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Probabilistic Reasoning Over Time
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Inference Tasks

Filtering: P(X;|e|)
belief state—input to the decision process of a rational agent

Prediction: P(X, |eq;) for & > 0
evaluation of possible action sequences;
like filtering without the evidence

Smoothing: P(X|e1) for 0 < k <t
better estimate of past states, essential for learning

Most likely explanation: arg maxx,, P(xi.|€1.¢)
speech recognition, decoding with a noisy channel
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Example: Filtering

P(Xt+1\e1:t+1) — @P(eﬁ+1|xt+1)zxfp(xt+l‘Xt)P(Xt|el:t)
2. Update 1. Prediction

* View as massage passing
fl:l‘—f—l - FOR\\:—\RD(‘fl:p €11 ) Where fl:f o P(Xt‘el:t_)

0.500 0.627
o 500 0.373
2.U 2. Up ate

True  0.500- Pwftion 1 Jpetction
False  0.500 o 182 0 117
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Prediction

« Prediction can be viewed as filtering without new evidence
* Predication can be recursively computed by:

P(Xt+1|€1:t)
— Z P(Xt+1-Xt|€1:t)
X

— Z P(Xi41|X¢,e1:4)P(X¢ler:t)

= ZP(Xt+1|Xt)P(Xt’81:t)
Filtering: f1., = P(X;|eq.)
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Smoothing

* Objective: compute the distribution over past states given
evidence up to the present: P(X,le,,) for 0 < k < ¢

* Method: divide evidence €{.;Into €., €. 1

P[X;;‘El;f_) — P(Xﬁr‘el:ﬂ‘-ek—i—lﬁ)
= r_'iP(X,z;\61;,&)P(ek+1:f!xk- e-l;,r;)
= aP(X;le1.r)Plepr1:| Xy)
= af1.pbri1:
Forward-backward algorithm 2
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Smoothing (continued)

« Smoothing: P(X; e:) = aP(Xy|err)Plersrs | Xp)

e Backward

= afy bk—l—l:f.
message: by =Pler1.: | Xi)

Pleri1 | Xz)|= ZP(%H:HXk,XHﬂP(X&H Xk)

)

Recursion

XEL+1

— Z P(E;;+1:t ‘ Xk—i—l)P(Xk—l-l ‘ Xk)

Xk+1

— Z Plep 1. ot | Xpr1)P(Xppq | Xz)

XE+1

— Z P(Ek_|_1 |K}g+1)P(ek—|—2:t ‘Xk—l—l)P(xk—l—l ‘ Xk)

/

bry1.t = BACKWARD(br 0. €x41)
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Example: Smoothing

e Compute P(Rq|uy,uo)

0.500 0.627
0.500 0. 373
True  0.500 !’18 0. 883 o vard
False  0.500 0182 0117f1 g fonvar
P(Xﬂelzf) — P(XI.=|el:k- ekﬂ:r) g ??? 8 :3?3 smoothed
= aP(Xy|enr)Plerr1:4| Xy, e1x) * }
= aP(Xg|eir)Pert1:| Xy) 0.690 J 1 1.00003:2
backward
= afiabe. i 0.410 1.000

R, | PRy
t 0.7
. f 03 -
—Rain, e ain Umbrella , Umbrella-
R, | P(U,)
] 0.9

P 41 X)) = Ple; X Pler.oq|x P(x; X
Umbrella, _, Umbrella, Umbrella, .| (ekﬂ't | k) ; ( k1 | k+1) ( ht2:8 | kH) ( k+1 | k) 7
+
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Most Likely Explanation

* Most likely sequence # sequence of most likely states!!!!
t

max P(xy, ..., x¢leq;) max P(x;|ey.;)
L1 4o ydbt L.

Most likely path to each x;.;
= most likely path to some x; plus one more step

;{111&;313( ----- Xty Xit1|€1:441)
= Ple; 1| Xi11) mAX (P(XH_HXt X P(xq,...,%X: 1, Xt\el:t))

|dentical to filtering, except fi.; replaced by

myy = max P(x1, ..., %01, X¢leqs),

l.e., my.(7) gives the probability of the most likely path to state i.
Update has sum replaced by max, giving the Viterbi algorithm:

M1 = Pleq|Xip) ax (P (X1 |x)myy) 8
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Most Likely Explanation: Example

Rain 1 Rain ) Rain 3 Rain A Rain 5

state - Irue triue |
space
paths

L false false |

umbrella frie e
8182 5155
most
likely <
paths 1818 0491
m,, m,.,
max P(xy, ..., X, X¢yilepi)

= P(e;1|Xip1) = o (P(XHlin) X}'}}E}}};l 5 b T, TN Xf‘el:t‘))
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Hidden Markov Models

2o

t 0.7
R E
_.@_.@mf Rain, )

T | 0o
o e e e e Umbrella; Umbrella, Umbrella,

R, | PU,)

\

1 0.2 \

Bayesian network representation

ail2 a23

State machine representation

X is a single, discrete variable (usually E; is too)
Domain of X; is {1,...,: o3

- : . Ll . 0.7 0.3
Transition matrix T;; = P(X;=j|X;1=1), eg,, ( : )

.5 i
Sensor matrix O; for each time step, diagonal elements P(¢;|X; =)

z . 0.9 0
e.g., with Uy =true, O = ( 0 0 _))

Forward and backward messages as column vectors:

fi441 = O T 14
b.H—I:t = TOA-ku—z:f

Forward-backward algorithm needs time ()(,S?t) and space O(St) o
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Hidden Markov Models (contlnued)

Can avoid storing all forward messages in smoothing by running
forward algorithm backwards:

o r "I—l_
f1.041 = @O T 1y
Ofﬂfl t+1 = ol
i Ty —1 1
(X (1 ) O-H_lfl t+1 — fl:r

Algorithm: forward pass computes f;, backward pass does f;, b;

11
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Hidden Markov Models (contlnued)

Can avoid storing all forward messages in smoothing by running
forward algorithm backwards:

N mT
fii01 = a0 T 14

Of—i—lfl 141 = lf_'l"rf_flzt
{_'Ik:fUF ) lO-H_llfl t+1 — f1:t
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Hidden Markov Models (contlnued)

Can avoid storing all forward messages in smoothing by running
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N mT
fi.:01 = a0 T 14
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Hidden Markov Models (contied)

| PR,

t 0.7
R E
_.@_.@mf Rain, )

T | 0o
o e e e e Umbrella; Umbrella, Umbrella,

R, | PU,)

\

1 0.2 \

Bayesian network representation

ail2 a23

State machine representation

X is a single, discrete variable (usually E; is too)
Domain of X; is {1,...,. o

oo , . . . , 0.7 0.3
Transition matrix T;; = P(X;=j|X;1=1), eg,, (l’l ; 0 T)
Sensor matrix O; for each time step, diagonal elements P(¢;|X; =)

. X 09 0
e.g., with Uy =true, O = ( 0 0 _))

Forward and backward messages as column vectors:

fi01 = a0 T fyy
b.H—I:t = TOA-HbAv—z:f

Forward-backward algorithm needs time ()(,S?t) and space O(St)
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