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Sym metric EVD/SVD: 50+ Years of Progress

Recent progress focuses a lot on the

mathematics side
Divide & Conquer (Cuppen’s) algorithm (D&C)
Method of Relatively Robust Representations
(MRRR)

Occasional revisit of Jacobi’'s method

Progress on QR has been for non-symmetric
problem.

Aggressive Early Deflation
Multishift




Two Insights

P

WHEN COMPUTING THE DENSE EVD

(all eigenvalues and vectors), D&C and
MRRR have hidden O(n3) cost

QR becomes competitive if rotations are
applied in batches

Classical QR: cast in terms of vector-vector
operations

Batched application: cast in terms of
computation that reuses data in cache, like
matrix-matrix operations.
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The Hidden Cost of D&C and MRRR

Start with symmetric, dense A

Reduce to tridiagonal form:
A — QATQ

Compute Spectral Decomposition of T:
T — QrDQ7

Backtransform:

A= QaQr D (QaQr)" =QDQ"
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Reduction to Tridiagonal Form

A — QaTQY

X X X X X
X X X X X
X X X X X
X X X X X
X X X X X




Reduction to Tridiagonal Form
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Reduction to Tridiagonal Form
A — QaTQ

H3:5H2:5 H2:5H3:5

X X X X X
X X X X X
X X X X X
X X X X X
X X X X X
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Reduction to Tridiagonal Form
A — QaTQ

H4:5H3:5H2:5

X X X X X
X X X X X
X X X X X
X X X X X

X
X
X Ho.s H3.5Hy. 5.
X
X
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X X | X
X | X X
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Backtransformation
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Backtransformation
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Backtransformation
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Backtransformation

H2:5H3:5H4:5
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Cost of QR algorithm

Start with symmetric, dense A
Reduce to tridiagonal form:

A — QaTQ
Form Q,

Compute Spectral Decomposition of T
while updating Q,

QaTQY — (QaQ7r)D(QAQT)"




Form Q,




Form Q,




Form Q,

1
H3:5H4:5
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Form Q,




Form Q,

H2:5H3:5H4:5
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Cost

Backtransformation: 2 n3flops
Form Q,: 4/3 n3flops

Hidden cost of MRRR and D&C:
213 n3flops

EVD OF A DENSE MATRIX!!!
(All eigenvalues and eigenvectors)
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Classical QR algorithm

QA

25




26




27




28




29




X

30




31




32




33




X

34




35




36




37




X

38




Overview

Accumulating and applying rotations
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Accumulating Rotations (LAPACK)

RN AN

X X X X X X X

X X X X X GT<>< X | X

X X X X X X | X X

X X X X X X X
\x X X X X \ X
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Accumulating Rotations (LAPACK)

G G G

¢ N AN
X X X X X X [x X
X X X X X GT<>< X X
X X X X X X |[x x| x
X X X X X X | X
X X X X ><} \ X

X X
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Accumulating Rotations (LAPACK)

AN i
X X X X X X X AL
X X X X X X X | X X
X X X X X GT< X | X X
X X X X X X | X X
\ X X X X X } \ X

X | X
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Accumulating Rotations (LAPACK)

N N N N

X X X X X X X

X X X X X X X X G
X X X X X X X X
X X X X X gt A X | X
X X X X X } \ < X | X




Accumulating Rotations (LAPACK)

NN

X X X X X X X

X X X X X X X X

X X X X X X X X X
X X X X X X X X
\xxxxx}\ ><><><}

* Apply one sweep worth of rotations.
« Makes application like “level-2 BLAS”
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Accumulating Rotations (libflame)

G G
/\\ .'_/\_
X X X X X X X
o[
X X X X X X X X
X X X X X X X X
X X X X X X X
X X X X X \

45



Accumulating Rotations (libflame)

G G G
DN N\ AN
X X X X X X X X
X X X X X GT < X X X
X X X X X X X X X
X X X X X X X
\ X X X X X \ X

X
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Accumulating Rotations (libflame)

G G G
¢ N N -
X X X X X X X AL
X X X X X X X | x x
X X X X X GT< X | x X
X X X X X X | x X
X X X X X \ X
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Accumulating Rotations (libflame)

PV W

X X X X X X X

X X X X X X X X

X X X X X X X [X
X X X X X o AX | X
X X X X X \ <>< X
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Accumulating Rotations (libflame)

/G\‘ G G G G
N N N N\ AN
X X X X X X X
6T <
X X X X X X X X
X X X X X X X X
X X X X X X X
X X X X X } \ X

X X

N—



Accumulating Rotations (libflame)

G G

LY r’GNh G G G

N N N N AN

X X X X X X X X

X X X X X GT < X X X

X X X X X X X X X

X X X X X X X
\ X X X X X } \ X

X X
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Accumulating Rotations (libflame)

G G G
e G G G

N N N N -

X X X X X X X AL
X X X X X X X X X
X X X X X GT< X X X
X X X X X X X X
X X X X X } \ X
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Accumulating Rotations (libflame)

G G G G

G N G N G N G

N N N N

X X X X X X X

X X X X X X X X
X X X X X X X X
X X X X X ot AX | X
><><><><><}\ <><><
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Accumulating Rotations (libflame)

/\ G G
/\/\/\/\ G
N N N N AN
X X X X X X X
G <
X X X X X X X | X
X X X X X X | X X
X X X X X X X
X X X X X } \ X

X X
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Accumulating Rotations (libflame)

G G

LN G GG

Ny G N G N G G

N N N N N

X X X X X X |X X

X X X X X GT < X |X X

X X X X X X |IX X| X

X X X X X X | X
\ X X X X X } \ X

X X

N—
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Accumulating Rotations (libflame)

G G G
LN N G G
G N G N G N G
PRV W -
X X X X X X X AL
X X X X X X X | X X
X X X X X GT < X | X X
X X X X X X | X X
X X X X X } \ X

X | X
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Accumulating Rotations (libflame)

NNV LN YL NV LR
N N N N

X X X X X
X X X X X
X X X X X
X X X X X
X X X X X

\

X
X X
X X




Applying Rotations (libflame)
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Applying Rotations (libflame)
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Optimization

Applying a batch of Givens’ rotations:
O(n?b) operations on O(n?) data.
Can attain “level-3 BLAS” performance
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Predicted Performance
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K, = K2 (ratio of time to execute flop in BLAS1/2 to BLASS3)
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Predicted performance (EVD)
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K, = K2 (ratio of time to execute flop in BLAS1/2 to BLASS3)




Observed Performance

Target architecture:

Single core of a Dell PowerEdge R900
server

16 megabyte L2 cache/core.
Single core peak of 10.64 GFLOPS.
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Application of Givens rotations

Performance of application of Givens rotations Theoretical Peak for dgemm
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EVD performance (relative to netlib MRRR)

Performance relative to netlib EVD via MRRR
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Breakdown of EVD run time (3000x3000)

B form QA / back-trans
[ ltridiagonal EVD
E il Bltridiagonal reduction

oQR rQR rQRI1II DC MRRR
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libflame SVD Performance

Complex SVD performance (random)

18
———libflame SVD (fast BiRed + QR 1l)
--E1- MKL SVD via DC

1.6 netlib SVD via DC
—(= - SVD via restructured QR Il

14L — — -8VD via restructured QR

--X-- MKL SVD via QR
—X -netlib SVD via QR

e , libflame SVD

' Netlib via DC

Performance relative to netlib SVD via D&C

T VO
: XX
06k s X XX
X
04F
\
\
0.2F ><\x__x__><,,><_-><—-><—~><-—><——><————><—9<——>\
0 1 1 1 1 1
0 500 1000 1500 2000 2500 3000

problem size m=n
67




EVD Parallel Performance (24 cores)

Standardized GFLOPS
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Is your favorite graph missing?

The paper has an electronic appendix with
tons of performance graphs.
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Conclusion
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Conclusion

The QR algorithm lives!

Future directions:

Parallelization
(multi)GPU
Aggressive early deflation
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