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Abstract—This paper presents a review of the recent 
developments in Boundary Load Flow and its application. The 
BLF is a method that finds accurate load flow solutions when 
uncertain nodal powers are given as fuzzy/interval numbers. The 
results obtained from the BLF can be aggregated in a form of 
system inadequacy indices. Such indices are to be used in risk 
assessment, an essential part of the decision making process. 
Numerical results from IEEE 118-bus test system are presented 
that show the feasibility of the approach. 
 

Index Terms — Continuation power flow, Fuzzy sets, interval 
arithmetic, load flow analysis, power system planning, risk 
assessment, uncertainty. 

I.  INTRODUCTION 
HE load flow is perhaps the most fundamental tool for 
understanding power system performance, so much so 

that the standard formulation is taken as axiomatic. Yet, there 
are numerous assumptions in the load flow model that does 
not reflect the actual system and does not accurately represent 
the actual network flows and voltages. Conceptually, the 
standard load flow methodology provides a misleadingly 
precise answer arising from a static snapshot solution of a 
dynamic system assuming perfect knowledge of the network 
parameters, loading and generation set points. Solutions are 
then used to make a variety of decisions in planning and 
operations. This paper argues that more effective engineering 
decisions can be reached by carrying through the 
approximations and uncertainties to the load flow solution, 
thus, allowing the decision-maker to understand more fully the 
implications of any design or operational decision. 

The most common load flow approach, referred to here as a 
deterministic load flow (DLF), requires precise or ‘crisp’ 
values chosen by the analyst for each input variable. The 
solution provides precise network voltages and flows through 
each line. The specified values rest upon assumptions about 
the operating condition derived from historical measurements 
or predictions about future conditions and thus, cannot be 
considered accurate. Even in the case where the inputs are 
based on measurements, inaccuracies arise from time-skew 
problems, three-phase unbalance, static modeling 
approximations of dynamic components (e.g., transformer tap 
changers), variations in line parameters, and so on. The advent 
of deregulation and competitive power markets will only 
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exacerbate this problem as well-known generation patterns 
change, loading becomes less predictable and the transmission 
paths grow more diverse. 

Power engineers, of course, have long recognized the 
importance of these uncertainties and the need for alternative 
approaches. At a minimum, engineers will run numerous 
studies varying a few parameters or operating conditions to 
obtain a better feel for system performance. More 
systematically, the probabilistic load flow (PLF) was proposed 
three decades ago  [1] and has since been extended by several 
others  [2]- [6]. The PLF considers load and generation as 
random variables with probability distributions. The output 
variables, i.e., voltages and power flows, are then random 
variables with the probability distributions obtained using 
probabilistic techniques. PLF solutions are typically obtained 
using a linearized model because of the complexity introduced 
by using random variables. Alternatively, one can employ 
Monte Carlo Simulation (MCS) as in  [5] but this is generally 
too expensive computationally. More importantly, the 
probability distributions of the inputs are difficult to justify 
and appropriate statistics are rarely available.  

Recently, a second family of load flow approaches has 
arisen based on fuzzy sets (e.g.,  [7]- [9]), termed here Fuzzy 
Load Flow (FLF). This approach models uncertainties as 
imprecise, or vague, information about the inputs. This is a 
more intuitive model of the uncertainty and one, which can 
more easily incorporate expert knowledge of the system. This 
approach represents input variables as fuzzy numbers (FNs), 
which are normalized convex fuzzy sets in real number space. 
Since convolution is not needed, the calculations in fuzzy 
analysis are somewhat simpler. Still, a linearized model is 
used since the computations are far too complex to be applied 
directly to the full system model. A related approach to the 
FLF, essentially a special case, based on interval arithmetic 
was proposed in  [10]. Many of the FLF approaches result in 
excessive or distorted uncertainty and solutions are usually not 
very usable for practical purposes. 

The boundary load flow (BLF) approach followed in our 
work deals with uncertain input variables modeled as 
fuzzy/interval numbers. It follows the concept presented in the 
context of PLF  [4] and develops a methodology where an 
accurate solution for a non-statistical interval load flow is 
obtainable from multiple ordinary ‘crisp’ load flow solutions 
 [11]. In this paper, we summarize our results in this area, 
including results related to slack bus treatment, and extend the 
concepts to applications of the BLF. We also consider its 
relationship to the continuation power flow (CPF) used for 
understanding flow limits, since both methods consider 
different aspects of the overall problem of system viability. 
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We present some numerical results to show the feasibility of 
our approach. 

II.  POWER FLOW REVIEW 
The well-known power flow equations are revisited here to 
highlight the assumptions and inherent limitations of the 
standard power flow algorithm. The standard form of the load 
flow equations in rectangular form is  [12]: 
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where i and j are bus indices, Pi is the net real power injection, 
Qi is the net reactive power injection, Yij is the magnitude and 
γij  the angle of the i-jth element of the admittance matrix, and 
Vi is the magnitude and δi the phase angle of the voltage. The 
inherent assumptions in these equations include: 
 
• the system is in the steady-state so that frequency and the 

voltage are constant, 
• the real and reactive power demands are known and 

specified precisely, 
• the real power injection and voltage magnitude of 

generators are fixed,  
• the three phase system is balanced, and 
• the network topology and impedances are known 

precisely. 
 
Of course, none of these assumptions hold in practice, at 

least not in the strict sense. The most troublesome of these 
assumptions, as with many power system problems, is 
properly characterizing the load. In general, loads depend on 
various parameters, they are voltage and frequency dependent 
and have their own dynamics. They are also never perfectly 
balanced in three phase systems. These are important issues 
for a practical load flow algorithm as discussed below. When 
static conditions are considered, as in this paper, the usual 
assumption is that the loads are balanced and fixed unless 
some specific information is known about the particular load 
to indicate its voltage dependency. 

For expansion planning studies, the loading conditions are 
assumed based on historical conditions and assumptions about 
load growth. The emphasis is usually on heavy loads because 
if the system is able to satisfy such conditions it will generally 
be able to satisfy other, lighter, loads. For operations planning, 
the emphasis is on the expected load conditions which may 
come from the state estimator and/or short-term load forecasts. 
They include specific information such as weather conditions, 
upcoming, etc. In both cases, however, loads are uncertain. 

Separating the unknown variables, we will express the load 
flow problem by the following two sets of nonlinear 
equations: 

)(XY g=               (3) 

)(XZ h=               (4) 

where X is the vector of unknown state variables (voltage 

magnitudes and angles at PQ buses; and voltage angles and 
reactive power outputs at PV buses), Y is the vector of 
predefined input variables (real and reactive injected nodal 
powers at PQ buses; and voltage magnitudes and real power 
outputs at PV buses), Z is the vector of unknown output 
variables (real and reactive power flows in the network 
elements), and g and h are the load flow functions. 

Because X cannot be explicitly expressed in terms of Y, 
solutions to (3) must be found by an iterative process. Given 
X, the solution of (4) is straightforward. In a DLF at iteration 
i, the error is calculated as: 

YXY −=∆ )( ii g            (5) 

If a Newton-Raphson (N-R) based scheme is used, (3) is 
linearized around iX and the next iteration is found by: 

iiii YKXX ∆−=+1           (6) 

where )(1 i
g

i XJK −= is the inverse Jacobian of g evaluated at 
iX . In the simplest case, the iteration process then continues 

with the new point 1+iX continuing until some convergence 
criterion is met or the number of iterations exceeds some 
predefined value. To observe how Z varies with iterations, we 
may also linearize (4) and substitute from (6) to find: 

iiiiiii YLYKSZZ ∆=∆−=−+1
      (7) 

where )(1 i
h

i XJS −=  is the Jacobian of h evaluated at iX . The 
matrix Li is a sensitivity coefficient matrix that will not be 
used to update Z at each iteration, but rather to determine the 
range for the outputs. 

A.  Robust Load Flow Algorithms 
For large system solutions, a number of enhancements are 

needed to enhance the basic formulation and the N-R 
algorithm. Our objective in this paper is to extend the standard 
load flow to include uncertainties and the possibility of 
extreme load flow conditions. In order do so and reach 
computationally efficient solutions, one must understand the 
methods used in a practical load flow algorithm. In the 
following, several of the difficulties for power flow solutions 
are revisited. Many of these techniques are well known (e.g., 
 [13]) by the engineers who implement these algorithms but it 
is difficult to find detailed description in the literature and so it 
is reviewed here. 

• Dimensionality – It is routine to need to solve systems of 
tens of thousands of buses. Sparsity techniques must be 
used to allow efficient computation. Moreover, the 
probability of data errors increases dramatically with 
system size. We do not specifically address data errors in 
our approach but just note that it is a serious concern with 
very large system models.  

• Control system models – The load flow does not explicitly 
model control devices but such devices greatly influence 
the solution point. One common example is on-load tap 
changers. There is an adjustment in the form of a closed-
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loop error feedback which either changes the 
corresponding elements in the system admittance matrix 
or compensates the change by adjusting power injections 
accordingly. Another problematic control device is 
remote controlled voltage buses. The associated generator 
buses do not act as a classic PV bus and heuristics must 
be used to determine the appropriate set point for the 
relevant generators to prevent hunting. Such heuristics 
may include rules about the order of precedence and step 
sequence.  

• Generator reactive limits – As generators reach their 
reactive limits, they loose the ability to control voltage 
and no longer act as a PV bus. From the algorithm point-
of-view, the limits need to be imposed slowly to avoid 
“ringing” around the limit. This can usually be handled by 
imposing the limits only after several iterations and only 
on a subset of the affected generators until all limits are 
satisfied and the solution has converged. It should be 
noted that the generator reactive capability limits are not 
usually fully modeled in the load flow software and the 
limits may not be accurately known for many of the 
generator units.  

• Slack bus treatment – In the load flow model, the slack 
bus maintains generation and load balance. There is no 
slack bus in the physical system but rather Automatic 
Generation Control (AGC)  [14] controls this balance. In 
large systems, the slack bus should be treated as 
distributed to avoid impractical loading of the slack 
generator. This is particularly important in this work, as 
system feasibility cannot be maintained if all uncertainty 
is absorbed by a single slack bus. This is addressed in 
Section III. 

• Load characteristics – Voltage dependencies of the 
demand are often not modeled. This can be managed 
simply enough in the load flow algorithm by modifying 
the sensitivities but the voltage dependencies are not well 
known. There also exist slow control devices on the 
feeders that complicate the actual load response to voltage 
changes.  

• Three-phase unbalance – Although generally the high 
voltage network is more balanced than the distribution 
system, imbalances do exist. These arise not only from 
the load but also from transmission lines that are not fully 
transposed.  

 
We mention a simple modification of the basic N-R 

algorithm  [15] that can provide significantly improved 
robustness for a small computational overhead. A more 
complicated but similar approach has been proposed in  [17]. 
Consider the error associated with iteration i, iY∆ in (5): 

)()(
2
1 T iiie YY ∆∆=        (8) 

where (⋅)T denotes transposition. Now, if ei is minimized, the 
norm of iY∆ is simultaneously minimized. Clearly, the global 
minimum of ei is when the norm is zero, which is the solution 
point of (3). Then the update from (6), ii YK ∆− , is a descent 

direction for ei: 

0)()()())(( TT <∆∆−=∆−∆≈ iiiiii
g
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So ei must decrease along the update direction. Of course, this 
may not hold for the full N-R step, but for some intermediary 
values it must hold. So during each iteration, the full step is 
first attempted but if this does not decrease the ei, smaller step 
sizes are tried. A simple strategy of successively halving the 
steps as needed is used here. 

The sensitivities that can be computed from (6) and (7) 
give information on how the state and output variables change 
with changes in the input variables. If following either 
descending or ascending direction from the sensitivities it is 
possible to obtain their minimum or maximum values, 
respectively. This constitutes the foundation of the BLF. 

B.  Non-linear Boundary Load Flow  [11] 
The BLF finds ranges (intervals) of values for state and 

output variables, given the ranges (intervals) of values of input 
variables from their probability distributions. The results are 
then used to determine points of linearization for the load flow 
equations in order to improve the accuracy of the PLF 
solutions for the tails of the probability distributions. The 
authors have extended this to include non-linearities. Finding 
the boundary values in a load flow problem consists of 
locating the constrained extrema of implicitly defined vector 
functions of vector arguments. In our notation, we want to find 
the extreme values for the elements of X and Z in (3) and (4) 
in terms of the elements of Y, which are constrained. The 
partial derivatives of X and Z are readily available through the 
coefficient matrix Ki and Li. 

Extreme points (possibly local), i.e., the boundary points, 
of the state or output variable can be found by searching based 
on the direction of the gradients. Here, only the signs of the 
partial derivatives are used since our experience has shown 
that the values of these partials are not useful for determining 
the step length. An additional procedure is needed to maintain 
feasibility of the solution. The algorithm is briefly detailed in 
the following. 

Suppose that the minimum value of the scalar xi is sought. 
If the value of the ith-jth element of K, Kij, is positive 
(negative), then decrease (increase) yj. After repeating for all 
yj, we obtain a new vector of input variables Ybi, from which 
a new vector of state variables Xbi can be found. The subscript 
i indicates these boundary values are only for the variable xi. 
From this new load flow solution point (Xbi, Ybi), the above 
steps are repeated until one of the following is true for each 
input variable: 

• the partial derivative is positive and xi is at a minimum; 

• the partial derivative is zero. 

If the final condition does not hold for any of the variables, 
then xi is clearly at a point of constrained minimum. Because 
convexity cannot be guaranteed, this point may only be a local 
minimum. Still, our experience has shown that for a practical 
system, there are not numerous local minima.  
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If one or more of the partial derivates are zero, the solution 
point lies somewhere on the boundary surface. Such a point is 
either a local constrained extremum (either minimum or 
maximum) or a saddle point. Though it seems highly unlikely 
that proceeding in a downhill direction one will end up 
trapped in a local maximum or a saddle point, theoretically 
such a possibility exists. Accordingly, an approach than can be 
characterized as local search with memory is included. The 
previous value of xi is recorded and if xi fails to decrease, then 
different length steps are used. 

In the special theoretical case, when all the partial 
derivatives are zero, a solution cannot be obtained due to the 
singularity of the Jacobian. Singularity of the Jacobian may 
occur even if not all of the partial derivatives are zero. Such 
point typically indicates a point at or beyond some system 
flow limit, as in the nose of the P-V curve. This is addressed 
more carefully in the framework of a CPF in section E below.  

The procedure presented here is repeated for each state and 
output variable considered. Therefore, finding boundary 
values involves several load flow solutions for each variable 
and is computationally intensive. It is more efficient to 
introduce uncertainty over a particular study area and observe 
the resulting range of voltages and flows. Further, when 
considering boundary solutions for larger systems, one must 
carefully limit the uncertainty for each of the uncertain input 
variables involved. Even a small relative variation applied 
system-wide in an unbiased manner is likely to render the 
problem infeasible.  

C.  Relation to Fuzzy Load Flow Algorithms  [8] 
FNs can best represent the inputs when the uncertainty of 

input variables is of a non-statistical nature (which the authors 
believe is the most usual case). FNs are defined by normalized 
convex membership functions. A FN may also be considered 
as a set of nested intervals with an α−degree of possibility, 0 ≤ 
α ≤ 1. Each α corresponds to some ordinary interval number. 
From this viewpoint, interval numbers are simply special 
cases of fuzzy numbers. When performing numerical 
computations, the FNs are broken down into several intervals 
over which computations are carried out. The resultant FN is 
obtained by piecing together the resultant intervals. The 
interval computations consist of two or more ordinary, single 
point (‘crisp’) computations.  

The approach presented in  [8] uses a linearized load flow 
equations. The output is found simply by using the rules of 
fuzzy arithmetic  [16], which are based on interval operations 
for a given α. Typically, computations are performed only for 
two values of α (α = 0 and α = 1), and then assumes 
trapezoidal membership functions for the output variables. 
Results for the intermediary values of α are found by 
interpolation. The non-linear BLF developed by the authors 
can be applied for each of the different α-cuts to more 
accurately find the output FNs.  

D.  Relationship to Monte Carlo Simulation 
MCS is another feasible approach to obtaining boundary 

values for state and output variables. Through repetitive 
solutions of DLFs using randomly sampled values, typically 

assuming a uniform distribution, a distribution for the relevant 
variables can be found. Generally, MCS is not an efficient 
approach for finding the boundary solutions but may be useful 
for finding expected values. The non-linear BLF, similar to 
the linear BLF, can be used to improve the efficiency of 
finding the tales of the probability distributions. 

E.  Relationship to Continuation Power Flow  [18] 
The CPF is a method of finding a continuum of power flow 

solutions starting at some base load and leading to the steady 
state voltage stability limit of the system. By using an 
additional parameter, the so-called ‘continuation’ parameter, 
the Jacobian is made non-singular at the critical point and the 
problem remains well-conditioned. At the beginning, the 
additional parameter λ is a factor which multiplies all input 
powers in the system. It is often called the ‘load parameter’, 
although it multiplies generation as well. 

Equation (5) now takes the following form: 

g ( )i i λ∆ = −Y X Y            (10) 

and the corresponding Newton-Raphson (N-R) set of equation 
for solution of (10) becomes: 
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where ek is an appropriately dimensioned row vector with all 
elements equal to zero except the kth which is equal to one. 
That element corresponds to the continuation parameter.  

Before solving (11), that is, the ‘corrector’ step, there is a 
preparation step in each iteration that takes place from a 
converged load flow solution. In this ‘predictor’ step, the 
solution of (11) is predicted by solving for the right hand side 
vector equal to [0 ±1]T. This step imposes a non-zero norm on 
the tangent vector and guarantees that the augmented Jacobian 
will be nonsingular at the critical point. This point is a saddle-
node bifurcation  [19]. 

The sign in front of the ‘1’ depends on how the 
continuation parameter is changing along the continuation 
path. Positive sign means increase and negative sign decrease 
in its value. At the beginning, the load parameter λ is the 
continuation parameter and its value is increasing until close 
to the critical point. Then, one of the state variables is chosen 
as the continuation parameter. It is usually one of the voltage 
magnitudes and its value will be decreasing. This way, it is 
possible to get solutions at and beyond the critical point. A 
sign that the critical point has been reached is the change in 
sign of ∆λ. 

At first, it may seem that the BLF is yet another approach 
to the same problem that CLF addresses: finding the 
maximum loading point of the system. However, as explained 
previously, the BLF tries to answer a fundamentally different 
question: what are the extreme values of state and output 
variables for the given range of values of loads and generators. 
The values of the loads and generators are predefined (though 
uncertain) and not parameterized as in the case of CPF. It is 
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assumed that they are within the feasibility region of the 
system and that a stable equilibrium point exists for all 
possible combinations. If this is not the case then the DLF 
engine of the BLF will fail to converge because of the 
singularity of the Jacobian. 

It is possible to combine the two approaches together in a 
single application. Such application would give BLF results 
when feasible and limit the nodal powers when the system 
feasibility boundary is hit. The challenge here is how to 
aggregate results as different load/generation patterns can, in 
general, lead to the same infeasible point. At the same time, a 
value of a nodal power may or may not be critical depending 
on the values of other nodal powers in the system. This 
remains a subject for further investigation. 

III.  SLACK BUS TREATMENT  [20] 
An important issue that can have significant influence on 

the results is the treatment of the slack bus. As is well known, 
the concept of slack bus is a mathematical necessity that has 
no physical relationship to any generator bus. Exception arises 
when a small system is linked to a much bigger system via a 
single tie line (single bus). In this case, one can represent the 
large system with an equivalent generator, which can hold the 
voltage constant and generate as much power as needed, i.e. 
the slack bus characteristics. Similarly in a distribution 
network fed by a substation, the transmission network acts as 
a slack bus with respect to the distribution network. 

The slack bus allows the solution of the nonlinear set of 
equations (3) to be feasible. Since the power losses in the 
network are not known in advance, its role is to pick up the 
‘slack’ and balance the active and reactive power in the 
system. This usually does not represent a problem in a well 
defined deterministic load flow problem. However, in the case 
with uncertain nodal powers, the slack bus also must absorb 
all the resulting uncertainties from the solution. As a result, it 
has the widest nodal power possibility (probability) 
distributions in the system. This will frequently result in 
operating points well beyond its generating margins. This also 
defeats the purpose behind the study of uncertainties, which is 
to investigate the impact on practical operating scenarios. In 
the following, two ways of satisfying the constraints imposed 
on the slack bus are explained. 

A.  Slack Bus - PV Bus Conversion 
This method is analog to that of PV bus to PQ bus 

conversion for PV buses with reactive power limits. During 
the course of solution of a load flow, when a PV bus’s 
produced (or consumed) reactive power extends beyond its 
limits, it is fixed at the violated limit and its voltage magnitude 
is relaxed. Thus, the PV bus has been converted to a PQ bus, 
bus with specified active and reactive power. Later, during the 
solution, if the bus voltage shows tendency to return and the 
reactive power again falls within the limits, the bus will be 
converted back from PQ to PV. 

Following the same approach as in PV bus to PQ bus 
conversion above, if the slack bus real power generation (or, 
theoretically, consumption) extends beyond its predefined 

limits, it is fixed at the violated limit. Some other PV bus’s 
active power generation (or consumption) then must be 
relaxed in order to be able to solve the load flow problem. The 
PV bus to choose seems to be a matter of preference, but it is 
logical to pick the one that has the highest margin from the 
current production (consumption) to either its lower or upper 
limit, depending on which limit was violated at the slack bus. 

With the choice of a PV bus to relax, it is now possible to 
redefine the load flow problem in (3) by swapping only the 
equation for the real power at the chosen PV bus with the 
equation for the slack bus real power, without changing the 
unknown state variables. In other words, the slack bus 
becomes a PVθ bus and the PV bus becomes just a V bus. We 
still have a system of n equations with n unknowns, only the 
known and unknown variables have changed and Jacobian 
loses some symmetry. In this case, the system of equations 
corresponding to (6) will have the following form: 

T T

1 1
T T

1

T T

T T

Slack Slack

PV PQ PQ
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PQ PQPQ PQ
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P P

P
+

− −

+− +

+

+
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 ∂ ∂∆ 
   ∂ ∂∆ ∆    = − ⋅     ∂ ∂∆ ∆    ∂ ∂∆    
 

∂ ∂ 
 ∂ ∂ 

θ V

P P
θ VP θ

P PP V
θ VQ

Q Q
θ V

 (12) 

where: 

PV is the set of all PV buses,  
 PV-1 is the set of all PV buses without the one with relaxed 

real power, 
 PQ is the set of all PQ buses, 

PV+PQ is the set of all PV and PQ buses, 
P, Q are the real and reactive nodal power vector functions, 

elements of which are given in (1) and (2), 
V, θ are the vectors of unknown state variables (voltage 

magnitudes and angles), and 
∂/∂(⋅)T denotes Jacobian of the corresponding vector function. 

The problem formulation as in (12) keeps the reference 
angle at the slack bus (usually 0º). Another approach will be to 
relax the voltage angle of the slack bus and declare the voltage 
angle of the PV bus with relaxed real power as the reference 
(i.e. known). This can simply be done by replacing it in (12) 
with the now unknown angle at the slack and retaining its 
current value. This will result in a complete slack to PV bus 
and PV to slack bus conversion. In this case the system of 
equations has the usual symmetry, with the slack bus 
completely swapped. 

In the second approach, the original slack will change its 
voltage angle from the initial value during the course of 
solution. However, since angles are relative to each other, we 
can force it back to the initial value if we desired, by 
subtracting that difference from each voltage angle obtained 
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from the solution. In this way, we will obtain exactly the same 
solution as with the previous formulation. 

B.  Distributed Slack Bus 
Instead of assigning the excess load (or, generation) to only 

one PV bus as in the previous method, we can also choose a 
number of PV buses that will share it in a predetermined 
manner. Two methods of sharing are: 1) proportional to the 
current injections, and 2) proportional to the margin between 
the current injections and the lower or upper limits, 
accordingly. Of course, there are many other combinations 
that may be used if deemed appropriate for some particular 
application. In any case, there is no bus type conversion with 
this method. If the slack bus production (consumption) 
extends beyond its limits, it is relieved by redistributing the 
excess load (generation) to the other PV buses. The slack bus 
remains the same during the load flow solution process. 

It should be noted that in order to maintain the feasibility of 
the problem, the available generation should always match the 
load requirement. Cases when this is not always true are not 
considered here. For example, a case with excess generation 
(if each generator has some minimum limit and their sum is 
bigger than the total load) requires a different unit 
commitment. A case with too little generation requires a 
procedure for load shedding and/or some kind of adequacy 
assessment. 

IV.  APPLICATION OF THE BLF 

A.  System Adequacy Indices  [23] 
The results obtained from the BLF allow us to integrally 

assess the performance of the system for the assumed 
uncertainties in input variables. Since the BLF is a static tool, 
we are confined to the steady state operation of the system. 
This, in turn, means that we consider system adequacy. The 
two measures directly available from the results are bus 
voltages and branch currents. Given the predefined operational 
constraints for these variables, we may express the adequacy 
or, conversely, inadequacy of the system components and the 
system as a whole to accommodate the assumed uncertainty. 
Other measures derived from bus voltages and branch flows 
can also be used following the same principles. For example, 
the margin to voltage collapse in connection with the CPF. 

    1)  Voltage Inadequacy 
Given the range of values for the voltage at a particular bus 

and, for example, an under-voltage operational constraint, the 
voltage inadequacy will be equal to the part of the voltage 
range which is below that constraint. If we have assumed 
different levels of uncertainty, the voltage will be given with a 
possibility distribution, i.e., a FN. This will turn the 
inadequacy into a FN also. In this case, instead of the hard 
under-voltage constraint, it is possible to use a soft one if 
deemed more appropriate. This is illustrated in Fig. 1. 

Using fuzzy arithmetic, the voltage inadequacy index of bus 
i can be expressed as: 

IN minmax{ ,0}, for each [0,1]i i iV V V α= − ∈% % %    (13) 

where min iV%  is the minimum acceptable voltage constraint, 

which can also be a fuzzy number (soft constraint), and iV%  is 
the fuzzy voltage magnitude at bus i. 
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0
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0.4
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0.8

1
µ
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Fig. 1. Possibility distribution of a bus voltage expressed by a trapezoidal 
membership function (solid line); Hard constraint for low voltage (dashed 
line); Soft constraint for low voltage (dotted line). 
 

Having defined the fuzzy ‘low voltage’ criterion, the 
degree of ‘low voltage’ can be found by applying the fuzzy 
and operator on both membership functions. This operator, 
while falling within the family of t-norms, can be defined in 
various ways. Here, the min operator appears to be adequate. 
The result is the intersection of the fuzzy voltage and fuzzy 
constraint sets. 

The system voltage inadequacy index can be defined as the 
fuzzy sum of voltage inadequacies for all buses in the system: 

IN INsys i
i

V V= ∑% %           (14) 

The above system index depends on the size of the system. 
For two systems with similar voltage conditions but different 
sizes (number of buses) it will be bigger for the bigger system. 
If this is not desirable the fuzzy sum in (14) can be replaced 
with a t-conorm operator, for example, the max operator. 

The over-voltage inadequacy index is defined analogously 
to the under-voltage inadequacy index. 

    2)  Current Inadequacy 
Similarly to voltage inadequacy, current inadequacy indices 

for each branch in the system can be defined, given the 
possibility distribution for the current and the maximum 
loading criterion for the branch: 

maxmax{ ,0}, for each [0,1]INi i iI I I α= − ∈% % %    (15) 

where maxiI%  is the maximum current constraint (in general, 

fuzzy number), and iI%  is the fuzzy current magnitude in 
branch i. 

The system current inadequacy index is: 

IN INsys i
i

I I= ∑% %            (16) 

Again, the above index can be made independent of the 
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system size if the fuzzy sum is replaced with a t-conorm 
operator. 

These indices can be applied both for expansion planning 
and operation planning purposes. Of course, the time frames 
used and uncertainties considered in these two applications are 
quite different. As are the decisions to be made. In expansion 
planning context, decisions concern building and reinforcing 
facilities. In operations planning, decisions are about 
modifying operating conditions. 

The need for including uncertainty in the latter has only 
recently been recognized and may not be fully acknowledged. 
Nevertheless, it is expected to start gaining wider acceptance. 
Recently, it has been proved that in a steady state security1 
assessment the use of deterministic procedures results in 
significant inconsistency in terms of the risk involved  [21].     

B.  Risk Indices 
Risk can be defined as the hazard to which we are exposed 

because of uncertainty  [24]. It is associated with some set of 
decisions and it has the following two dimensions: 

• The likelihood of making a regrettable decision; 

• The amount by which the decision is regrettable. 

The decision in power system expansion planning is the 
particular system configuration. In that context there are two 
distinct measures for the two risk dimensions. Robustness is 
the likelihood of making a regrettable decision, and exposure 
is the amount by which the decision is regrettable. 

In operations planning context risk has been defined with a 
single measure which simply combines the two measures from 
above. If probabilities are used, that measure corresponds to 
the expected value obtained by multiplying the likelihoods 
with corresponding regrets and summing them up  [21]. 

V.  NUMERICAL RESULTS 
We apply the BLF to the IEEE 118-bus test system shown 

in Fig. 2. The system data and the base case descriptions can 
be found elsewhere (for example,  [22]). TABLE I presents some 
of the results for the boundary values of voltage magnitudes 
when all specified nodal powers in the network vary in the 
range [90% - 110%] of the base case values. Shown are 
columns with minimal, base case, and maximal voltages. At 
some buses the voltages are constant because they are of PV 
type. However, that is not always the case as some of the PV 
buses can not hold the voltage at the specified value due to 
reactive power limitations. For example, in this particular 
case, bus 36 is of PV type and its minimum voltage is 0.9309 
p.u. although the specified value is 0.98 p.u. This bus has the 
smallest voltage among all the buses in the system. 

TABLE II presents some of the results for the boundary values 
of real and reactive power flows in the system for the same 
nodal power variation as before. Again, shown are columns 

                                                           
1 The term ‘steady state security’ is widely adopted in the industry 

although it actually denotes adequacy. Security deals with dynamic conditions 
and adequacy with static conditions. Both are different aspects of the overall 
system reliability.  

with minimal, base case, and maximal power flows. Note that 
the extreme values for real and reactive power shown do not 
necessarily occur simultaneously. In other words, conditions 
when, for example, the maximum real power in branch 63-64 
occurs are not necessarily the same when the maximum 
reactive power in the same branch occurs. Also, note that the 
maximum and minimum depends on the sign. For example, 
the minimum real and reactive power in branch 38-65 are 
actually the maximum powers in the opposite direction and 
vice versa.  When there is a change in sign between the 
maximum and minimum values, as in branch 76-118 for 
example, then the respective values show the maximum values 
in either direction. In such branches, powers reverse their 
flows depending on the conditions in the network defined by 
the input power variation. Power flows are continuous 
functions so their minimum values will be, obviously, zero.  

TABLE I  BOUNDARY VALUES [P.U.] FOR SOME VOLTAGES 
 IN THE IEEE 118-BUS SYSTEM 

Input nodal power range of 
variation: [90% - 110%] 

Bus  
voltage

Vmin V100% Vmax 
V1 0.9550 0.9550 0.9550
V2 0.9707 0.9714 0.9720 
V3 0.9670 0.9677 0.9683 
V4 0.9980 0.9980 0.9980 
… … … …
V58 0.9562 0.9590 0.9615 
V59 0.9741 0.9850 0.9850 
V60 0.9928 0.9932 0.9934 
V61 0.9950 0.9950 0.9950 
… … … …

V115 0.9594 0.9603 0.9609 
V116 1.0050 1.0050 1.0050 
V117 0.9719 0.9738 0.9758 
V118 0.9457 0.9494 0.9517 

 
TABLE II  BOUNDARY VALUES [P.U.] FOR SOME POWER FLOWS  

 IN THE IEEE 118-BUS SYSTEM 

Input nodal power range of 
 variation: [90% - 110%] 

power 
flow 

Smin S100% Smax 
S1-2 -0.1764 -0.1498j -0.1236 -0.1304j -0.0706 -0.1105j 

S1-3 -0.4516 -0.1982j -0.3864 -0.1706j -0.3212 -0.1420j 

S4-5 -1.1622 -0.2872j -1.0321 -0.2679j -0.9024 -0.2471j 

S3-5 -0.7701 -0.1697j -0.6810 -0.1449j -0.5920 -0.1191j 

S5-6 0.7559  0.0212j 0.8846  0.0411j 1.0138  0.0611j 
… … …

S61-62 0.0890 -0.1728j 0.2549 -0.1386j 0.4224 -0.1035j 

S63-59 1.0671  0.6363j 1.5175  0.6748j   1.9740  0.7075j 

S63-64 -1.9740 -0.7075j -1.5175 -0.6748j -1.0671 -0.6363j 

S64-61 -0.1336  0.0666j 0.3052  0.1399j 0.7507  0.1986j 

S38-65 -3.1305 -0.8305j -1.8141 -0.5701j -0.5064 -0.1667j 
… … …

S114-115
-0.0430 -0.0124j 0.0135  0.0061j 0.0702  0.0168j 

S68-116
1.6571 -0.9956j 1.8413 -0.6636j 2.0257 -0.6345j 

S12-117
  0.1812  0.0426j 0.2015  0.0520j 0.2219  0.0615j 

S75-118
0.0811  0.1398j 0.4019  0.2359j 1.0174  0.3322j 

S76-118
-0.6546 -0.1966j -0.0683 -0.0970j 0.2376  0.0252j 
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Let’s now assume that the nodal powers are trapezoidal 
FNs with (90%, 95%, 105%, 110%) of the base case values. 
That is, the powers will fluctuate within ±10% of the base 
case, but most likely within ±5%. We will calculate the system 
voltage inadequacy for the load buses (PQ type buses) 
according to (14), assuming the hard under-voltage constraint 
shown in Fig. 1 with dashed line. The results are shown in Fig. 
3 for two different types of fuzzy aggregation, fuzzy 
summation and max operator. The solid line is the result of 
using fuzzy summation as given in (14) while the dotted line 
is the result of applying the max operator. From here we can 
see that there exists some non-zero possibility that the lowest 
voltage is approximately 0.02 p.u. (bus 21) below the hard 
constraint of 0.95 p.u. The total under-voltage violation with 
some non-zero possibility is slightly bigger than 0.05. Also, 
there will be an under-voltage violation with 0.25 posssibility. 

The same indices are shown again in Fig. 4, but now for the 
soft under-voltage constraint case (shown with a dotted line in 
Fig. 1). Fig. 5 shows results for the system current 
inadequacies with soft and hard over-current constraints. 
Because there is no information in the original data about the 
line capacities, we have assumed that each line is loaded at 
50% in the base case. This is not a realistic assumption but is 
simple allows us to show properties of system inadequacies. 
The hard constraint was set at each element capacity. The soft 
constraint was represented as a line that goes from zero at 
each element capacity to one at 20% above the capacity.  
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Fig. 3 System voltage inadequacies with hard voltage constraint for the IEEE 
118-bus system when input nodal powers are trapezoidal FNs with (90%, 
95%, 105%, 110%) of the base case values. Solid line – sum operator; Dotted 
line – max operator. 

As it can be seen from Fig. 5, there is 1.0 possibility that 
some elements in the system will be overloaded. This means 
that given the input power variation there is always a 
combination of loads and generation that results in overload of 
at least one of the elements in the system. This is a result of 
the assumption that we have made regarding the element 
capacities. Namely, some of the elements in the base case 

 
Fig. 2. IEEE 118-bus test system 
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scenario are lightly loaded and, consequently, we have 
assumed small capacities. With such capacities only a slight 
change in power distribution results in overloading of those 
elements. Because we used fuzzy summation to aggregate the 
results system-wide, the system over-current inadequacy is a 
big number.  
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Fig. 4 System voltage inadequacies with soft voltage constraint for the IEEE 
118-bus system when input nodal powers are trapezoidal FNs with (90%, 
95%, 105%, 110%) of the base case values. Solid line – sum operator; Dotted 
line – max operator. 
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Fig. 5 System current inadequacies for the IEEE 118-bus system for when 
input nodal powers are trapezoidal FNs with (90%, 95%, 105%, 110%) of the 
base case values, aggregated with sum operator. Solid line – hard constraint; 
Dotted line – soft constraint. 

VI.  CONCLUSIONS 
The BLF is used to find extreme solutions for system 

voltages, currents and power flows given ranges of values of 
nodal powers as input variables. These solutions are referred 
to as boundary values and are obtained by following an 
optimization procedure. It uses information about the 
gradients obtained from the inverse system Jacobian matrix, 
but it is not like conventional gradient based procedures 
because the objective functions are not explicitly defined. The 
procedure is simple but the posed problem is difficult. It is 
computationally intensive and is best applied selectively on a 

subset of variables which are of interest. 
Boundary values by definition constitute the solution of an 

interval problem. Thus, BLF gives solution to an interval load 
flow, uncertain load flow with input data modeled as intervals. 
If more nested intervals are lumped together and attached 
different likelihoods, the result is equivalent to a fuzzy 
number. If BLF is repeated for some of the intervals, usually 
just the widest and the narrowest one, a fairly accurate fuzzy 
load flow solution can be obtained. Both fuzzy and interval 
load flow solutions contain information which can be used to 
assess system adequacy. Under-voltage and over-current 
inadequacy indices have been reviewed here, but others can be 
derived if an appropriate margin is known. Such adequacy 
indices related to uncertainty can be used in risk assessment 
which, in turn, is an essential part of decision making process. 

The work presented here shows some recent developments 
in an ongoing effort to make an effective tool for power 
system planners and decision makers. Further improvements 
can be made both quantitatively and qualitatively. The former 
includes better convergence and increased robustness of the 
BLF and its underlying DLF engine. The latter include 
extensions to CPF and consideration of an optimal generation 
dispatch algorithm. 
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