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Abstract -- This paper introduces a new analytical method
for performing the output torque calculations of an interior
permanent magnet synchronous motor (IPMSM) including both
permanent magnet and reluctance torque components. This
method works well when using a 2-dimensional magnetic
equivalent circuit of a machine by omitting the step of
calculating the inductance values which are required for the
calculation of the reluctance torque. The analysis results show
that this method is very useful in the first design step before
simulating a model using finite elements analysis (FEA). Also,
this method can be applied to any type of synchronous machine.

values are dependent on the applied current value. Also, the
present method of calculating the reluctance torque is
performed under the assumption that all load current and the
magnetic flux flow only along the two-axes.
This paper presents a new analytical method of calculating
the output torque of an IPMSM using a 2-dimensional
magnetic equivalent circuit, without the step of calculating
the inductance values by considering the actual distribution of
the load current and flux. The results will be compared to the
results of Finite Element Analysis and experimental test.

Index Terms— equivalent circuit, inductance, permanent
magnet machine, synchronous motors, torque.

III. TORQUE EQUATION OF IPMSM
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II. INTRODUCTION
The interior permanent magnet synchronous motor
(IPMSM) is currently used in many industrial areas due to its
advantages of high power density and efficiency. In the first
step of designing a new IPMSM, the magnetic equivalent
circuit is widely used by many machine designers to
determine the characteristic of the machine [1]–[7].
Since the output torque of an IPMSM contains the
reluctance torque that is caused by the difference of the twoaxes (d- and q-axis) inductances, Ld and Lq, these inductance
values should be calculated from the analysis of its equivalent
circuit. In other words, to obtain the output torque of a newly
designed machine, the exact inductance values (Ld and Lq) are
necessary [1], [3]–[5], and [7]–[9]. There are many analytical
methods to calculate the Ld and Lq of synchronous motors
including IPMSM [1], [3], [4], and [10]–[11]. However, it is
not easy to calculate the Ld and Lq, because these inductance
*
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Below is the well-known electromagnetic torque equation
of all synchronous machines based on the conventional twoaxes machine model [3]–[11];

T =

(

m
p λd iq − λq id
2

)

(1)

In (1), m is the number of phase conductors, p is the
number of pole pairs, λ is the flux linkage, and i is the
instantaneous current. The subscripts d and q indicate the daxis and q-axis, respectively. In the case of the classical
analysis, the flux linkage has the following mathematical
relationship;

λ d (i d ) = λ d , PM + L d i d

(2)

λ q (i q ) = L q i q

where the term λd,PM is the d-axis flux linkage from the rotor
flux (usually from permanent magnets). Substituting the
terms from (2) into (1), the conventional torque equation of
IPMSM becomes
T=

(

m
p λd , PM iq + ( Ld − Lq )id iq
2

)

(3)

The first term in (3) is called permanent magnet torque and
the second is reluctance torque. Equation (3) shows that the
values of λd,PM, Ld, and Lq are necessary to obtain the output
torque. Theses values are usually calculated by the analysis of
the equivalent circuit. Equation (3) also assumes that all the

load current and magnetic flux flow only along the two-axes
respectively.

2n

T=p

∑ (λ

n+ k i k

− λ k in+k )

(5)

k =1

IV. NEW METHODOLOGY OF OUTPUT TORQUE CALCULATION
In a conventional method using an equivalent circuit, the
output torque calculation has several steps: 1) calculate the
PM torque, 2) calculate d-axis inductances, 3) calculate qaxis inductance, 4) estimate the reluctance torque, 5) add the
PM and reluctance torque [1], [4]–[6], and [8]–[9].
The above conventional method is not simple and is based
on the fundamental component of the air-gap flux. Moreover,
the present method of calculating the reluctance torque is
under the assumption that all mmf from phase current and the
magnetic flux flow to only the two-axes (d- and q- axes) in
the machine.
The new method can obtain the reluctance and total output
torque characteristics with one step by considering the actual
distribution of the load current and magnetic flux in a 2dimensional magnetic equivalent circuit. In other words, this
method enables omission of the step of calculating the values
of λd,PM, Ld, and Lq by using nodal analysis of the 2dimensional equivalent circuit.
The base concept is simple; the total output torque should
be the cross product between the current at the stator coils
and the flux linkage caused from the rotor. Fig. 1 is the
conceptual equivalent circuit of an IPMSM, which has 4n
column rods at the stator and rotor respectively over 1 poleperiod. The column rods at stator and rotor are connected by
an air-gap reluctance network to each other, and there are
mmf sources at the stator part, which are modeled for the
phase current. The values of the mmf sources are determined
by the current density at the stator. Φk is the air-gap flux at
the kth rod of the air-gap determined by the applied current at
the stator.
Because (1) suggests that the output torque is determined
by the cross-product between the flux linkage and the applied
current with the electrical angle difference of 90°, the new
torque equation applied to this equivalent circuit is

⎡(λ n +1i1 − λ1i n +1 ) + (λ n + 2 i 2 − λ 2 i n + 2 ) +
⎤
⎢
⎥
(
)
+
−
"
λ
i
λ
i
p
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⎥
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where λk is the flux linkage caused by Φk. If the machine is
symmetric between the d and –d axes, the torque equation (4)
can be simplified to
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Fig. 1. Conceptual 2D-equivalent circuit of an IPMSM.

V.

A.

VERIFYING NEW METHOD

Prius IPMSM
Fig. 2 (a) is the equivalent circuit of the 2004 Toyota Prius
IPMSM used for this analysis. This circuit has 2 row and 12
column rods at the stator part and 4 row and 24 column rods
at the rotor part. Every node at the stator part is indicated as
s(i,j) that means the node intersecting between the row s(i)
and column j at the stator. Similarly, at the rotor part each
node is named as r(i,j) between the row r(i) and column j.
The last column node s(i,12) is connected to the node s(i,1)
and r(i,24) to r(i,1) because the machine is periodic with the
repeated North and South poles.
Every stator node s(2,i) is connected to all nodes on the
row r(1) of the rotor, r(1,1) through r(1,24). Fig. 2 (b) is a
sample illustration showing how the air-gap reluctances from
stator node s(2,1) is connected to every rotor node on the row
r(1).
There are independent mmf sources at each stator node
caused by the phase current, and the value of each mmf
source is changed to meet input current value and load angle.
The independent flux sources in the rotor part are from the
modeling of the permanent magnets inside the rotor.
Applying the nodal analysis method to the equivalent
circuit based on Kirchoff's current law, the nodal potential at
every node in the equivalent circuit can be calculated, and
then the flux linkage from each node of the first row at the
rotor can also be obtained. The detailed process of solving the
equivalent circuit is presented in [14].
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Fig. 2. 2D-equivalent circuit of Prius IPMSM.
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Since this Prius model is symmetric between the d and –d
axes and the circuit has 12 column rods at the stator and 24
rods at the rotor, the torque equation (5) can be simplified to
(6).
6

T =4

∑ (λ
k =1

( 2 k + 5) i ( k )

− λ( 2 k −1) i( k +3)

)

(6)

Fig. 3 is the output torque graph obtained from (6), which
is compared with the FEA and experimental test results. The
graphs show that the overall analysis results agree with the
experimental test results. Fig. 4 is the expected reluctance
torque graph that is calculated with no-magnetized permanent
magnets in the rotor by equivalent circuit (the value of all
flux sources is zero) and FEA simulation. Fig. 4 proves that
the new method of the output torque calculation will be very
effective in designing a new IPMSM if a machine designer
tries to increase the reluctance torque because the new
method has simpler process to determine the reluctance
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B.

Expected reluctance torque @ 150A load current.

IPMSM with slanted air-gap
This new method is more effective when the machine has
non-uniform air-gap such as slanted air-gap structure shown
in Fig. 5. This structure is for increasing its output torque and
the controllable back emf ratio which is enabled by the
structure of the brushless field excitation that produce axial
flux. This flux is added to the main flux from the PMs inside
the rotor and interacts with the stator current to produce
motor torque. The details are presented in [12]–[14].
The assembled prototype of the Oak Ridge National
Laboratory (ORNL) 16,000-rpm motor design is shown in
Fig. 6. Table I compares the dimensions of the ORNL
16,000-rpm motor with those of a Toyota Prius motor that
was selected as a baseline motor.

Fig. 5

Because of its slanted air-gap shape, the reluctance torque
position will be shifted from 135° toward 90° to increase its
total output torque (PM torque + reluctance torque). In a
conventional method of using an equivalent circuit, it is
impossible to calculate the shift angle of the reluctance torque
caused by the slanted air-gap shape. However, by using the
new method, the expected reluctance torque profile can be
obtained easily. The details of construction and solving
process of the equivalent circuit of the ORNL 16,000-rpm
motor are presented in [14].
Fig. 7 is the expected reluctance torque graphs of the
prototype IPMSM, which are obtained from the equivalent
circuit and FEA analyses. This graph clearly shows that the
maximum reluctance torque position is 105° not 135°.
Similarly, the maximum output torque position is also shifted
toward 90 ° as shown in Fig. 8 and Fig. 9.
Fig. 8 is the comparison of total output toque when the
maximum input current is 200 A in comparison of analysis
results and experimental test results. Fig. 9 is the comparison
for the case of the maximum input current is 50 A. The
overall results from the equivalent circuit are agreeable with
the experimental test results.

Assembled rotor core stack.

Expected Reluctance Torque @ Imax=200A
50

Fig. 6.

Assembly of ORNL 16,000-rpm motor.
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TABLE I
Comparison of Dimensions of the ORNL 16,000-rpm Motor and the
Baseline Motor

w ith slant, FEA

-50
0

Stator lamination outer diameter

ORNL

6,000 rpm
269.2 mm

16,000 rpm

160 mm

160 mm

Core length

83.82 mm

47.75 mm

Bearing to bearing outer face
Magnet weight

196.85 mm
1.25 kg

189.23 mm
1.16 kg

Estimated field adj. ratio

none

2.5

Rating
Boost converter

33/50 kW

33/50 kW

yes

no

High-speed core loss

high

low

The prototype has its slanted air-gap in 2.54 mm (0.1
inches) of the maximum depth and a half span width between
two vertical PMs inside the rotor. These dimensions are
determined after investigating various slanted air-gap shapes
using the new output torque calculation method.
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Fig. 7. Comparison of the expected reluctance torque.
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Fig. 9. Comparison of the expected output torque at Imax=50A.

VI. CONCLUSIONS
The possibility of the direct calculation of the expected
reluctance torque is a major advantage in new output torque
calculation method, because a conventional method needs the
values of Ld and Lq for calculating reluctance torque for every
dimensional change of the machine structure. Therefore, this
new output torque calculation method is very useful for
designing a new machine especially at the beginning step.
Moreover, this method is more effective if the machine has
non-symmetrical air-gap shape for shifting its reluctance
torque position. Increasing the number of the nodes in the
equivalent circuit will produce output torque curves that more
closely follow the experimental results.
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