3+1 buses equivalent to calculate the power
transfer limits separately for three tie lines.

Fig. 15. Result from a TE-based method.

Fig. 16 gives the results from the new method and each tie
line has three transfer limits. Before the generator trip, all lines
have sufficient margins to their limits. After the trip, more
power is needed from the external system, so the active
powers of the three tie lines all increase significantly to
approach to their limits. In Fig. 16(a), P35 of 73-35 reaches the
Max
limit P35,5
at t=473.5s. From Fig. 16 (b) and (c), the other two
Fig. 12. External system bus magnitudes.

Fig. 13. External system bus angles.

lines keep positive margins until the final voltage collapse. It
confirms the observation from Fig. 11 that voltage collapse
will initiate from bus 35. If the limit and margin information
on individual tie line is displayed for operators in real time, an
early remedial action may be taken before voltage collapse.
However, such information is not available from a TE-based
method.
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(a) Time for estimating external system parameters.

(a) P35 vs. its limits.
(b) Time for estimating load area parameters.
Fig. 17. Time performances on online parameter estimation.

(b) P31 vs. its limits.
Fig. 18. Comparison of different optimization time windows.

(c) P5 vs. its limits.
Fig. 16. Transfer limits of each tie line calculated by the new approach.

Once parameters of the N+1 buses equivalent are estimated,
transfer limits are directly calculated by their analytical expressions. The major time cost of the new method is with
online parameter estimation. Fig. 17 gives the probability density about the times spent respectively on estimating the external system and the load area over one time window. According to the figure, parameter estimation over one time window
can be accomplished within 0.02s to 0.1s. The average total
time cost for each cycle of the new method’s online procedure
(i.e. steps 2-5 in Fig. 2) is 0.0614s, which includes 0.0221s for
external parameter estimation, 0.0271s for load area parameter
estimation, and 0.0122s for transfer limits calculation. The
times on measurements input and margin display are ignorable. The test results indicate that the new method can be applied in an online environment.

Fig. 19. Comparison of initial values with errors.
Max
Fig. 18 compares the estimated P35,5
using a 5s sliding time

window with that using a 10s sliding window. Two results
match very well, which indicates that the new method is not
very sensitive to the length of the sliding time window.
To test the results of the new method using inaccurate initial
values in the external system parameter estimation, Fig. 19
compares the tie-line power limits for 73-35 with three different sets of initial values: 110%, 100% and 90% of the estimates from a Least Square method on the first time window at
the beginning. From the figure, a 10% error will cause less
than 5% error in the transfer limit estimation before the generator trip and about 2% error in the limit after the generator
trip. If the Least Square method is used to re-estimate the initial values when the generator trip is detected, that 2% error
can be eliminated and these three limits will merge to one limit associated with accurate initial values. Considering in the
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real world, small errors in the initial values cannot be avoided
completely, a small positive threshold rather than zero may be
defined for the transfer margin as an alarm of voltage instability.
B. Generator Trip Followed by a Tie-Line Tip Causing Voltage Instability

Fig. 20. Voltage magnitudes at CLC boundary buses.

(a) P35 vs. its limits.

Before t=400s, this scenario is the same as Scenario B. At
t=400s, tie-line 73-35 is tripped to cause voltage collapse immediately. The voltage magnitudes of three boundary buses
are shown in Fig. 20.
Fig. 21 shows the tie-line power flows and their limits for
this scenario. After the generator trip, all tie-line flows become
closer to their limits, and tie-line 73-35 carries 795 MW,
which is higher than the total margin of 667MW on tie-lines
31-30 and 6-5. When tie-line 73-35 is tripped at t=400s, its
flow is transferred to the other two tie lines to cause them to
meet limits. That explains why voltage collapse happens
following that tie-line trip. If the above tie-line margin information is presented to the system operator before t=400s, the
operator will be aware of that the system following the generator trip cannot endure such a single tie-line trip contingency
and may take a control action.
C. Two Successive Tie-line Trips Causing Voltage Instability
In this scenario, two successive tie-line trips on 31-30 and
6-5 are simulated to test the adaptability of the new method to
“N-1” and “N-2” conditions. During t=0-100s, all loads in
CLC area are uniformly increased by 0.43MW/s from its original load of 1906.5 MW with constant power factors unchanged. At t=100s, the tie-line 31-30 is tripped, and thus the
voltages of three boundary buses drop significantly. During
t=100-200s, loads keep increasing at a lower speed equal to
0.37MW/s. At t=200s, the tie-line 6-5 is tripped, causing voltage collapse as shown in Fig. 22.
Fig. 23 gives the results on each tie line and the transfer
limits. Before tie-line 31-30 is tripped at t=100s, all tie lines
have sufficient transfer margin. After that trip, P31=0 is captured from measurements and the new method sets the corresponding yE31=0 to adapt to the new “N-1” condition. Then,
the transfer limit on tie-line 73-35 drops to 677 MW. Before
the next tie-line 6-5 is tripped at t=200s, tie-lines 73-35 and 65 totally transfer 733MW to the CLC area, which is higher
than the limit 677 MW of tie-line 73-35. Therefore, the second
tie-line trip causes zero margin on tie-line 73-35, followed by
a voltage collapse.

(b) P31 vs. its limits.

Fig. 22. Voltage magnitudes at CLC boundary buses.
(c) P5 vs. its limits.
Fig. 21. Transfer limits of each tie line calculated by the new approach.
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which is correctly captured by the new method.

(a) P35 vs. its limits.
Fig. 24. Voltage magnitudes at CLC boundary buses.

(b) P31 vs. its limits.
Fig. 25. P35 vs. its limits.

VI. DISCUSSION AND CONCLUSIONS

(c) P5 vs. its limits.
Fig. 23. Transfer limits of each tie line calculated by the new approach.

D. Shunt Switching to Postpone Voltage Instability
This scenario considers switching in a capacitor bank located in the CLC area to postpone voltage collapse. Everything of
this scenario during t=0-440s is the same as Scenario A. At
t=440s when the transfer margin on the most critical tie-line
73-35 drops to 3%, a 50MVAR capacitor bank at bus 33 is
switched in. Due to its additional VAR support, the voltage of
the CLC area increases as shown in Fig. 24 about voltage
magnitudes of three boundary buses. Fig. 25 shows the transfer limits on tie-line 73-35 for this scenario. Both the tie-line
flow and limits increase after that switch. The slight tie-line
flow increase is caused by voltage-sensitive loads in the load
area, which is smaller than the increase of the limit. Therefore,
zero margin happens at t=496.5s, i.e. 23s later than the 473.5s
of Scenario A. This scenario demonstrates that adding VAR
support in the load area will increase voltage stability margin,

This paper has proposed a new measurement-based method
for real-time voltage stability monitoring of a load area fed by
multiple tie lines. The new method is based on an N+1 buses
equivalent system, whose parameters are estimated directly
from synchronized measurements obtained at the boundary
buses of the load area. For each tie line, the method calculates
the transfer limit and margin against voltage instability analytically from that estimated equivalent system. The new method
has been demonstrated in detail on a 4-bus system and then
tested by case studies on a 140-bus NPCC system model.
Compared to a traditional TE-based method for measurement-based voltage stability monitoring, the new method has
two apparent advantages. First, the new method offers detailed
limit and margin information on individual tie lines so as to
identify the tie line and boundary bus with the smallest margin
as the location where voltage instability more likely initiates.
Second, as demonstrated on the 4-bus system, before the voltage collapse point, the total tie-line flow limit from the new
method is more accurate than the limit from the TE-based
method. The latter fluctuates more and is not as flat as the
former because the TE-based method does not model the weak
or strong connection between boundary buses. The above second advantage makes the new method more suitable for online
monitoring and early warning of voltage instability, and the
first advantage can help the system operator to identify the
location where voltage instability more likely initiates and
accordingly choose more effective control resources, e.g.,
those having shorter electrical distances to the tie line with the
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smallest margin. In our future work, voltage stability control
based on the proposed new method will be studied.
VII. APPENDIX
Theorem: an analytical solution of Pi ,Max
can be obtained by
j
solving a quadratic equation.
Proof: As defined above, i represents the i-th element of
adj(Y  YED )YE and   det(Y  YED ) . It is easy to know that
they are both linear complex functions of the load admittance
y jj  y jj e j , where yjj and  are the magnitude and angle of
y jj . So they can be represented as   d j1 y jj e j  d j 2 and

i  d j 3 y jj e j  d j 4 , where dj1~dj4 are constant complex numbers (note that if j=i, yjj does not appear in αi, so dj3=0).
Equation (18) becomes
Pi ( y jj )
y jj



E2



4

Re{ y [d j 3 ( )  d j 3   d  i
*
Ei

* 2

*
i

*

*
j3

*

2

d24  d23 ( y E 2  y12  y 23 )  y 23 y E1  y12 y 23 y E 3  ( y12 y3  y13 y 23 ) y E 2 (A12)

Note that y11 does not appear in d11~d14 and y 22 does not appear in d21~d24.
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