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Abstract— This paper proposes a novel method for power 

system dynamic simulation that solves power system differential 
algebraic equations by a semi-analytical and semi-numerical 
approach using continued fractions. The method implements a 
two-stage scheme to enhance online performance of simulation: 
the offline derivation stage finds approximate analytical solutions, 
so-called “semi-analytical solutions”, for state variables of 
dynamic devices such as generators in the form of power series of 
time with symbolic coefficients about system conditions; the 
online evaluation stage substitutes values on actual system 
conditions for symbolic coefficients, then transforms the solution 
into a continued fraction to prolong its time interval of accuracy 
and finally calculates the system’s trajectory over consecutive, 
adaptive time intervals for expected simulation results. A priori 
error bound for continued fractions is proposed to enable the 
simulation on adaptive time intervals. Compared with the 
conventional numerical simulation methods, the proposed 
continued fraction-based method has a fast simulation speed and 
a good suitability for parallel computing. The method is 
demonstrated and tested on the IEEE 9-bus system, IEEE 39-bus 
system and Polish 327-generator 2383-bus system. 
 

Index Terms— Continued fractions, differential algebraic 
equations, error bound, dynamic simulation. 

I.  INTRODUCTION 

OWER system dynamic security assessment (DSA) 
evaluates the short-term response of a power system 

under large disturbances, which is of great significance for 
system operations. DSA using time-domain simulations is 
the most direct and accurate approach. However, time-
domain simulations for large-scale transmission systems 
may be computational complex and time-consuming. They 
are not yet full-fledged for many real-time or even “fast-
than-real-time” applications [1]. Numerical integration 
methods, such as Forward Euler, Runge-Kutta and 
trapezoidal methods are widely used in commercialized 
simulation software to solve power system differential-
algebraic equations (DAEs) comprising ordinary 
differential equations (ODEs) on dynamic devices such as 
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generators and algebraic equations (AEs) on power flows. 
These conventional methods basically separate the whole 
simulation period into many short integration steps, 
typically in milliseconds, and calculate the differential 
equations as difference equations for every time step. The 
computation burden is high. Additionally, these methods do 
not naturally fit well in parallel computing environment due 
to their short integration steps and time-sequential 
mechanism [2]-[5], unless additional techniques, such as 
network decomposition methods [6]-[8] and Parareal in 
time method [9]-[10], are applied. 

As an alternative simulation approach, a so-called semi-
analytical solution (SAS) can be utilized, which is an 
approximate but explicit solution of power system ODEs 
[11]-[16]. The SAS is derived offline only once with 
symbolic variables on a variety of operating conditions and 
topologies. Then, it is evaluated online regarding the actual 
operating conditions and contingencies. Using the SAS, 
online simulation can be speeded up due to the following 
reasons. First, a major portion of the computation burden 
can be moved to an offline stage and thus online simulation 
becomes just evaluation of an SAS, i.e. substituting actual 
values for symbolic variables of the SAS for sequential 
time intervals to make up the simulation period. Second, 
the SAS are a nonlinear expression derived from the power 
system ODE model, so its time interval of accuracy can be 
much longer than the time step of traditional numerical 
integration methods. Third, the evaluation of an SAS can 
be easily parallelized due to its analytical form in, e.g., 
power series. 

Ref. [11]-[13] apply the Adomian Decomposition 
Method (ADM) proposed in [17] to derive an SAS for 
power systems. The ADM provides a convergent series in 
terms of Laplace transformation of the differential 
equations to be solved. There are several drawbacks for the 
ADM-based SAS method. 1) The offline derivation process 
is very slow, especially for large-scale power networks with 
many symbolic variables. 2) The ADM expansions for 
different state variables have different orders 
(inhomogeneous degrees) regarding time, whose accuracy 
is lower than homogeneous SAS expansions, e.g. the time-
power series or continued fractions. 3) It is difficult to 
implement simulation using adaptive time intervals and it is 
not effective for power systems whose DAE models cannot 
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be reduced to ODEs. 
Ref. [14] proposes an SAS in the form of a power series 

in time for simulation of fault-on trajectories and Ref. [15] 
proposes an enhanced method to solve more general DAE 
models of large-scale power systems that derives SASs 
only for ODEs and adopts the numerical approach to solve 
the network AEs. However, an SAS in the form of 
truncated power series has a limited radius of convergence 
(ROC), close to which the error of the solution increases 
rapidly. Therefore, an SAS has to be evaluated for 
relatively short time intervals to ensure its convergence, 
which restricts the simulation speed. Ref. [16] uses Padé 
approximants to increase the ROC of SAS, but it is 
impossible to predict the error to adaptively adjust the time 
intervals in the online stage. 

This paper also adopts a similar scheme that solves 
ODEs and AEs of a large power system respectively by an 
SAS and a numerical approach. The paper proposes a new 
SAS in the form of a continued fraction (for short, CF-
SAS). Compared with the power series-based SAS (for 
short, PS-SAS) in [15], the proposed CF-SAS has an 
extended ROC and hence faster online simulation speed. 
With longer time intervals for SAS evaluation, network 
AEs are solved less often, so it provides more room for 
parallel computing techniques to speed up simulation. A 
priori error bound of the CF-SAS is also proposed to 
adaptively adjust the time intervals. 

The rest of this paper is organized as follows. Section II 
proposes a two-stage simulation scheme using the CF-SAS. 
Section III first introduces the algorithm of calculating 
continued fractions, and then proposes the method of using 
CF-SAS to prolong the time intervals for online simulation. 
Section IV proposes priori error bound to adaptively adjust 
the time intervals to guarantee the accuracy of simulation. 
Section V validates the approach on the IEEE 3-generator 
9-bus system, the IEEE 10-generator 39-bus New England 
system and the 2383-bus 327-generator Polish power 
system. Finally, conclusions are drawn in Section VI. 

II.  PROPOSED TWO-STAGE SIMULATION SCHEME 

The complete power system model is composed of a set 
of first-order ODEs (1) on dynamic elements, such as 
synchronous machines and controllers, which are coupled 
through the power network, and a set of AEs (2) on the 
power flows and other static components. 

x = f(x,y)          (1) 

0 = g(x, y)          (2) 

 
Fig. 1 shows the flow chart of using a CF-SAS for 

power system dynamic simulation. A double-stage scheme 
is proposed, i.e. the offline stage and online stage. The 
offline stage obtains the SAS, i.e. an explicit function 
regarding all symbolic variables and time. The online stage 
only evaluates the obtained SAS by plugging the symbolic 

variables by actual values over sequential time intervals. 
The accuracy of the SAS can be ensured by adjusting the 
lengths of time intervals during the online stage. More 
specifically, for every time interval, the initial values of 
state variables take their final values of the previous 
interval. 

 
Fig. 1. Flow chart of the proposed approach. 

Different from the SAS approach in [15], the SAS 
evaluation process first substitutes values for symbolic 
variables except for time to obtain the coefficient values of 
the power series, which is then transformed to a continued 
fraction about time, i.e. the CF-SAS. Determine the length 
of time interval Δt based on the ROC of the continued 
fraction and finally evaluate the CF-SAS to get the 
trajectories of solutions. The rest of this section first 
introduces the approach in [15] that derives a PS-SAS for 
nonlinear ODEs and uses partitioned dynamic buses for 
integrating the PS-SAS with numerical solutions on the 
power network. The proposed CF-SAS will be introduced 
in the next section. 

A. Deriving a PS-SAS for Power System DEs 

A power system device having K state variables, e.g. a 
synchronous generator, can be expressed by an ODE (3): 
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To obtain its SAS, the ith state variable xi(t) is firstly 
approximated by power series (4) up to a pre-specified 
order N: 
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where ai0 - aiN are the unknown coefficients to be 
determined. Therefore, the derivatives of x(t) is easily 
obtained as (5). 
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Nonlinear functions in f can also be analytically derived by 
Taylor expansion into the series form as defined in (6) 
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where each function can be obtained by 
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By equating (5) and (6), the symbolic expression of all 
the coefficients aim (i = 1-K n = 1-N) can be obtained as (8). 
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B. Solving Power System DAEs Using a Partitioned 
Dynamic Bus Method 

Take an N-bus K-generator L-load power system for 
example. The sets of buses, generators and loads are 
denoted by N, K and L respectively. The kth generator is 
modeled by a 6-order detailed model, expressed as (9). 
State variables δk, Δωk, e'dk, e'qk, e''dk and e''qk in (9) 
represent the rotor angle, relative rotor speed and d-axis 
and q-axis transient and sub-transient voltages of the kth 
generator, respectively. Variables pmk and pek in (9) are the 
mechanical and electrical powers and parameters Hk and Dk 
are the inertia and damping of the kth generator. Xdk, Xqk, 
X'dk, X'qk, X''dk and X''dk, and are respectively the d-axis and 
q-axis synchronous, transient and sub-transient reactances 
and T'd0k, T'q0k, T''d0k and T''q0k are the d-axis and q-axis 
transient and sub-transient time constants of the kth 
generator. 

In addition, a 1-order model are equipped for both 
exciter and governor of each generator, as defined by (10) 
and (11), respectively. Tek and Kk are time constant and gain 
in voltage regulator of exciter. Vrefk is the reference voltage. 
Tgk is the total time constant of the governor and turbine. 
Prefk is the reference of mechanical power output. Rk is the 
speed regulation factor of the kth generator. 
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The terminal voltage Vk and terminal injected current Ik 

of the kth generator are calculated by the nonlinear AE (12), 
in which vdk, vqk, idk and iqk are d-axis and q-axis voltages 
and currents, respectively. pek is the generator’s electrical 
power in its armature. 
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The ZIP static load model can be considered for all the L 
loads in the system, defined by (13), where IIl and IPl 
represent the currents from constant-current load and 
constant-power load at the lth load bus. The constant-
impedance load is merged into the network admittance 
matrix in YN in (14). V0l, P0l and Q0l are the initial bus 
voltage, active and reactive loads at the lth load bus at the 
initialization of the simulation; pIl, qIl, pPl and qPl are the 
percentages of constant-current and constant-power 
components of the active and reactive loads at the lth load 
bus. Note that pZl + pIl + pPl = 1 and qZl + qIl + qPl = 1 for 
active and reactive loads, where pZl and qZl represent the 
percentages of constant-impedance load. 
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I I l

V

  
   L  (13) 

All the K generators and L loads are coupled by the 
network AEs (14), in which IN and VN are vectors about 
bus injection currents and bus voltages. 

Y V IN N N          (14) 

Note that in (14), at tk+1 = tk+Δt, injections IN(tk+1) of all 
generators and loads depend on terminal voltages VN(tk+1) 
at the same time instant, which are solved as follows. The 
partitioned method proposed in [15] is applied in this paper 
to extend the SAS from ODEs to general power system 
DAEs. The basic idea is to introduce a dynamic bus whose 
voltage is expressed by a function extrapolated from the 
voltages of previous time intervals, e.g. VN(tk+1) = h(VN(tk), 
VN(tk-1), …). For ODEs, state variables in x(tk+1) of the 
SAS are evaluated using the function of terminal voltages 
VN(tk+1). While for network AEs, the current injections in 
IN(tk+1) are calculated in an iterative process to correct the 
terminal voltages in VN(tk+1). Therefore, seen from each 
dynamic element, the impacts from all other elements in the 
network are reflected by the dynamics of its terminal bus 
voltage. Then, for each time interval, the analytical 
expression about each dynamic element are independent 
from the others. 

In Eq. (15), Vi(t) is in the polar form of time-power series 
for voltages at bus i. Vmi(t) and Vai(t) are the magnitude and 
angle of the time-power series for voltages at bus i. Both 
can be truncated up to the Nv-th order, where Vmin and Vain 
are respectively the nth order coefficients of voltage 
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magnitude and angle at bus i, which are calculated by the 
linear least square regression and updated for the next time 
interval. 
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Fig. 2. Partitioned method for solving power system DAEs. 

Fig. 2 shows the procedure of the partitioned method for 
solving power system DAEs using SAS. Please note that, 
for each interval, the SAS is evaluated for each iteration of 
solving AEs, shown by the green arrow lines, which is to 
correct the terminal voltage at each node. 

III.   CONTINUED FRACTIONS-BASED SEMI-ANALYTICAL 

SOLUTIONS 

A. Online Evaluation of SAS over a Time Interval 

 
Fig. 3. Demonstration of the online evaluation process. 

In the online stage, the SAS is evaluated by plugging 
actual values into its symbolic variables, which consist of 
three different groups. 
Group A: the time interval Δt of the time-domain 
simulation; 
Group B: initial values of state variables x0 for each 
dynamic element and the estimation of its current terminal 
voltage VN.; 

Group C: admittance matrix YN and other variables 
representing system conditions. 

Fig. 3 illustrates of the online stage, i.e. evaluation 
process. The simulation can be divided to pre-fault, fault-on 
and post-fault periods by red vertical lines. The black solid 
line is the SAS curve over simulation time t. Variables in 
Group C are updated at the time points of topology or other 
system condition changes, e.g. when a fault occurs or is 
cleared. Green vertical dashed lines show the time interval 
Δt, where the initial values of state variables x0 in Group B 

equal their ending values of the previous interval. The 
terminal voltage VN is estimated by a least square 
regression based on previous several intervals. In order to 
extend the time interval, the PS-SAS is then transformed to 
the CF-SAS in the online stage. Finally, the symbolic 
variable of time, i.e. Group A, is evaluated by a pre-
specified simulation time interval Δt in the form of CF-SAS 
(16) to obtain the continuous curves of all variables. 

The length of Δt is significant to the simulation speed, 
because most of symbolic variables are assigned by 
updating the values of previous time interval and the 
network AEs are solved at the end of each time interval. 
Additionally, to accelerate the simulation speed, the 
operations of assignment can be computed in a paralleled 
mechanism, but the process of solving network AEs cannot 
be parallelized. Therefore, the process of solving network 
AEs becomes the major computation burden in the online 
stage. To realize real time simulation, larger time intervals 
are desirable to reduce the times of solving network AEs. 

The simulation time interval Δt can be either fixed or 
adaptive. If the fixed time interval is chosen, time interval 
Δt can be conservatively specified to be a small value, 
which ensures that the maximum error of state variables 
over the whole simulation period is always less than a pre-
specified error tolerance ε. If the adaptive time interval is 
chosen, the error can be estimated along with the 
simulation. Then, the time interval Δt can be adaptively 
changing on the basis of the estimated error ̂ . 

B. Transformation from Power Series to Continued 
Fraction 

A continued fraction is an expression obtained through a 
recursive process of addition and division. It also calls 
attention that algebraic continued fractions commonly have 
a more extended ROC than that of the corresponding power 
series [18]. In this scheme, the Stieltjes-fractions with a 
specified fraction order [M] in the form of (16) are adopted 
to express the function of SAS, where K represents the 
operator of continued fraction and cm,0 represents the 
coefficient of the mth order. 

,0 1,0
0 0

1 2,0

,0

( )
1

1
1

1

M
m

m

M

c t c t
S t a a

c t

c t



 
    

  




K



  (16) 

As mentioned in Section II-A. the state variable xi(t) is 
evaluated from the PS-SAS, defined by (17), where ai are 
the coefficients of the truncated power series up to the N-th 
order. 

2
0 1 2( ) N

Nx t a a t a t a t          (17) 

Viskovatov’s method is then adopted to obtain the 
coefficients of an equivalent continued fraction [19]. To 
equate the power series function in (17), the second row of 
continued fraction matrix expressed by (18) are filled with 
power series coefficients. 
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Then, the coefficients in the continued fraction matrix 
(18) are calculated term by term by an inductive process, 
define as (20). 
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Finally, the coefficients of a continued fraction in (16) 
take the values in the first column of the matrix, i.e. c1,0-cm,0 
in (18). 

For demonstration, a single-machine infinite-bus (SMIB) 
system without governor and exciter is adopted to show the 
deriving process of CF-SAS. The SMIB system is modeled 
by Eq. (9) and Eq. (12). As introduced by Section II-A, the 
curves of state variables at the time t0 can be approximated 
by a PS-SAS, expressed as (21), where all the parameters 
of PS-SAS, i.e. δn, ωn, e'qn, e'dn, e''qn and e''dn, are expressed 
by symbolic variables. 
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where δ0(t0), ω0(t0), e'q0(t0), e'd0(t0), e''q0(t0) and e''d0(t0) 
represent the initial values of the state variables in each 
time interval. As mentioned in Section III-A, they take the 
ending values of the previous time interval. Moreover, all 
the power series of state variables are truncated at a 
specified order N. Higher the order N means the heavier 
computation burden in both offline stage and online stage, 
but higher accuracy for each time interval. Each higher 
order parameter, e.g. δN for order N, can be expressed as an 
analytical function of lower order parameters, i.e. δn, ωn, 
e'qn, e'dn, e''qn and e''dn for the 1st order to the (N-1)th order. 

For the purpose of demonstration, only the 1st order 
parameter of (21) are analytically expressed as (22). 
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After all symbolic variables of each power series being 
replaced by their values, it is transformed into a continued 
fraction to increase the ROC. Taking N = 3 for example, the 
Viskovatov coefficients of angle δ(t) (cm,0 in (16)) are 
calculated as (23). 
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where δ1, δ2 and δ3 are derived the 1st, 2nd and 3rd-order 
coefficients of power series δ(t) in (21). For a given N-
order PS-SAS, the specified order M of the CF-SAS is 
flexible, but it is recommended to equal N for a good 
balance between overall convergence and local accuracy. 

IV.  ADAPTIVE TIME INTERVAL BASED ON PRIORI ERROR 

BOUND OF CONTINUED FRACTIONS 

As mentioned before, given a set of credible initial 
values, the CF-SAS can maintain accurate for a time 
interval. Therefore, in the online stage, the entire 
simulation period should be assembled by consecutive time 
intervals whose lengths are fixed or adaptively adjusted 
according to the comparison between the estimation of 
error and a pre-specified error tolerance. A priori upper 
error bound of continued fraction which only depends upon 
its coefficients is used to conservatively estimate the errors 
of analytical solutions in the dynamic simulations with 
limited computation burden. 

A. Priori Error Bound of Continued Fractions 

The continued fractions with a specified fraction order 
[m] in the form of (16) can be expressed as xm(t; wm): 
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in which wm is called the mth truncated approximant, and 
c1,0-cm,0 are the coefficients of continued fraction. The 
objective is to find the maximum ρ, to ensure the estimated 
error of continued fraction is less than a given error 
tolerance ɛth for t < ρ. The parabola theorem for error bound 
of complex-valued continued fractions is given in [20], [21]. 
This paper gives the error bound estimation of a real-valued 
continued fraction. 

Theorem: A continued fraction is convergent if and only 
if there exists a maximum radius ρ, and for any given error 
tolerance ɛth, the inequality (25) is satisfied if t < ρ. 

 ,0
1,0

2 ,0

1 4 1
( ) ( ) 2 ,       for 2

1 4 1

m
k

m
k k

c
f t f t c m

c


  



 
   

  
 (25) 

where {fm(t)}={xm(t; wm)} is the sequence of the continued 
fraction. Therefore,     is the error upper bound of the 
continued fraction {fm(t)} and ρ is the maximum time 
interval with respect to a pre-specified error tolerance ɛth. 

The proof of the error bound estimation of continued 
fractions regarding the lengths of time interval is given in 
the Appendix-A. 

B. Adaptive Time Interval for Analytical Solution-Based 
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Dynamic Simulations 
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Fig. 4. Flow chart of determination of length of time interval. 

Fig. 4 shows the process of exterminating the current 
time interval Δtk based on the priori error bound of CF-SAS. 
For each interval, an initial ROC ρ is given based on the 
last time interval Δtk-1 and a multiplication factor β is given 
to limit the increasing rate between the current interval and 
the previous interval, as defined by (26). 

 1  1kt             (26) 

Then calculate the prior error bound for each state 
variable by (25) and find the maximum error bound among 
all state variables by (27), where Ns is the number of state 
variables. 

        max 1 2max , , Ns                (27) 

If the maximum error bound is larger than a pre-
specified error tolerance ɛth, multiply the time interval by a 
shrinking factor α (α<1) until the error tolerance ɛth is 
satisfied. 

The first time interval of simulation is set to be very 
small, i.e. Δt0 = 0.1ms. The following intervals increase the 
to β (β>1) times of their previous intervals. From the 
perspective of the whole time sequence, this is a “bottom-
up” scheme, since the length of each time interval grows 
based on its previous one at a limited speed defined by β. 

Although the selection of the “error-tolerance” depends 
on the power system model, it is usually appropriate to set 
smaller error-tolerance for the sate variables with faster 
dynamics. In this way, the time interval for fast dynamics is 
constrained to ensure that the simulated dynamic responses 
are accurate enough. For example, for the simulations of 
small-scale and mid-scale power systems with transient and 
sub-transient models, the orders of magnitude for error-
tolerance are recommended to be 10-2 degree for rotor 
angles, 10-3 pu for mechanical powers and 10-4 pu for 
transient and sub-transient voltages. 

V.  CASE STUDY 

The proposed approach is implemented in MATLAB and 
tested using three cases on a desktop computer with Intel 
Core i7-6700 CPU at 3.40 GHz with 16.00 GB RAM. In 
Case I and Case II, the IEEE 3-generator 9-bus WECC 
system [22] and the IEEE 10-generator 39-bus New 
England system [23] are firstly adopted to demonstrate the 
advantages of CF-SAS for power system dynamic 
simulation without AEs. The constant impedance load is 
included into the network admittance matrix, so the power 
system dynamic model is represented by a set of nonlinear 
ODEs. In order to clearly show the superiority of continued 
fractions over existing SAS methods, a detailed 6-order 
generator model without a governor or exciter is adopted in 
the simulations. 

In Case III, the 327-generator 2383-bus Polish system 
with a detailed 6-order generator model integrated with a 1-
order governor and a 1-order exciter [24] is used to 
demonstrate the CF-SAS approach for power system DAEs. 
The ZIP load model is also considered for all load buses. 
The dynamic bus method is used to decouple the dynamic 
impacts from different elements. 

A. Case I: Test on IEEE 3-Generator 9-Bus Power System 

Z
 =

 0.039+j0.17
Y

 =
 0 +

 j0.179

Z
 = 0.032+j0.161
Y

 =
 0 +

 j0.153

Z
 = 0.017+j0.092
Y

 =
 0 +

 j0.079

Z
 =

 0.01+
j0.085

Y
 =

 0 +
 j0.088

 
Fig. 5. IEEE 3-generator 9-bus system. 

In Case I, a 3-phase fault occurs on Bus 9 at t = 0 and is 
cleared by tripping Line 6-9 after 5 cycles, as shown in Fig. 
5. The post-fault curves of generators’ angle and speed 
between the 4-order Runge-Kutta (RK4) method, CF-SAS, 
PS-SAS and are compared. In this case study, the time step 
of numerical integration method, i.e. RK4, is fixed with 
very small value, i.e. 0.1ms. Therefore, it can be deemed 
precise enough to be the reference. 

Case I-A: Adaptive time interval with specified error limits 

In Case I-A, an adaptive time interval is used with pre-
specified error tolerances, i.e. 0.001rad for angles and 
0.001pu for other state variables. Take the first time interval 
of the post-fault curves for illustration, i.e. at t = 0. Fig. 6 
compares the curves of different single-step SASs with the 
RK4 shown by the black dashed lines as the reference. The 
6-order PS-SAS is shown by red solid curves and the 3-
order to the 6-order CF-SASs are shown by solid curves 
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with other colors. It can be noticed that the CF-SAS keeps 
accuracy longer for the given error tolerance, and a higher 
order CF-SAS has a higher accuracy. Fig. 7(a) compares 
the adaptive time intervals of the 8-order CF-SAS and the 
8-order PS-SAS over the whole 5-second simulation at 
each time instant (every 1ms), from which the CF-SAS has 
in general longer time intervals of accuracy. The time 
interval improvement of CF-SAS over PS-SAS is shown in 
Fig. 7(b). The CF-SAS has longer time interval than the 
PS-SAS, at most of the time instant. 
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(a) Simulation result of rotor angle in rad

(b) Simulation result of relative rotor speed in p.u.  
Fig. 6. Comparison of PS-SAS and CF-SAS at the 1st time interval of post 
fault response (adaptive time interval). 
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Fig. 7. Comparison of time intervals between the 8-order PS-SAS and the 
8-order CF-SAS (adaptive time interval). 

Case I-B: Fixed time interval 

In Case I-B, fixed time interval is adopted for both CF-
SAS and PS-SAS. The 5-order PS-SAS and the 5-order CF-
SAS are compared. The time interval of both SASs is 
specified to be 4 cycles, i.e. 66.68ms. The post-fault curves 
of generators’ angles δ and relative rotor speeds Δω are 
show in Fig. 8(a) and Fig. 8(b), respectively. The CF-SAS 
shown by green curves basically overlap with the RK4 
shown by the black dashed curves. Nevertheless, the PS-
SAS shown by red curves have noticeable derivation from 
the RK4. The errors of generators’ angles are shown in Fig. 
8(c), where the maximum error of CF-SAS is only 0.047pu. 
In contrast, the maximum error of PS-SAS is -3pu, if the 

fixed time interval with the same length is set. 

 
Fig. 8. Comparison between the 5-order PS-SAS and the 5-order CF-SAS 
(fixed time interval = 4 cycles). 

B. Case II: Test on IEEE the New England Power System 

In Case II, the IEEE 10-generator, 39-bus New England 
power system is tested. A 3-phase fault occurs on Bus 15 
and is cleared by tripping Line 15-16 after 5 cycles, as 
shown in Fig. 9. The result of 5 sec time domain simulation 
is shown in Fig. 10, where the red curves are the PS-SAS 
results, green curves are the CF-SAS results, the black 
dashed curves are using RK4 for 6 sec simulation. If fixed 
time interval is adopted and specified as 2 cycles (33.34ms) 
for both cases, the 5-order PS-SAS is numerically unstable, 
but the CF-SAS with the same order is numerically stable. 

 

29

26

2

22
2319

20

10

27

17

15

16 24

21
3

18

4

589

14

11

12

13

1

7

28

35

34
33

32
31 Connecticut Load 

Center (CLC)

39

38

36

37

6

25
30

13.5

320

392

158

680

274

248

309

224
139

281

206

284

322

750

351

783

9

E1

E2

 
Fig. 9. Map of the IEEE 10-generator, 39-bus New England system. 
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Fig. 10. Curves the 5-order CF-SAS and the 5-order PS-SAS (fixed time 
interval = 2 cycles). 

If fixed time interval is specified as 1.5 cycles (25ms) 
instead, both the 5-order PS-SAS and the 5-order CF-SAS 
are numerically stable, as shown in Fig. 11(a) and Fig. 11(b) 
for rotor angle and relative speed respectively. However, 
the maximum error is much smaller with CF-SAS, as 
shown in Fig. 11(c). 
 

 
Fig. 11 Curves the 5-order CF-SAS and the 5-order PS-SAS (fixed time 
interval = 1.5 cycles). 

From Fig. 10 and Fig. 11, it is obvious that the CF-SAS 
has better performance than the PS-SAS on numerical 
stability under the same order. The advantages of using CF-
SAS is to increase the time intervals, and the complexity of 

SAS expression does not significantly increase. 
Fig. 12 shows the time step improvements at each time 

instant (every 1ms) if using the 5-order CF-SAS instead of 
same order PS-SAS. It can be noticed that if adaptive time 
interval is adopted with the same error tolerance as Case I, 
the increase of length of time intervals by transforming to 
the 5-order CF-SAS can reach 240ms. 

 

 
Fig. 12. Time interval improvement using the 5-order CF-SAS (adaptive time 
interval). 

C. Case III: Test on the Polish Power System 

In Case III-A, the Polish power system with 2383 buses 
and 327 generators provided by MATPOWER [24] are 
adopted to test the performance of a 10 sec dynamic 
simulation. All generators use the 6-order detailed model (9) 
and equipped with a 1-order exciter model (10) and a 1-
order governor model (11). All loads are represented by the 
ZIP load model (13) with 20% constant impedance, 30% 
constant current and 50% constant power components, i.e. 
pZl = qZl = 20%, pIl = qIl= 30% and pPl = qPl = 50%. The 
winter peak of the year of 1999-2000 is the pre-fault 
operating condition. A 3-phase short-circuit occurs at Bus 
10 and clears after 4 cycles (66.67ms) without tripping any 
line, the same with [13] and [15]. The Forward Euler (FE) 
numerical iteration method with fixed time-step of 0.2ms is 
selected as the reference for accuracy. The SAS adopts the 
adaptive time interval with priori error bound estimation. 
The error tolerance of each interval is selected as 10-2deg, 
10-3pu and 10-4pu for all rotor angles, voltages and 
mechanical powers respectively. All simulations use the 1st 
order polar form time-power series to calculate terminal 
voltages Vi(t), i.e. Nv  = 1 in Eq. (15). 

Fig. 13(a) (b) (c) and (d) respectively show the result of 
time-domain simulation of generators’ rotor angle, speed, 
q-axis and d-axis transient voltages for the 3rd order CF-
SAS (i.e. M = 3) and the FE method. Five generators at Bus 
10, Bus 29, Bus 294, Bus 346 and Bus 347, the most 
adjacent to the contingency, are plotted to examine the 
result. It can be noticed that the simulation results overlap 
with the reference (the dotted lines). 

Fig. 14(a) and (b) respectively show the length of time 
intervals and maximum errors of all voltages using the 3-
order, 5-order and 6-order CF-SAS. (i.e. M = 3, 5, 6). Using 
higher order CF-SAS can prolong the time intervals to 
speed up the simulation, but it introduces slightly larger 
errors. 
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Fig. 13. Simulation results of CF-SAS (adaptive time interval) and the 
reference (the FE method with 0.2ms fixed time-step). 

 
Fig. 14. Time interval and maximum error of voltage using the 3-, 5- and 6-
order CF-SAS (adaptive time interval). 

It can be also noticed that the time of solving AEs using 
the FE method takes almost 90% of the whole the time cost, 
i.e. 52.60 sec out of 58.03 sec, which can be reduced to 
3.680 sec, 1.824 sec and 1.454 sec, if using the 3-order, 5-
order and 6-order CF-SASs. The reason is that long time 
intervals reduce the total number of times to solve network 
AEs. 

 
TABLE I. COMPARISON OF SIMULATION BETWEEN CF-SAS AND FE 

 

 FE 
3-order 
CF-SAS 

5-order 

CF-SAS 
6-order 

CF-SAS 
Time step fixed adaptive adaptive adaptive 

No. of interval 10000 817 294 223 
Avg. time step (ms) 1 12.24 30.01 44.84 
Time cost of AE(s) 52.60 3.680 1.824 1.454 
Time cost of SAS 

evaluation (s) 
- 15.698 18.062 36.489 

Total time cost (s) 58.03 28.14 25.16 44.29 

 
The simulation speed is compared in TABLE I between 

the traditional FE method and the CF-SAS method with 
different orders. The FE method selects a fixed time step of 
1ms for a faster simulation and the SAS method uses an 
executable file that has been offline created by compiling 
the MATLAB code using MATLAB CoderTM. It takes 
58.03sec to complete the 10 sec simulation using the FE 
method. While the 3-, 5- and 6-order CF-SASs take only 
28.14sec, 25.16sec and 44.29sec respectively. 

The simulation speed is compared in TABLE I between 
the traditional FE method and the CF-SAS method with 
different orders. The FE method selects a fixed time step of 
1ms for a faster simulation and the SAS method uses 
executable C code, offline compiled by MATLAB CoderTM. 
It takes 58.03sec to complete the 10 sec simulation using 
the FE method. While the 3-, 5- and 6-order CF-SAS take 
only 28.14sec, 25.16sec and 44.29sec respectively. 

The 5-order CF-SAS takes less simulation time than the 
3-order CF-SAS, because a higher order CF-SAS has larger 
ROC and thus has larger time intervals. See 3rd row of 
TABLE I. The 3-order CF-SAS needs 817 intervals to 
complete the 10sec simulation, while the 5-order CF-SAS 
only needs 294 intervals. However, the 6-order CF-SAS 
takes more simulation time than the 5-order CF-SAS. It is 
because the number of intervals for the 6-order CF-SAS 
does not reduce significantly, i.e. from 294 to 223, but the 
time cost of SAS evaluation takes more time due to the 
more complex continued fractions. In Case III-A, the 5-
order CF-SAS is the optimal. 

It can be also noticed that the time of solving AEs using 
the FE method takes almost 90% of the whole the time cost, 
i.e. 52.60sec out of 58.03sec, which can be reduced to 
3.680sec, 1.824sec and 1.454sec, if using the 3-order, 5-
order and 6-order CF-SAS. The reason is that long time 
intervals reduce the frequency of solving network AEs. 

TABLE II compares the total time cost between PS-SAS 
and CF-SAS. Unlike CF-SAS, the PS-SAS adapts error-
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rate upper bound for adaptive time interval, proposed by 
[15]. The error-rate tolerances limit the increasing rate of 
errors, which are respectively set as 2deg/sec, 0.01pu/sec 
and 0.001pu/sec for rotor angles, mechanical powers and 
voltages. The proposed CF-SAS can speed up 2.4-3.8 times 
over the same order PS-SAS. 

 
TABLE II. TOTAL TIME COST BETWEEN CF-SAS AND PS-SAS 

 
 3-order 4-order 5-order 6-order 

CF-SAS(s) 28.14 27.48 25.16 44.29 
PS-SAS(s) 66.85 74.26 90.14 166.13 

 
As mentioned before, the proposed SAS methods offer 

more potential for parallel computations to speed up the 
simulations, because the evaluation process of SAS can be 
easily paralleled. Table III shows the time cost reduction if 
adopting a parallel mechanism for SAS evaluation. If the 
process of SAS evaluation is ideally paralleled by a multi-
processor CPU, e.g. 4-core CPU. the time cost of SAS 
evaluation is 15.698sec, 18.062sec and 36.489sec for the 3-
order, 5-order and 6-order can be reduced to 16.38sec, 
11.62sec and 16.92sec, respectively. If a CPU with more 
cores or a GPU is used for parallel simulations, the time 
can be furtherly reduced. 

In summary, the simulation speed can be accelerated by 
2.3 times (i.e. 58.03sec/25.16sec) if no parallel computing 
is adopted, and if the computation is ideally paralleled in a 
4-core CPU of a PC, the proposed method can accelerate 
the simulation speed by almost 5 times (i.e. 
58.03sec/11.61sec). 

 
TABLE III. TIME COST USING IDEAL PARALLEL COMPUTATION 

 
 3-order 

CF-SAS 
5-order 

CF-SAS 
6-order 

CF-SAS 
Without Parallel 
Computation (s) 

28.14 25.16 44.29 

With Parallel Computation of 
4 Cores (s) 

16.38 11.61 16.92 

 

Δ
t(

se
c)

 
Fig. 15. Time interval using the 4-order CF-SAS with different inertia 
parameters (Case III-A: 1H, Case III-B: 2H, Case III-C: 5H). 

In Case III-B and Case III-C, the inertias of all 327 
generators in the Polish power system are increased by 2 
times and 5 times, respectively. Fig. 15 shows the time 
intervals of 4-order CF-SAS for Case III-A (original H), 
Case III-B (2 original H) and Case III-C (5 original H). 
It can be noticed that, for the same power system with 

different dynamic parameters, the bigger the inertias, the 
longer time intervals. 

In this study, simulation speeds are compared using 
MATLAB. Future work includes the development of this 
approach directly using C codes, to further accelerate the 
simulation speed. 

VI.  CONCLUSION 

This paper proposes a fast dynamic simulation approach 
for general power system DAE equations. The SASs of 
power system DEs are developed offline and a partitioned 
dynamic bus method is adopted to generalize the SAS 
approach to DAEs, suitable for large-scale power systems. 
During online stage, CF-SAS is proposed to extend the 
ROC of the SASs. Compared with the conventional PS-
SAS, the proposed CF-SAS has better computational 
performance by extending the time interval and improving 
the online simulation speed. A priori error bound of the 
continued fractions is also proposed to efficiently estimate 
the maximum error of all the state variables. An adaptive 
time interval based on prior error bound is also proposed to 
guarantee the accuracy of the analytical solution. Compared 
with the conventional numerical integration methods, the 
proposed CF-SAS has advantages in simulation speed and 
suitability for parallel computation. 

APPENDIX 

A. Proof of Error Bound of Continued Fractions 

Proof: Set the error bound of the mth approximant |f(ρ)-
fm(ρ)|≤1/dm+1, where convergence radius dm with variant m 
belongs to a sequence about convergence radius (dm>0), 
which monotonically increases with m and set as the 
quadratic function regarding |wm|. The numerator and 
denominator multiply d1-dm at the same time, so (28) is 
obtained. 

11

1 2 1

1
( ) ( ) m m

m
m m

d dd
f f

d d d d
  



        (28) 

From (24), it can be derived that wm = 1 + (cm+1,0ρ)/wm+1, 
so 

2

11 m m mm

m m m

w wd

d w



 




       (29) 

where σm and τm are parameters of dm regarding wm. 
Define two new real variables ξ and λ, subjecting to ξ := 

wm/σm and λ := σmτm+1 = 1/4cm,0ρ. Then,  

 
2 2

11 :
1

m m mm

m m m

w wd

d w

    
 
  

  
 

    (30) 

with τm+1 = (1-σm)/cm,0ρ. 
The function on the right hand side of (30) is 

 
2+

=
-1

  


        (31) 

whose maximum occurs at 
* 11 1 2             (32) 

So that the maximum value of φ(ξ) from (30) is  
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     (33) 

Choose σm=1/2 and note that d1 =1/(2c1,0ρ). Then, (25) is 
proven by combining (33) regarding all orders from 1/d1 to 
dm/dm+1 in (28). ■ 
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