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a b s t r a c t

Critical Load Levels (CLLs) are load levels at which a new binding or non-binding constraint occurs. Suc-
cessful prediction of CLLs is very useful for identifying congestion and price change patterns. This paper
extends the existing work to completely solve the problem of predicting the Previous CLL and Next CLL
around the present operating point for an AC Optimal Power Flow (ACOPF) framework. First, quadratic
variation patterns of system statuses such as generator dispatches, line flows, and Lagrange multipliers
associated with binding constraints with respect to load changes are revealed through a numerical study
of polynomial curve-fitting. Second, in order to reduce the intensive computation with the quadratic
curve-fitting approach in calculating the coefficients of the quadratic pattern, an algorithm based on
three-point quadratic extrapolation is presented to get the coefficients. A heuristic algorithm is intro-
duced to seek three load levels needed by the quadratic extrapolation approach. The proposed approach
can predict not only the CLLs, but also the important changes in system statuses such as new congestion
and congestion relief. The high efficiency and accuracy of the proposed approach is demonstrated on a
PJM 5-bus system and the IEEE 118-bus system.

! 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Power market participants are highly motivated to forecast
market prices and possible congestion in both long term and short
term horizons. Prediction of future variation patterns of electricity
prices and congestions helps market participants to develop strat-
egies for long-term contracts or short-term bids into day-ahead
and real-time markets. Also, a good understanding of how the var-
iation patterns are affected by key drivers such as load can poten-
tially help system operators develop appropriate load reduction
guidelines to effectively reduce system congestions when control-
lable loads are extensively implemented.

Many US power markets have considerable transmission con-
gestions that lead to economic inefficiency and widely varying
locational marginal prices (LMPs) at different buses [1]. For in-
stance, the total congestion cost in PJM Interconnection in the first
nine months of 2010 was $1141.6 million, a 110% increase from
$543.6 million for first nine months of 2009. Total congestion costs
have ranged from 3% to 9% of total PJM billing since 2003 [2]. Stud-
ies have shown LMP may exhibit radical pattern changes such as
step changes at certain system load levels where significant
changes of system statuses occur, specifically, a change in marginal
unit set and new congestion/relief [3–5]. Mathematically, a new

binding constraint and/or non-binding constraint emerge at those
load levels. These load levels are termed Critical Load Level (CLL).
For any given load level, the two closest CLLs to its left and right
on load axis are called Previous CLL and Next CLL, respectively.

Ref. [3] displays a curve of LMP versus system load where LMP
step change pattern at CLLs is demonstrated. This is further verified
with data from real operation as illustrated in Fig. 1, which shows a
LMP versus load levels graph based on 5-min data downloaded
from NYISO website. The data points represent LMP of CAPITAL
zone in NYISO from 10 to 11 AM on July 24, 2009 [6]. The data sug-
gest a step-change pattern of LMP, as illustrated by the dotted
curve, with respect to load change at load levels around
1568 MW and 1591 MW.

As CLLs are indicators of significant pattern change in system
statuses such as LMP, generation dispatch and congestion, it is of
high interest to predict CLLs for any given load variation pattern.
For instance, successful prediction of CLLs helps planners identify
the potential risk of having a higher-than-expected price, even if
the actual load is only slightly different from the forecasted value.
In addition, CLLs are very useful in sophisticated market analyses.
Refs. [7,8] have revealed respectively for DC-OPF and AC-OPF mod-
els that load forecasting errors have much greater impact on LMP
when forecasted load is near a CLL. Therefore, the prediction of
CLLs can be of great significance in market-based power system
planning and operation.

Additionally, through demand side management program
including industrial load shedding [9], prediction of critical load
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levels may also help in improving voltage security [10] and conges-
tion management [11].

Ref. [3] proposes a simplex-like method to efficiently identify
CLLs for a fully linearized, DCOPF-based dispatch model. Ref. [12]
employs variable substitution method to successfully identify CLLs
for nonlinear DC-OPF model where power losses are taken into ac-
count. Since ACOPF is a closer representation of the actual system,
one may desire to have a method for ACOPF dispatch model.
Researchers have utilized perturbation method to calculate incre-
mental changes of LMP with respect to infinitesimal load change
under ACOPF framework [13,14]. However, the thus computed
LMP sensitivity and generation dispatch sensitivity are only valid
for a sufficiently small change around that specific operating point.
As shown in Fig. 2, due to nonlinearity of the AC model, the sensi-
tivity at the present load level D0, shown as the slope of the tangen-
tial line in Fig. 2, cannot be applied over a wide range. Hence, it is
not advisable to apply the localized and linearized sensitivity to
predict the Previous and Next CLLs, i.e., load levels at points A
and B in Fig. 2, which may have different sensitivities from the
one at the present operating point in the nonlinear ACOPF model.

To find CLLs under nonlinear model, a straightforward, brute-
force approach is to repetitively run ACOPF at different load levels,
namely, enumerative ACOPF simulation. This is certainly not desir-
able, especially for short-term applications. Also, even for long
term application, this will be computationally problematic if multi-
ple load variation patterns with certain associated probability need
to be studied. This essentially adds another dimension of complex-
ity because multiple repetitive-ACOPF runs are needed. Hence, a
more efficient way is of high interest.

Ref. [15] proposes a three-point extrapolation method to
approximate the trajectories of generation dispatch and line flows

by quadratic polynomials. The polynomials are then extrapolated
to the limit of the non-binding constraints to identify new binding
constraints (i.e., new non-marginal unit and new congestion) and
the associated CLLs. However, the problem is only partially solved
because this method is not capable of locating CLLs resulting from
new non-binding constraints such as new marginal unit and new
congestion relief. For instance, the generation dispatch for non-
marginal units and flows on congested lines are constant and
therefore offer no clue as to when these binding constraints will
become non-binding.

This paper therefore expands the work in [15] to being capable
of locating all CLLs associated with either new binding constraint
or new non-binding constraint. The key improvement is to utilize
the Lagrange multipliers associated with binding constraints due
to their implication of how much the binding constraints are con-
strained. Numeric study will verify that the multiplier variation
pattern takes approximately quadratic form, similar to generation
dispatch and line flows. With the identified multiplier variation
pattern and Kuhn–Tucker optimality condition, we can predict
the load level where new non-binding constraint will occur, and
hence solve the complete problem of CLL prediction.

Moreover, in addition to being tested on the very small 5-bus
system as presented in [15], the expanded method will be tested
on a much larger system, the IEEE 118-bus test system to help
demonstrate the effectiveness of the method. Testing on a larger
system also helps to manifest quadratic characteristics of system
statuses such as some line flows, which is not evident in smaller
systems [15]. In addition, all loads are considered to be conforming
in [15]. In this paper, non-conforming load will be taken into con-
sideration. The test results will be presented for the 5-bus system
for illustration purpose.

This paper is organized as follows. First, to address the chal-
lenges of predicting the system statuses (prices, transmission con-
gestions, generation dispatch, etc.) under the ACOPF framework,
this paper applies polynomial curve-fitting to discover the qua-
dratic variation pattern of Lagrange multipliers associated with
binding constraints with respect to load changes, as well as those
of system statuses such as generator dispatches and line flows.
The analysis can be found in Section 2 and the numerical study
using polynomial curve-fitting approaches will be presented in
Section 3. In Section 4, an algorithm based on three-point quadratic
extrapolation method is reviewed and expanded, which can effec-
tively identify the coefficients of the quadratic patterns and corre-
spondingly predict the CLLs of the system associated with new
binding and non-binding constraints. Numerical results are pre-
sented in Section 5. Section 6 concludes the paper.

2. Polynomial curve-fitting for system statuses and lagrange
multipliers

2.1. System changes at CLLs

Generators can be classified into marginal units and non-mar-
ginal units, depending on whether a generation unit is dispatched
at its capacity limits. For a given system, the sets of marginal and
non-marginal units should remain the same if the system is
slightly perturbed around the initial operating point. For example,
when load changes, only the marginal units will adjust their out-
puts correspondingly if the change of load is small enough so that
none of the marginal units will reach its capacity limit. The load
change does not necessarily have to be small for the set of marginal
units being unchanged. In fact, when load varies between two
adjacent CLLs, there is no new binding constraint within this load
variation range [3]. Therefore, the set of marginal units and the
set of congested lines remain the same as those at the initial oper-
ating point.

Fig. 1. NYISO ‘‘CAPITAL’’ Zone LMP w.r.t. load based on LMP data from 10 to 11 AM
on July 24, 2009.
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Fig. 2. Illustration of nonlinear relation between system status versus system load
level.
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In the ACOPF framework, when load varies beyond the next or
previous critical load level from the present operating point, either
a non-binding constraint becomes active (or binding), or a binding
constraint becomes non-binding. For example, when a marginal
unit reaches its maximum generation capability because the sys-
tem load grows, the status of the unit changes from marginal
(non-binding) to non-marginal (binding). The load level corre-
sponding to the status change is a CLL. Similarly, a transmission
line flow may grow as the system load grows. The load level at
which the transmission constraint status changes from non-bind-
ing to binding is also a CLL. Therefore, CLLs indicate the location
of important changes of system status, such as, changes in
marginal unit or line congestion status. These changes reflect,
mathematically, the switch between binding constraints and
non-binding constraints.

The shift of a non-binding constraint to binding can be recog-
nized by monitoring the marginal unit generation and flows on
uncongested lines.

The shift of a binding constraint to non-binding can be identi-
fied by monitoring the Lagrange multipliers associated with the
binding constraint. These Lagrange multipliers are non-negative
and can be interpreted as the change of the objective function
when the constraint is relaxed by one unit, assuming that unit is
sufficiently small. It is also referred to as ‘‘shadow price’’ on that
constraint. By the Kuhn–Tucker optimality condition, if the La-
grange multiplier on a constraint is greater than zero, the con-
straint must be binding; if the Lagrange multiplier equals zero,
the constraint is non-binding (or slack). Therefore, the value of
the Lagrange multiplier on a binding constraint is a good indicator
of whether the constraint may be slack. It should be noted that in
this case, the binding (non-marginal) generation or the binding line
flow is not a good indicator because they are constant before
becoming non-binding as the system load varies. Hence, no varia-
tion pattern of the binding generation or line flow can be observed.
As a comparison, the Lagrange multipliers shall vary when the sys-
tem load changes.

In order to pinpoint the CLLs, we need to study how system sta-
tuses change with load variations. The system statuses of interest
include the generations of marginal units, flows through uncon-
gested transmission lines, Lagrange multipliers for lower and
upper bound of generation output limits, and Lagrange multipliers
on congested lines.

2.2. Variation pattern of system statuses

In [3], it is rigorously proved that for a lossless DCOPF simula-
tion model, generations of all the marginal units follow a linear
pattern with respect to load variation. However, for a more accu-
rate ACOPF framework, losses are not negligible and introduce
the challenge of nonlinearity. It is natural to bring up the following
question: What types of nonlinear pattern do the system statuses and
Lagrange multipliers follow with respect to load changes under an
ACOPF framework?

For power flow problem, there is a clear answer. It is however
much more difficult to explore the above question for OPF prob-
lems due to the complexity in the optimization process, as op-
posed to solving a system of nonlinear equations. In addition,
the question looks beyond load flow and other traditional power
system statuses, and it demands investigation on more sophisti-
cated statuses such as generation dispatch, shadow prices, con-
gestions, etc.

Ref. [16] proposes quadratic formula to approximate various
load flow variables including bus power injection, line flow and
losses. Numeric analysis showed the quadratic approximation
can achieve sufficiently high accuracy. Ref. [17] employs Taylor’s
expansion to power flow analysis and developed an incremental

power flow algorithm. Ref. [18] approximates power flow equa-
tions with quadratic functions and subsequently applied to opti-
mal power flow problem. Ref. [19] provides the proof for DC
optimal power flow that marginal unit generation follows exact
linear or quadratic functions. Although similarities have been
drawn between DCOPF and ACOPF with respect to economic dis-
patch and LMP calculation [5,20], the OPF variables are not
strictly quadratic functions and no such closed form proof can
be obtained.

In this paper we attempt to answer the aforementioned ques-
tion through numerical studies based on polynomial curve-fitting.
While more sophisticated pattern matching approaches could be
used, results will show the polynomial pattern is a sufficiently
close match to the trajectories of the system statuses.

2.3. Application of polynomial curve-fitting for system status

A typical ACOPF model can be formulated as

Min
X

CGi ! PGi ð1Þ

Subject to:

PGi $ PLi $ PðV ; hÞ ¼ 0 ðReal power balanceÞ ð2Þ

QGi $ Q Li $ QðV ; hÞ ¼ 0 ðReactive power balanceÞ ð3Þ

Fk 6 Fmax
k ðTransmission limitsÞ ð4Þ

Pmin
Gi 6 PGi 6 Pmax

Gi ðGen: real power limitsÞ ð5Þ

Qmin
Gi 6 Q Gi 6 Qmax

Gi ðGen: reactive power limitsÞ ð6Þ

Vmin
i 6 Vi 6 Vmax

i ðBus voltage limitsÞ ð7Þ

where CGi is per MW cost of generator Gi; PGi, QGi are real and reac-
tive output of generator Gi; Pmin

Gi ; Pmax
Gi are min and max limit of PGi;

Qmin
Gi ; Qmax

Gi are min and max limit of QGi; PLi, QLi are real and reactive
demand of load Li; Fk, Fmax

k are line flow and the transmission limit
at line k and Vmin

i ; Vmax
i are min and max voltage limit at bus i.

It should be noted that the objective function is the total cost of
generation. The MATPOWER package is employed to solve the
ACOPF problem [21]. With the solved ACOPF runs at sampling load
levels, we obtain the solution of marginal unit generation and line
flow, as well as the Lagrange multipliers on all binding constraints.
They are viewed as benchmark data and serve as the input for
polynomial curve-fitting.

Let the system statuses of interest be fitted by polynomial func-
tions as follows:

MGj ¼ an;jD
n þ an$1;jD

n$1 þ ' ' ' þ a1;jDþ a0;j; 8j 2MG ð8Þ

Fk ¼ bn;kDn þ bn$1;kDn$1 þ ' ' ' þ b1;kDþ b0;k; 8k 2UL ð9Þ

ls ¼ cn;sD
n þ cn$1;sD

n$1 þ ' ' ' þ c1;sDþ c0;s; 8s 2NG ð10Þ

v t ¼ dn;tD
n þ dn$1;tD

n$1 þ ' ' ' þ d1;tDþ d0;t ; 8t 2 CL ð11Þ

where MGj is the generation of marginal unit j; Fk is the line flow
through line k; ls is the Lagrange multiplier associated with either
the lower bound or upper bound generation output constraint of
non-marginal unit s; mt is the Lagrange multiplier associated with
flow constraint of congested line t; ai,j represents the ith degree
coefficient of the polynomial function of generation of marginal unit
j; bi,k represents the ith degree coefficient of the polynomial func-
tion of flow through uncongested line k; ci,s represents the ith de-
gree coefficient of the polynomial function of the Lagrange
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multiplier associated with generation output limit of non-marginal
unit s; di,t represents the ith degree coefficient of the polynomial
function of the Lagrange multiplier associated with flow limit of
congested line t; D is the total system load; n is the degree of the
polynomial function and MG, NG are the marginal and non-mar-
ginal unit sets, respectively; UL, CL represent uncongested and
congested lines, respectively.

MGj, Fk, ls and mt can be obtained from each ACOPF run. For the
jth marginal unit, a set of the generation data at m different load
levels are available from ACOPF runs. The corresponding curve-fit-
ting formulation is given as

MGð1Þj

MGð2Þj

..

.

..

.

MGðmÞj

2

66666666664

3

77777777775

¼

ðDð1ÞÞn ðDð1ÞÞn$1 ' ' 'Dð1Þ 1

ðDð2ÞÞn ðDð2ÞÞn$1 ' ' 'Dð2Þ 1

..

.

..

.

ðDðmÞÞn ðDðmÞÞn$1 ' ' 'DðmÞ 1

2

6666666664

3

7777777775

!

an;j

an$1;j

..

.

a0;j

2

666664

3

777775
ð12Þ

where the superscript in parenthesis, (i), represents the ith sam-
pling load level, i = 1, 2, . . . , m.

In matrix form, this can be written as

MGj ¼ A! aj ð13Þ

where MGj is an m ! 1 vector; A is an m ! (n + 1) matrix and aj is an
(n + 1) ! 1 vector. (Normally n is much less than m.)

The problem formulated in (13) has more known variables, MGj,
than unknowns, aj. Namely, there are redundant equations. Typi-
cally, Eq. (13) can be solved using least-square algorithms. The
curve-fitting problem for line flows and the Lagrange multipliers
can be formulated and solved in a similar way, and therefore, is
not repeated here.

3. Numeric study of polynomial curve-fitting

This section presents the numeric study results of polynomial
curve-fitting on benchmark data from the IEEE 118-bus system.
Results show that the benchmark data can be well approximated
by polynomial curve-fitting, with quadratic curve-fitting having
the least computational effort and sufficiently high accuracy.
Therefore, only the quadratic curve-fitting results are presented.
For illustrative purpose, load is assumed to follow a variation pat-
tern that loads increase proportionally to the base load at each load
bus. Other load change patterns can be defined and conveniently
employed.

The studied system consists of 118 buses, 54 generators and
186 branches. System total load is 4242 MW with 9966.2 MW total
generation capacity. It represents a portion of the power system in
the Midwestern US. The detailed system data are available in [22].
Settings on branch thermal limits and generator bidding data used
in [7] are adopted in this study. Five line limits are added into the
transmission system: 345 MW for line 69–77, 630 MW for line 68–
81, 106 MW for line 83–85 and 94–100, 230 MW for line 80–98.
The first 20 generators are the cheapest generators with bids from
$10 to $19.5 with $0.5 increment; the next more expensive 20 gen-
erators have bids from $30 to $49 with a $1 increment; and the
other most expensive 14 generators have bids from $70 to $83
with $1 increment.

The studied load range is from 4135.95 MW to 4242 MW,
namely, 0.975–1.0 p.u. of base load. The comparison of the bench-
mark data and quadratic curve-fitting results are shown only for
two selected system statuses for illustrative purpose. As depicted
in Figs. 3 and 4, the selected system statuses are the Lagrange mul-
tiplier of generation output lower bound limit of the non-marginal
unit #15 at Bus 32, and the line flow through line 61–62. It can be

clearly seen that quadratic curves fit the benchmark data very well.
It should be noted that this is true only when the studied load
range is within two adjacent critical load levels. Otherwise, step
changes will occur and a different quadratic form will take place
beyond the step change point.

The polynomial coefficients of the quadratic curve-fitting for
the two selected system statuses are shown in Table 1. In some
cases, the contribution of the quadratic term is close in magnitude
to that of the other terms for the loads of interest.

From Fig. 4 it can be seen by visual inspection that the line flow
benchmark data constitute a nonlinear curve, and can be well fit-
ted by a quadratic curve. The sum of squared error (SSE) and R-
squared for quadratic curve-fitting model are 2.694 ! 10$6 and
1.0, respectively, which are superior to 0.03672 and 0.72 for the
linear model. Hence, in general it is not advisable to use a simple
linear approximation under the ACOPF framework. Furthermore,
quadratic curve-fitting has been verified to be a good approxima-
tion for other system statuses of interest through extensive simu-
lations on various operating scenarios. They are not detailed here
due to space limitation.

4. Three-point quadratic extrapolation method

The curve-fitting results in Section 3 are encouraging since the
variations with respect to load changes demonstrate a nearly exact
quadratic pattern within two adjacent CLLs and hence facilitate
prediction of CLLs. However, it is not practically useful because it
involves a number of ACOPF simulations at different load levels
to get the benchmark data for curve-fitting. Therefore, a practical
approach requiring much less computational efforts is needed. In
this section, a three-point quadratic extrapolation method based
on the one proposed in [15] is employed. The method is expanded
to include Lagrange multipliers associated with binding constraints
in order to locate CLLs resulting from binding constraint becoming
non-binding.

The process is schematically illustrated in Fig. 5. As shown in
the figure, an initial ACOPF is run at the present load level of inter-
est. Then, ACOPF runs can be performed at two load levels (D1 and
D2 in Fig. 2), which are expected to be within the same two adja-
cent CLLs as the present load level D0. If not, adjustment can be
made to D1 and D2. Then, system statuses such as marginal unit
generation dispatch, line flows, and Lagrange multipliers associ-
ated with binding constraints can be approximated by some ana-
lytical functions of the system load through extrapolation using
ACOPF results at D0, D1, and D2. Fortunately, the numerical study
via curve-fitting technique has shown that a quadratic-form func-
tion is sufficiently accurate for approximation purpose. As such,
only three points are needed to interpolate the generation output
versus load level, as shown in Fig. 5. Other system outcomes such
as LMPs can be subsequently calculated from the marginal unit
generation sensitivity versus system load, and marginal unit
costs/offers.

The basic idea is to solve an ACOPF at three different load levels
and apply quadratic extrapolation using the benchmark data at
these three load levels. The crucial problem here is to ensure that
all the three load levels are within two adjacent CLLs so that there
will be no change in the variation pattern of system statuses and
Lagrange multipliers. To locate three load levels satisfying this
requirement, an empirical setting or a DCOPF-based approach
may offer assistance.

4.1. Seeking three load levels for quadratic extrapolation

The detailed procedure of obtaining the three load levels are
presented as follows:
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(1) The load level of the initial operating point is taken as the
first load level, denoted by D(0).

(2) Obtain an initial estimate for the second load level Dð1Þguess. For
example, D(0) + e, or, D(0) $ e, where e is a very small positive
number in MW or per unit.

(3) Run ACOPF at Dð1Þguess, and examine the marginal unit set and
congested line set. If they are the same as those at the first
load level D(0), then Dð1Þguess is selected as the second load level,
denoted byD(1), and go to (5); otherwise, go to (4).

(4) Set Dð0Þ þ ðDð1Þguess $ Dð0ÞÞ=2 as the new Dð1Þguess, go to (3).
(5) Take ðDð0Þ þ Dð1ÞÞ=2 as the third load level, denoted by D(2).

In step 2, e could be empirically determined. For small and med-
ium sized systems, 0.005 p.u. is normally a feasible choice. For
large systems with enormous generators and potential conges-
tions, some CLLs could be extremely close due to more frequent
switch of marginal unit statuses. In this case, e may need to be

chosen even smaller, such as 0.0005 p.u. In practice, e can be cho-
sen to be arbitrarily small as long as it distinguishes from numeric
errors and creates material change in dispatch.

Another approach to select Dð1Þguess is to use assistance from
DCOPF-based algorithms, since the DCOPF model may produce
the same binding constraint set as its ACOPF counterpart for a large
portion of the load levels [5,20]. For instance, Dð1Þguess can be set as the
estimated critical load level in load growth direction, denoted by
Dcritical
þ , by solving a DCOPF-based congestion prediction at the ini-

tial operating point [3]. Downscaling of Dcritical
þ may be needed to in-

crease the possibility that it is less than the actual Next CLL.
In many cases, the first attempt of Dð1Þguess as obtained in step 2

will qualify for the second load level. Hence in step 3, only one
additional ACOPF run is performed for verification purpose. In
the event that Dð1Þguess obtained in step 2 lies beyond the next (or pre-
vious) critical load level, Dð1Þguess will be updated iteratively towards
D(0) using efficient binary search algorithm. The above process is
highly robust and efficient and normally only a few additional
ACOPF runs are needed even in the worst case.

4.2. Three-point quadratic extrapolation for system statuses and
Lagrange multipliers

The ACOPF results for the first load level is intended to be an in-
put to extrapolation, and the ACOPF run for the second load level is
done during the search for the three load levels. Therefore, one
more ACOPF run needs to be performed at the third load level.

With ACOPF results at all three load levels, quadratic extrapola-
tion will be performed on each system status of interest. Consider-
ing the generation of marginal unit j as an example, (13) can be
rewritten as

MGj ¼ A! !aj ð14Þ

where MGj is a 3 ! 1 vector; A is a 3 ! 3 matrix; and !aj is a 3 ! 1
vector. It is apparent that the coefficients !aj are uniquely
determined.

It should be noted that with a good initial guess, quadratic
extrapolation requires only two additional ACOPF runs and can
be solved very efficiently. In contrast, quadratic curve-fitting needs
much more additional ACOPF runs.

4.3. Prediction of critical load levels

With the knowledge of how the system will change with re-
spect to load variation, which has been shown to follow the qua-
dratic patterns, it is easy to forecast the critical load levels as
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Fig. 3. Quadratic curve-fitting results, the benchmark data, and their differences of Lagrange multiplier on lower bound generation output limit of non-marginal unit at Bus
32 for the IEEE 118-bus system.
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Fig. 4. Quadratic curve-fitting results, the benchmark data, and their differences of
the line flow through line 61–62 for the IEEE 118-bus system.

Table 1
Polynomial coefficients of the quadratic curve-fitting results for the two selected
system statuses for the IEEE 118-bus system.

Polynomial
coefficients

Lagrange multiplier of non-marginal
unit #15 at Bus 32

Line flow through
line 61–62

Second order
(MW$1)

$5.590 ! 10$09 5.820 ! 10$05

First order $2.029 ! 10$04 $0.4846
Constant (MW) 0.9863 1033.8954
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load increases or decreases. Let DDRjub
j ðDDRjlbj Þ represent the mini-

mum system load change from the initial operating point till the
upper (lower) limit of marginal unit j is reached. Similarly, let
DDRjub

k ðDDRjlbk Þ represent the minimum load change from initial
operating point till the kth transmission line reaches its limit in
the positive (negative) direction. Let DDRjls represent the minimum
load change till the Lagrange multiplier on the lower or upper
bound of non-marginal unit s reaches zero. Let DDRjmt represent
the minimum load change till the Lagrange multiplier on the con-
straint of congested line t reaches zero.

Then, these load variations DDRjub
j ;DDRjlbj ;DDRjub

k ;DDRjlbk ;DDRjls
and DDRjmt can be obtained by solving the following quadratic
equations:.

a2;jðDð0ÞR þ DDRjub
j Þ

2 þ a1;jðDð0ÞR þ DDRjub
j Þ þ a0;j ¼ MGmax

j ; 8j 2MG

ð15Þ

a2;jðDð0ÞR þ DDRjlbj Þ
2 þ a1;jðDð0ÞR þ DDRjlbj Þ þ a0;j ¼ MGmin

j ; 8j 2MG

ð16Þ

b2;kðDð0ÞR þ DDRjub
k Þ

2 þ b1;kðDð0ÞR þ DDRjub
k Þ þ b0;k ¼ Fmax

k ; 8k 2 UL

ð17Þ

b2;kðDð0ÞR þ DDRjlbk Þ
2 þ b1;kðDð0ÞR þ DDRjlbk Þ þ b0;k ¼ $Fmax

k ; 8k 2UL

ð18Þ

c2;sðDð0ÞR þ DDRjls Þ
2 þ c1;sðDð0ÞR þ DDRjls Þ þ c0;s ¼ 0; 8s 2NG ð19Þ

d2;tðDð0ÞR þ DDRjmt Þ
2 þ d1;tðDð0ÞR þ DDRjmt Þ þ c0;s ¼ 0; 8t 2 CL ð20Þ

where MGmax
j and MGmin

j are maximum and minimum generation
capacity of marginal unit j and Fmax

k is the thermal limit of line k.
Further, these load variations will determine the margin from

the present load level to the nearest load level where there is a
change of binding constraints. The load variation margin in posi-
tive and negative directions are defined, respectively, as

DDmargin
Rþ ¼ min

j2MG;k2UL;s2NG;t2CL;DDRP0
fDDRjub

j ;DDRjlbj ;DDRjub
k ;DDRjlbk ;DDRjls ;DDRjmt g

ð21Þ

DDmargin
R$ ¼ min

j2MG;k2UL;s2NG;t2CL;DDR<0
fDDRjub

j ;DDRjlbj ;DDRjub
k ;DDRjlbk ;DDRjls ;DDRjmt g

ð22Þ

Once the margin is determined, the new binding constraint,
either generation or transmission, is identified simultaneously.
For instance, when a transmission line constraint becomes binding,
new congestion is identified. Thus, this important information can
be easily obtained without doing exhaustive simulations on all
load levels.

Finally, the previous and next critical load levels are determined
by

DR$ ¼ Dð0ÞR þ DDm arg in
R$ ð23Þ

DRþ ¼ Dð0ÞR þ DDm arg in
Rþ ð24Þ

where DR$ and DRþ are previous and next critical load levels respec-
tively and Dð0ÞR is the present load level.

It should be noted that, in addition to the estimation of the Pre-
vious and Next CLLs, the proposed method can simultaneously give
prediction on when a non-binding constraint will become binding
and when a binding constraint will become non-binding. For in-
stance, at a CLL, generator capacity or transmission line flow con-
straint may reach the limit and therefore become binding
constraint. Likewise, a congested transmission line may be relieved
and subsequently its line flow constraint becomes non-binding.

5. Case study of prediction of critical load levels

In this section, the proposed approach of predicting critical load
levels, which employs three-point quadratic extrapolation, will be
tested on a modified PJM 5-bus system and the IEEE 118-bus
system. Prediction results will be compared with those utilizing
quadratic curve-fitting. In addition, the predicted previous and

Run ACOPF at present load level of interest D0

Run ACOPF at these two load levels 

Find two load levels expected to be in the same 
CLL range as D0

Two load levels within the same 
CLL range as D0?

Yes No

Adjust the two load levels 

Identify the coefficients of the quadratic function  of 
system statuses versus load using a 3-point 

interpolation  

Find the next and previous CLLs using the 
quadratic relationship 

Predict system statuses, LMP and congestion at 
projected load levels 

Fig. 5. A high-level illustration of the three-point quadratic extrapolation method.
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next critical load levels will be compared with benchmark data ob-
tained from enumerative simulation.

5.1. Results for the PJM 5-bus system

The first test system is the small, yet realistic PJM 5-bus system
[23] with modifications as detailed in [3]. The base case one-line
diagram of the system is shown in Fig. 6. All loads are assumed
to have a 0.95 lagging power factor. The generators are assumed
to have a uniform reactive power limit of 150 MVar capacitive to
150 MVar inductive for illustrative purposes. This is selected such
that the ACOPF can successfully run through a wide range of load
levels.

In this study, let load at bus C be non-conforming load, and load
at other buses be conforming loads. For any incremental 1 MW in-
crease in total system load, the MW increase at each load bus is the
participation factor and listed in Table 2.

It should be noted that, by defining such load participation fac-
tor, we can focus on total system load, instead of individual bus
load, which helps to present the whole picture of the variation pat-
terns of Lagrange multipliers and system statuses with respect to
load change. One can certainly define different participation factors
to investigate different scenarios. In practice, the load bus partici-
pation factor at each bus can be defined as the ratio of the load
change at a bus to the total system load change between given
operating point and a forecasted operating point. Utilization of
pre-determined load variation pattern has been widely employed
in academic and industry practices such as continuation power
flow, power transfer capability analysis, and long-term economic
transmission planning.

For notational convenience, generators Alta, Park City, Solitude,
Sundance, and Brighton are numbered from 1 through 5, respec-
tively. The study is performed at the 900 MW load level, namely,
1.0 p.u. of base-case. In this case, there are two marginal units, Sun-
dance at Bus 4 and Brighton at Bus 5, and line ED is congested. For
quadratic curve-fitting, ACOPF simulations are performed on ele-
ven load levels evenly distributed between 900 MW and 915 MW.

Table 3 shows the load variation distances calculated by the
quadratic curve-fitting approach as introduced in Section 2, and
by the three-point quadratic extrapolation approach as presented
in Section 4, respectively. The numbers in bold font in Table 3
are actually the load variation margins from the present load level.

Fig. 6. The base case modified from the PJM five-bus system.

Table 2
Load variation pattern for the PJM 5-bus system with non-conforming load at bus C.

Bus B C D

Participation factor 0.5 0 0.5

Table 3
Load margins from the present operating point for the PJM 5-bus system.

Load variation
(MW)

Quadratic curve-fitting
approach

Quadratic extrapolation
approach

DDRjub
4

103.26 103.26

DDRjub
5

94.73 94.73

DDRjlb4 $153.40 $153.40

DDRjlb5 2598.57 $2598.54

DDRjub
lineAB

28.34 28.34

DDRjub
lineAD

$16,182.44 $16,185.91

DDRjub
lineAE

2542.90 2542.29

DDRjub
lineBC

$1828.54 $1833.97

DDRjub
lineCD

2992.95 2991.70

DDRjlblineAB
$3232.65 $3232.94

DDRjlblineAD
32,796.86 32,764.98

DDRjlblineAE
N/A N/A

DDRjlblineBC
N/A N/A

DDRjlblineCD
$8836.09 $8906.47

DDRjl1 13141.98 13143.73

DDRjl2 8641.48 8642.61

DDRjl3 5787.42 5788.98

DDRjmlineDE 38138.98 38151.05

Note: N/A represents no solution for Eqs. (15)–(20).

Table 4
Previous and next critical load levels for the PJM 5-bus system.

CLL
(MW)

Quadratic
curve-fitting
approach

Quadratic
extrapolation
approach

From actual
enumerative
simulation

New event

DR+ 928.34 928.34 928.34 Line AB
binding

DR$ 746.60 746.60 746.60 Generator
Sundance
binding

Table 5
Polynomial coefficients of the generation of marginal unit Sundance from quadratic
curve-fitting and quadratic interpolation approaches for the PJM 5-bus system.

Polynomial
coefficients

Quadratic curve-fitting
approach

Quadratic extrapolation
approach

a2 (MW$1) 2.4503 ! 10$6 2.4497 ! 10$6

a1 0.7750 0.7750
a0 (MW) $579.9477 $579.9482

Table 6
Previous and next critical load levels from present operating point for IEEE 118-bus
system.

CLL
(MW)

Quadratic
curve-fitting
approach

Quadratic
extrapolation
approach

From actual
enumerative
simulation

New event

DR+ 4340 4340 4342 Generator at
Bus 32 non-
binding

DR$ 4136 4136 4135 Generator at
Bus 110
binding
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It should be noted that, although a quadratic equation as formu-
lated in Eqs. (15)–(20) may produce two real roots, only the root
with the smallest absolute value is shown in Table 3 because the
other value generally turns out to be an unreasonable solution.

The predicted previous and next critical load levels are com-
pared with actual values obtained from enumerative ACOPF simu-
lation, as shown in Table 4.

From Tables 3 and 4, it can be seen that line AB will reach its
limit in the positive direction if the system load increases by
28.34 MW from the present load level. In other words, the con-
straint for line AB will be binding, and the system will have one
additional congestion. This is the first change of binding con-
straints with load increase. In the case of load decrease, the first
change of binding constraints will occur when load decreases by
153.40 MW, at which point the marginal unit Sundance at Bus D
will reach its generation lower limit and is no longer a marginal
unit. At this load level, the Park City unit will become a marginal
unit but Line ED remains congested.

Tables 3 and 4 show that prediction results obtained from qua-
dratic curve-fitting and quadratic extrapolation methods are al-
most identical and also match the benchmark results precisely.
This demonstrates that the quadratic extrapolation method suc-
cessfully achieves the desired results while greatly reducing the
computational effort.

The reason for the good results in Table 4 lies in the fact that the
calculated polynomial coefficients from both approximation ap-
proaches are numerically very close. As an example, Table 5 shows
the nearly identical coefficients of the polynomial function for
marginal unit Sundance for both approaches.

5.2. Results for the IEEE 118-bus system

The study on the IEEE 118-bus system is performed at load level
4135.95 MW, namely, 0.975 p.u. of base case load. In this case,
there are eight marginal units and two congested lines. For qua-
dratic curve-fitting, ACOPF simulations are conducted on eleven
load levels evenly distributed between 4135.95 MW and
4242 MW.

For conciseness, the detailed results of load variation distances
for each system state of interest will not be given in the paper. The
critical load levels are presented in Table 6.

Once again, Table 6 demonstrates that both quadratic curve-fit-
ting and quadratic extrapolation approach give highly accurate re-
sults when compared with results obtained from enumerative
simulation. Specifically, when the load increases from present
operating point, the Lagrange multiplier on generation output low-
er bound limit of non-marginal unit at Bus 32 decreases in a qua-
dratic matter. Following this pattern, the Lagrange multiplier is
expected to reach zero at load level 4340 MW, which differs from
the actual CLL by only 2 MW.

In the studied case, 11 load levels are chosen to perform curve-
fitting. Quadratic curve-fitting approach therefore requires at least
10 ACOPF runs at selected load levels other than the initial operat-
ing point, while quadratic extrapolation approach typically
requires only two additional ACOPF runs so the quadratic extrapo-
lation approach is about five times faster in this specific case. In
general, the quadratic extrapolation method is a computationally
efficient approach and produces highly reliable results, and
therefore bears the potential to be employed in real applications
to predict critical load levels.

6. Conclusions and discussions

This paper firstly analyzes the feasibility of predicting Critical
Load Levels (CLLs) by estimation of system statuses including the
marginal unit generation, uncongested line flow, and Lagrange

multipliers associated with binding constraints. Polynomial
curve-fitting is then applied to identify the variation patterns of
the system statuses and Lagrange multipliers with respect to sys-
tem load changes. Numerical studies on the IEEE 118-bus system
show that both system statuses and Lagrange multipliers follow
a nearly exact polynomial pattern. In particular, a quadratic poly-
nomial is recommended because it gives adequate accuracy and re-
quires less computation than higher order curve-fitting.

Next, a three-point quadratic extrapolation based approach is
presented in order to further reduce the computational efforts.
The approach needs ACOPF solutions at three load levels to per-
form the calculation. A heuristic algorithm of seeking these three
load levels within two adjacent CLLs is presented, in which an esti-
mated CLL obtained from DCOPF may serve as an initial guess for
the search. Then, the approach of predicting CLLs which employs
the quadratic pattern of system statuses and Lagrange multipliers
is presented.

Last, the proposed approach using 3-point quadratic extrapola-
tion is compared with the approach employing quadratic curve-fit-
ting. Both approaches are tested on a PJM 5-bus system and the
IEEE 118-bus system. Results show that the polynomial coeffi-
cients calculated from 3-point quadratic extrapolation are nearly
identical to those obtained from quadratic curve-fitting. The re-
sults of predicted CLLs are also verified to be sufficiently close to
the actual values obtained from enumerative ACOPF simulations.
In addition to the prediction of CLLs, new binding constraint such
as new congestion and new non-binding constraints can be identi-
fied simultaneously.

For market participants, the proposed method for efficient CLL
prediction can be applied for short-term planning and long-term
planning, especially when multiple (chronological) repetitive-
ACOPF runs are needed to evaluate possible different load variation
scenarios. For system operators, the efficient CLL prediction can be
potentially applied for effective load control considering conges-
tion relief and price reduction. The computational efficiency of
the proposed method may also enable system operator to be more
proactive in operation by quickly providing estimation of future
system statuses and the margin to a significant change of the sys-
tem statuses.

The proposed method assumes the availability of data such as
unit heat rate or offer, ramp rate, transmission data and con-
straints. ISOs/RTOs are well positioned to have access to all these
information. For market participants, only a small portion of the
information is immediately available. The rest of the information
may be collected from public domain including FERC, NERC, EIA,
and ISO OASIS. Majority of the data for planning purposes can also
be obtained by purchasing commercial database/software such as
Ventyx Velocity Suite/PROMOD, ABB GridView, and GE MAPS. All
these data combined can provide a very comprehensive look at
the US power system for planning purposes.

Future work may include the evaluation of the impacts of reac-
tive power and voltages on the prediction of CLLs, as well as the
impact of inaccurate or missing data. The proposed method may
also be evaluated on reduced network model (e.g., zonal model),
given publicly available information of binding constraints.

Disclaimer

R. Bo would like to disclaim that the points presented in this pa-
per represent his own viewpoints, and are not intended in any way
to convey any position, policy, or opinion of his employer.
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