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Abstract - Utilities invest signi�cant time and �nances into substation
maintenance in order to anticipate failures or accelerated aging in power
equipment. Current practices include regular insulation condition tests for
switching devices, reactors, power transformers, and so on. Many of the
indicators of equipment condition are imprecise, unreliable and costly to
obtain on a regular basis. To achieve useful results, engineers must gain
extensive experience with particular tests. This work suggests several meth-
ods for extracting information from test data and through these methods
compares intelligent system approaches. More speci�cally, this paper inves-
tigates tuning performance based on training examples.

Keywords - Arti�cial neural nets, equipment diagnostics, fuzzy sets,
machine learning, transformer diagnostics.

1. INTRODUCTION

Utilities invest signi�cant time and �nances into substation maintenance
in order to anticipate failures or accelerated aging in power equipment. In
terms of overall power system reliability and security, knowledge of equip-
ment deterioration condition plays a critical role. Current practices include
regular insulation condition tests of switching devices, reactors, power trans-
formers, and so on. However, many of the tests of equipment condition are
imprecise, unreliable and costly to perform on a regular basis. To obtain
useful results, engineers must gain extensive experience with particular tests.
This expertise becomes a valuable utility resource and as a result, researchers
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have looked towards expert systems as a method to capture and codify this
knowledge, e.g. [?, ?].

Expert system approaches have proved useful but two closely related
concerns arise in development and implementation: performance evaluation
and performance improvement of the expert system. Performance evaluation
has been approached primarily through exhaustive testing and to a lesser
extent by logic based approaches, e.g. [?]. Fuzzy information techniques
have been suggested as a measure of the consistency of the knowledge for a
particular situation [?]. These techniques do not, however, provide straight-
forward means for performance improvement. On the other hand, the ar-
ti�cial neural net approach emphasizes performance improvement based on
the assumption that a representative training set can be generated. The
objective of this research is to develop methods which can incorporate a
priori expert knowledge and go on to improve performance such that the
maximum information is derived from monitoring data. This paper inves-
tigates one aspect of that larger objective, speci�cally, tuning performance
from training examples.

Over the years, a utility or testing �rm may develop a large data base
of equipment tests. This data provides a convenient test bed for analyzing
expert system approaches. There is a temptation then to develop learning
based methods to utilize this data. Unfortunately, this data is often unan-
alyzed and di�cult to interpret. This work demonstrates the di�culties in
extracting information from this data. A transformer diagnostic expert sys-
tem using fuzzy logic without learning is compared with a variety of arti�cial
neural net and fuzzy set combinations incorporating adaptive methods.

This paper is organized as follows. Section 2 discusses condition monitor-
ing, in general, and transformers, in particular. Section 3 discusses several
approaches for learning from data. Results of numerical testing are then
presented in section 4, followed by analysis and discussion.

2. EQUIPMENT CONDITION MONITORING AND EXPERT

SYSTEMS

A substation �eld test requires several steps, for example, transformer
tests include bushings, insulating oil, arresters and so on [?]. While in ex-
treme cases measurements provide clear indication of problems, more com-
monly, the diagnosis contains uncertainty. This concern has led researchers
to introduce fuzzy set techniques and arti�cial neural nets as methods of in-
terpolation for improving analysis of such transitional cases [?, ?]. A single
test for a single piece of equipment is analyzed in this study. In particular,
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an expert system performing dissolved gas analysis (DGA) of the insulating
oil in power transformers is investigated.

DGA is discussed briey in the following. High concentrations of dis-
solved gases indicate possible fault conditions. Excessive generation of cer-
tain \key" gases indicates a speci�c type of fault. For example, acetylene
(C2H2) is associated with arcing faults, hydrogen with overheating and ethy-
lene (C2H4) with severe overheating. The IEC criteria [?] allows classi�ca-
tion of faults when measurements fall into the speci�ed categories. In addi-
tion to these criteria, trend analysis is normally performed so that, an older
or heavily loaded transformer with no fault can be distinguished from actual
fault conditions. Such factors can be accounted for by establishing trends
with regular gas samples. In trend analysis, the most recent gas measure-
ments are compared with historical oil data to estimate release rates and
identify any signi�cant changes. Gas buildups are a function of many factors,
including: loading history, transformer construction, oil volume, manufac-
turer, and so on. As a result, any DGA approach is inherently imprecise
and requires experience in order to obtain reasonable results.

3. LEARNING IN FUZZY SETS AND ANN

Several methods for learning from historical data are discussed in the
following. It is assumed that insu�cient analyzed data exists to develop sta-
tistical dependencies among data. Statistical approaches, where employed,
are only for helping to establish membership functions.

3.1 Fuzzy rule-based approaches

Fuzzy logic o�ers a possibility of a exible response to vague and impre-
cise inputs. An introduction to fuzzy set techniques is given in the appendix.
Previous work has successfully applied fuzzy set and information theory for
the DGA method and other transformer diagnostic methods [?]. Each diag-
nostic approach (DGA, acoustic method, etc.) is represented by a rule base.
The rule bases consist of speci�c diagnostic rules. Each rule consists of a
fuzzy relation and an expression of the importance of this relation. These
relations for DGA include considerations of gas concentration, gas produc-
tion rates, gas ratios, gas increase and so on, as suggested in the previous
section. Each relation can be used to determine a fuzzy value based on a
given observation or measurement.

The conicting information arising from di�erent diagnostic relations is
resolved using the most consistent assignment of evidence with the aid of
a fault tree. Information arriving from di�erent sources is translated by
the rule base and conict resolution algorithm into assignments of evidence

3



for di�erent transformer states. Evidence is combined using the Dempster-
Shafer rule of combination [?]. Further, measures of the quality of informa-
tion in the assignment of evidence are used to assess the consistency and
clarity of the diagnosis. This system has been developed and analyzed in
[?, ?] and is not discussed further here.

3.2 Establishing fuzzy membership functions

When experimental data is available, curve �tting algorithms can be
applied to determine the best �t fuzzy membership function (see appendix
A). However, the experimental data must be extensively analyzed so that
membership values can be assigned to data values. It is often the case that
there are not intermediate values in which to �nd membership functions for
each rule. While membership function forms such as (??) lend themselves
to curve �tting approaches, most researchers use very simpli�ed forms such
as trapezoidal and assign parameters by trial-and-error.

3.3 Neural net approaches

Arti�cial neural nets can be trained to represent highly non-linear map-
pings. Here, fault diagnosis is conceptualized as the mapping of patterns
of input data to one or more fault conditions. ANNs are able to generalize
from case history data, thus permitting training by speci�c examples. The
development of neural network model consists of two phases: learning and
prediction. In this study, the learning phase consists of relating historical
gas data to various transformer conditions. The back-propagation learning
algorithm is applied to adjust the weights associated with each nodal con-
nection layers based on the output errors. The recursive algorithm adjusts
weights until the error is reduced to an acceptable value. The resultant
weight matrices are stored. During the prediction phase, dissolved gas data
is used to calculate the actual output of the network for the di�erent trans-
formers. A three-layer neural net has been used in this study. It should be
kept in mind that the ANN is not a panacea for the problems associated
with other systems. ANN is a technique that without careful design can be
plagued by the following problems:

� Initial selection of the number of hidden nodes is di�cult to determine.
On the one hand, a small number of hidden nodes may not have the
capacity to solve a problem, on the other hand a large number of
hidden nodes may render the problem at hand unnecessarily complex,
thus requiring a large number of iterations for convergence. Also, the
network may learn by memorization instead of through generalization.

� Selection of parameters, such as momentum rate and learning rate
are heuristic. Moreover, learning speed, generalization capabilities,
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parameter sensitivity, and convergence properties are poorly under-
stood. Again, memorization instead of generalization may become a
problem.

� Established guidelines for presentation of data to the network and
the preprocessing of the data which would make the problem more
amenable to the ANN are still forthcoming

3.4 Proposed hybrid formulation

All the di�erent approaches for implementing an expert system for DGA
have limitations. In the fuzzy system developed by Tomsovic et al. [?], the
fuzzy values are determined by trial-and-error. It is often di�cult to identify
o�ending rules as the rules do not represent a one-to-one mapping between
measurement data and the transformer condition. Moreover fuzzy systems
cannot duplicate the learning and self-organizing capabilities of ANNs. Some
of the limitations of the ANNs were outlined above.

Researchers have suggested that a hybrid system, composed of neural
networks and fuzzy methods holds promise. We have implemented several
hybrid systems based on preprocessing of the data using fuzzy logic. The
most successful of these hybrid systems applied the rule base in [?] to the
raw data. The rule outputs were fed to a three-layer ANN for subsequent
learning and prediction. Thus for this hybrid system, the ANN acts as an
inference engine for the rules. The ANN implicitly represents the importance
of each diagnostic rule and the procedure for aggregating rule conclusions.

4. NUMERICAL ANALYSIS OF APPROACHES

In the following, the suggested approaches are applied to carefully se-
lected case histories from the literature and historical data gathered from
Vattenfall AB (formerly Swedish State Power Board). The data is shown in
Table 1. The data shown represents only the most recent gas measurement
in order to simplify the presentation here. Further, the transformer states
are broadly classi�ed as either normal, faulted - type unknown, discharge
fault or thermal fault. The actual system breaks down each of these clas-
si�cations further, e.g., very high temperature thermal faults. The system
developed in [?] is compared with three learning approaches: membership
function tuning, ANN only and the hybrid combination of fuzzy rules and
an ANN.

4.1 Statistical curve system

In this experiment, the upper and lower limits in (??), i.e. a and b,
are determined by the range of the gas measurements. The remaining
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ID H2 CH4 C2H2 C2H4 C2H6 TCG Type

1 360 260 380 440 40 1480 Discharges

2 340 40 210 40 5 635 Discharges

3 4890 290 0 0 30 5210 Discharges

4 930 3630 230 10940 1570 17300 Thermal

5 80 270 0 260 470 1080 Thermal

6 60 490 0 630 210 1390 Thermal

7 880 1030 130 1060 120 3220 Thermal

8 390 83 130 81 8.3 692 Discharges

9 360 1400 32 2300 1800 5892 Discharges

10 380 150 350 900 87 1867 Thermal

11 58 40 4.7 96 20 219 Normal

12 40 62 3.5 260 160 526 Normal

13 100 230 5.4 270 120 725 Faulted - type unknown

14 55 33 430 110 35 663 Discharges

15 20 22 190 210 17 459 Thermal

16 26 7.4 0.3 200 2.8 237 Normal

17 41 6.1 3.3 67 2.3 120 Normal

18 50 17 1 350 45 463 Normal

19 20 74 13 470 96 673 Thermal

20 20 3.9 0.3 20 3.8 48 Normal

21 21 4.4 1.4 0.4 0.9 28 Normal

22 1000 1700 10 2700 550 5960 Thermal

23 1700 3580 135 2700 800 8915 Thermal

24 31 30 0.3 92 35 188 Normal

25 39 47 0.5 120 39 246 Normal

26 20 24 1.4 150 75 270 Normal

27 20 21 0.1 53 91 185 Normal

28 170 870 6.6 3100 2100 6247 Normal

29 20 9 0.1 96 1.7 127 Normal

30 200 680 88 1600 190 2758 Thermal

31 30 200 21 860 120 1231 Thermal

32 35 11 0.3 130 5.3 182 Normal

33 19 32 0.5 3.6 6.9 62 Normal

34 326 120 340 180 14 980 Discharges

35 20 5.2 4.3 1.5 4.1 35 Normal

36 20 15 0.2 2.4 4.6 42 Normal

37 28 53 0.2 120 22 223 Faulted - type unknown

38 239 111 58 142 24 574 Thermal

39 1058 446 1000 460 56 3020 Discharges

40 100 1000 100 2400 700 4300 Thermal

41 220 240 110 230 37 837 Discharges

Table 1: Unprocessed DGA - concentrations in PPM
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Figure 1: Un�ltered data �t (x-axis C2H4 concentration and y-axis mem-
bership values)
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Figure 2: Clustered data �t (x-axis C2H4 concentration and y-axis mem-
bership values)
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Figure 3: Selected typical data �t (x-axis C2H4 concentration and y-axis
membership values)
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two parameters, � and �, are determined by using linear regression on the
transformer membership function. The maximum likelihood estimate of the
model parameters are obtained by minimizing the chi-square merit function
(see Appendix A). With the four parameters in hand, the exponential form
of the proposed membership function can be easily plotted. The data used
for �tting is the gas concentrations (along the x-axis) and the membership
values (along the y-axis). Membership values have been assigned based on
the overall analysis of the transformer condition.

Using the raw data, the algorithm is an unable to �nd a reasonable value
for � (� must be greater than 1 in this function form). As can be seen from
Figure 1, the data is very noisy and mostly concentrated either at very low
or very high values of membership values. This follows since most of the
cases fall into two main categories - either faulted or normal; however, this
classi�cation is not a result of a single variable but of the aggregate of several
variables and as a result this simpli�ed approach fails. This problem was
addressed next by a clustering algorithm that formed a representative data
point for several data samples that were \similar." This was done to prevent
cases which were essentially equivalent from biasing the �t. In most cases,
this approach did not show signi�cant improvement (see Figure 2). The
other problem with such approaches is that only a few of the data points
are truly interesting and provide useful information.

Finally, a small number of transitional cases were selected as important
and assigned membership values. Only these examples were used for the
curve �tting. This approach shows good results (see Figure 3) but requires
an expert to identify the important cases. The last approach can be viewed
as using curve �tting to aid the developer in correctly assigning parame-
ter values but not truly a statistical approach. It appears that statistical
methods for this type of diagnosis are not very useful because of the data in-
terdependencies, very noisy or small data sets, and due to the fact that no a
priori knowledge is incorporated about the probable values and uncertainties
of the parameters.

4.2 ANN system

A three-layer neural net has been used throughout this study. The data
consists of 41 gas samples as indicated above. These 41 samples were divided
into two sets - a set of 21 samples for the training phase and the remaining
20 to test for the validity and applicability of the ANN approach. The gases
CO, CO2, N2 and O2 were not included as inputs as they did not have
a signi�cant impact on the analysis. When the net was presented with the
data in its raw form, the results obtained were not satisfactory. The problem
may lie in the fact that the dynamic range of the inputs in its raw form is
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ID H2 CH4 C2H2 C2H4 C2H6 TCG Type

1 1.024 0.615 3.903 0.533 0.169 1480 Discharges

2 0.967 0.095 2.157 0.048 0.021 635 Discharges

3 13.907 0.686 0.000 0.000 0.127 5210 Discharges

4 2.645 8.585 2.363 13.253 6.623 17300 Thermal

5 0.228 0.639 0.000 0.315 1.983 1080 Thermal

6 0.171 1.159 0.000 0.763 0.886 1390 Thermal

7 2.503 2.436 1.335 1.284 0.506 3220 Thermal

8 1.109 0.196 1.335 0.098 0.035 692 Discharges

9 1.024 3.311 0.329 2.786 7.594 5892 Discharges

10 1.081 0.355 3.595 1.090 0.367 1867 Thermal

11 0.165 0.095 0.048 0.116 0.084 219 Normal

12 0.114 0.147 0.036 0.315 0.675 526 Normal

13 0.284 0.544 0.055 0.327 0.506 725 Faulted - type unknown

14 0.156 0.078 4.417 0.133 0.148 663 Discharges

15 0.057 0.052 1.952 0.254 0.072 459 Thermal

16 0.074 0.018 0.003 0.242 0.012 237 Normal

17 0.117 0.014 0.034 0.081 0.010 120 Normal

18 0.142 0.040 0.010 0.424 0.190 463 Normal

19 0.057 0.175 0.134 0.569 0.405 673 Thermal

20 0.057 0.009 0.003 0.024 0.016 48 Normal

21 0.060 0.010 0.014 0.000 0.004 28 Normal

22 2.844 4.020 0.103 3.271 2.320 5960 Thermal

23 4.835 8.466 1.387 3.271 3.375 8915 Thermal

24 0.088 0.071 0.003 0.111 0.148 188 Normal

25 0.111 0.111 0.005 0.145 0.165 246 Normal

26 0.057 0.057 0.014 0.182 0.316 270 Normal

27 0.057 0.050 0.001 0.064 0.384 185 Normal

28 0.483 2.057 0.068 3.755 8.859 6247 Normal

29 0.057 0.021 0.001 0.116 0.007 127 Normal

30 0.569 1.608 0.904 1.938 0.802 2758 Thermal

31 0.085 0.473 0.216 1.042 0.506 1231 Thermal

32 0.100 0.026 0.003 0.157 0.022 182 Normal

33 0.054 0.076 0.005 0.004 0.029 62 Normal

34 0.927 0.284 3.493 0.218 0.059 980 Discharges

35 0.057 0.012 0.044 0.002 0.017 35 Normal

36 0.057 0.035 0.002 0.003 0.019 42 Normal

37 0.080 0.125 0.002 0.145 0.093 223 Faulted - type unknown

38 0.680 0.263 0.596 0.172 0.101 574 Thermal

39 3.009 1.055 10.272 0.557 0.236 3020 Discharges

40 0.284 2.365 1.027 2.907 2.953 4300 Thermal

41 0.626 0.568 1.130 0.279 0.156 837 Discharges

Table 2: Processed DGA Data
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Figure 4: ANN Inputs and Outputs
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high. As a result, it appeared important to preprocess the data. Di�erent
types of preprocessing were tried, namely:

� The gas ratios and the TCG (total combustible gas, excluding CO)
were included as inputs.

� Gas concentrations were normalized with respect to the TCG.

� Gas concentrations were normalized with respect to the average of the
individual gases over the data set.

� Gas production rates (in milliliters/day) and the TCG were included
as inputs.

The di�erent preprocessing methods gave results with varying degrees
of success. The most promising results were obtained by normalizing with
respect to individual gases. Table 2 shows the preprocessed data used (us-
ing the same fault classi�cations as Table 1). For both preprocessed and
unprocessed data, the net had 6 input nodes, 6 hidden nodes and 3 output
nodes (shown in Figure 4). The gas data was provided at the 6 input nodes
and the corresponding desired outputs (in this case - no fault, discharge
and thermal fault) speci�ed. A threshold of 0.5, learning rate of 0.2 and
momentum rate of 0.3 was used with the error speci�ed as 0.001.

4.3 Hybrid system

The �nal approach was to use the set of developed fuzzy relations to
generate inputs to the neural net. Thus, the ANN acted as an aggregation
function weighing the importance of each relation and adapting that to
match the training set. The net consists of 56 input nodes, 15 hidden nodes
and 3 output nodes. The remaining ANN parameters were as before. The
56 fuzzy rules of [?, ?] were applied to the raw data. These relations include
consideration of gas ratios, gas production rates and trend analysis.

5. DISCUSSION

Table 3 shows the results of the di�erent methods as well as naive use
of the IEC criteria. In the Table 3, '?' indicates no conclusion and '*'
an erroneous conclusion in addition to the notation used in earlier tables.
If the actual problem was classi�ed as faulted with type unknown then
classi�cation as either thermal or discharge fault was considered acceptable.
Table 4 summarizes these results. Tuning for the fuzzy set membership
functions was accomplished by �tting to only a few data points.
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ID IEC Criteria ANN (raw) ANN (preprocessed) Hybrid Fuzzy Actual

22 Thermal Discharges* Thermal Thermal Thermal Thermal

23 Thermal Discharges* Thermal Thermal Thermal Thermal

24 ? Normal Normal Normal Normal Normal

25 ? Normal Normal ? Normal Normal

26 ? Normal Normal Normal Normal Normal

27 ? Normal Normal Normal Normal Normal

28 ? Thermal* Thermal* Discharges* Normal Normal

29 ? Normal Normal Normal Normal Normal

30 Thermal Thermal Thermal Thermal Thermal Thermal

31 Thermal Thermal Thermal Thermal Thermal Thermal

32 ? Normal Normal Normal Normal Normal

33 ? Normal Normal Normal Normal Normal

34 Discharges Discharges Discharges Discharges Discharges Discharges

35 ? Normal Normal Normal Normal Normal

36 Normal Normal Normal Normal Normal Normal

37 Faulted Normal* Normal* Thermal Thermal Faulted

38 Thermal Discharges/Thermal* Discharges* Discharges* Thermal Thermal

39 Discharges Discharges Discharges Discharges Discharges Discharges

40 Thermal Thermal Thermal Thermal Thermal Thermal

41 ? Discharges/Thermal* Discharges Discharges Discharges Discharges

Table 3: Classi�cation results

Method % Correct % Unclassi�ed % Misclassi�ed

IEC Criteria 50 50 0

ANN (raw) 70 0 30

ANN (preprocessed) 85 0 15

Hybrid 85 5 10

Fuzzy 100 0 0

Table 4: Summary of results
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Out of the 20 cases (ID 22 - 41) only 70% gave the correct result with
the raw data inputs for the ANN while correct classi�cation was obtained
for 85% using preprocessed data. The proposed hybrid model failed to
improve these results. Still, the hybrid system approach could be considered
preferrable as there appeared to be greater clarity in the outputs. The
original fuzzy system gave correct answers in all cases. Furthermore, the
fuzzy system is able to classify operating conditions more precisely than is
indicated here, e.g. high energy partial discharges. It was not attempted to
use the other learning methods to pursue such re�nement as it was clear the
data was insu�cient for this task. Moreover, the ANN was unable to reach
adequate performance for broad classi�cations indicating it was futile to
seek �ner categories of operating condition. Our experience with the ANN
has led us to conclude that although ANN is quite a powerful technique,
much depends upon the way data is presented to the net. It is intriguing
that the same data when supplied in a slightly di�erent form, yields results
with widely varying degree of success. Moreover, designing the parameters
of momentum rate, learning rate, and number of hidden nodes, was di�cult.

In the equipment diagnosis problem, there appears to be insu�cient in-
formation in the historical data to train an ANN adequately. The fuzzy logic
system was able to incorporate previous experience and an understanding
of the underlying process in order to achieve the desired results. For many
problems, one cannot expect ANNs to learn from case histories with no a
priori knowledge. It appears that fuzzy and expert system techniques are
fundamental to providing a foundation for managing complex diagnostic
problems. The training techniques of the ANN may perform best when con-
strained to work within such a foundation as was performed here with the
hybrid system.
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APPENDIX A: FUZZY SETS

In this appendix, fuzzy logic is reviewed. More complete developments
are widely available, e.g., [?]. Fuzzy sets represent uncertainties associated
with the structure of a class or set of objects. An element of a fuzzy set is
an ordered pair containing a set element and the degree of membership in
the fuzzy set. A membership function is a mapping, typically:

� : X ! [0; 1]

For fuzzy set A:
A = f(x; �A(x))jx 2 Xg (1)

where X is the universe and �A(x) represents the degree of uncertainty, or,
the degree to which x �ts the characteristic feature of the set A. A higher
value of �A(x) indicates a greater degree of membership. The following
de�nitions of fuzzy set operations are commonly used. If C = A \B,

�C(x) = min(�A(x); �B(x)) (2)

if C = A [B,
�C(x) = max(�A(x); �B(x)) (3)

and if C = A,
�C(x) = 1� �A(x) (4)

While the intersection operator acts as a compromise or trade-o� function in
the fuzzy set formulation, the minimum function may not be the appropriate
operator for a given decision problem. On the other hand, it is generally ac-
cepted that the intersection operator should belong to the T-norm class [?].
(This class includes the minimum operator). Two other T-norm operators
from [?] are the product operator where if C=A\B:

�C(x) = �A(x)�B(x) (5)

and the operator proposed by Dombi [?] where:

�C(x) =
1

1 + (( 1
�A(x)

� 1)� + ( 1
�B(x)

� 1)�)
1

�

(6)
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such that if � > 1 then C = A\B. The larger the magnitude of �, the greater
the \strictness" of the intersection. Notice as �!1, (??) approaches (??).

In this work, the membership function proposed in [?] is used due to its
generality and consistency with the logical operation of (??). Speci�cally,
for x 2 [a; b]:

�(x) =
(1� �)��1(x� a)�

(1� �)��1(x� a)� + ���1(b� x)�
(7)

where four parameters characterize each transition from 0 to 1: the lower
limit a, the upper limit b, the transition rate �, and the inection point �.
Decreasing functions and other more complex functions can be constructed
from this basic form. Increasing � quickens the transition and increasing �
shifts the inection point to the right. Traditional curve �tting algorithms
can be applied to estimation of the membership function parameters [?].
A logarithmic transformation of (??) allows one to use linear regression to
estimate the parameters � and � give the end points a and b. Speci�cally,
let

y = ln(
1� �

�
) (8)

z = ln(
b� x

x� a
) (9)

and
d = (�� 1)(ln(

�

1� �
)) (10)

so that
y = �z + d (11)

If one is given membership values corresponding to a set of data, then a
chi-square measure of the �t for a given line is

�2(d; �) =
NX

i=1

(
yi � d� �zi

�i
)2 (12)

where N is the number of data points and �i is the variance. If the measure-
ment errors are normally distributed, then minimizing this function yields
maximum likelihood estimation of � and d, and also � by the appropriate
transformation. It is worth noting that although the probability distribu-
tion of errors is not known, this approach should still lead to a reasonable
estimate due to the constraints placed on the form of the membership func-
tion. Another approach considered here is minimize the absolute value of
the error. So the best estimate is
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min
d;�

NX

i=1

wi jyi � d� �zij

such that

� > 1

and the wi are weightings. This can be solved using linear programming
techniques and is conceptually equivalent to selecting a small number of
transitional cases which are co-linear.
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