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Abstract

A method is presented to compute the switching angles in a multilevel converter so as to produce the required funda-
mental voltage while at the same time not generate higher order harmonics. Previous work has shown that the tran-
scendental equations characterizing the harmonic content can be converted to polynomial equations which are then
solved using the method of resultants from elimination theory. However, when there are several DC sources, the degree
of the polynomials are quite large making the computational burden of their resultant polynomials via elimination
theory quite high. Here, it is shown that by reformulating the problem in terms of power sums, the degree of the polyno-
mial equations that must be solved are reduced significantly which in turn reduces the computational burden. In contrast

to numerical techniques, the approach here produces all possible solutions.

I ntroduction

A multilevel inverter is a power electronic device built to synthe-
size a desired ac voltage from several levels of dc voltages. For
example, the output of solar cells are dc voltages, and if this energy
isto be fed to into an ac power grid, a power electronic interface
is required. A multilevel inverter is ideal for connecting such
distributed dc energy sources (solar cells, fuel cells, the rectified
output of wind turbines) to an existing ac power grid.

Transformerless multilevel inverters are uniquely suited for utility
applications because of the high VA ratings possible with these
inverters [1]. The devices in a multilevel inverter have a much
lower dV/dt per switching, and they operate at high efficiencies
because they can switch at a much lower frequency than PWM-
controlled inverters. Three, four, and five level rectifier-inverter
drive systems that have used some form of multilevel PWM as a
means to control the switching of the rectifier and inverter sections
have been investigated in the literature [2, 3, 4, 5, 6]. Here afun-
damental frequency switching scheme (rather than PWM) is con-
sidered because, as just mentioned, this results in significantly
lower switching losses.

A Kkey issue in the fundamental switching scheme is to determine
the switching angles (times) so as to produce the fundamental
voltage and not generate specific higher order harmonics. The
recent book [7] summarizes the current state of the art in harmonic
elimination. Often iterative techniques are used to solve for the
switching angles [8], though such an approach does not guarantee
finding al the possible solutions. In [9], a genetic agorithm
approach is used to solve for the switching angles. In Kato [10], a
homotopy technique is used to solve the harmonic elimination
equations for a single DC source inverter.

Previous work in [11, 12, 13] has shown that the transcendental
equations characterizing the harmonic content can be converted
into polynomial equations which are then solved using the method
of resultants from elimination theory [14, 15]. However, if there
are several dc sources, the degrees of the polynomials in these
equations are large. As aresult, one reaches the limitations of the
capability of contemporary computer algebra software tools (e.g.,
Mathematica or Maple) to solve the system of polynomial equa
tions using elimination theory (by computing the resultant poly-
nomial of the system).
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A major distinction between thework in[11, 12, 13] and the work
presented here is that here the theory of power sums [16] is
exploited to reduce the degree of the polynomial equations that
must be solved so that they are well within the capability of
existing computer algebra software tools. Asin [13], the approach
presented in this work produces all possible solutions in contrast
to numerical techniques. Experimental verification that the low
order harmonics are indeed eliminated is also presented by
driving athree-phase induction motor from an 11-level inverter. A
preliminary version of this work was presented in [17].

Cascaded H-bridges

A cascade multilevel inverter consists of a series of H-bridge (sin-
gle-phase full-bridge) inverter units. The inverter synthesizes a
desired voltage from several separate dc sources (SDCSs), which
may be obtained from solar cells, fuel cells, batteries, ultracapa-
citors, etc. Theleft side of Fig. 1 shows a single-phase structure of
a cascade inverter with SDCSs [1]. Each SDCSis connected to a
single-phase full-bridge inverter. Each inverter level can generate
three different voltage outputs, + V., 0 and — V. by connecting
the DC source to the AC output side by different combinations of
the four switches, S, S,, S; and S,. The ac output of each level’s
full-bridge inverter is connected in series such that the synthesized
voltage waveform is the sum of al of the individua inverter out-
puts. The number of output phase voltage levelsin a cascade multi-
level inverter is then 2s + 1,where s is the number of dc sources.
An example phase voltage waveform for an 11-level cascaded
multilevel inverter with five SDSCs (s = 5) and five full bridgesis
shown on the right side of Fig. 1.

The output phase voltage is given by v, = v; + Vo + V3 + vy + Vg,
With enough levels and an appropriate switching algorithm, the
multilevel inverter results in an output voltage that is amost
sinusoidal. For the 11-level example shown in Fig. 1, the wave-
form has less than 5 % total harmonic distortion (THD) with each
the H-bridges' active devices switching only at the fundamental
frequency. As seen in Fig. 1, the active power drawn from each
source is not equal. However, the voltage levels of the sources can
be kept balanced by using a pattern swapping scheme such as
described in [18-19]. In that scheme, every half-cycle the 8 are
simply rotated through the various levels so that after five half-
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Fig. 1. Left: Single-phase structure of a multilevel cascaded H-bri
multilevel inverter
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dges inverter. Right: Output waveform of an 11-level cascade

cyclesthey are back to their original configuration (see[18-19] for
details). For dealing with non equal DC sources, see [20].

Mathematical model of switching

Following the development in [13] (see also [18]), the Fourier
series expansion of the (staircase) output voltage waveform of the
multilevel inverter as shownin Fig. 1is

© 1 Cbog(n@ 6,)0
V(at) = e 15 os(ny) + cosn 2)Dsin(nax) )
T 5. "0 +K +cog(nf;) 0

where s is the number of dc sources. Ideally, given a desired fun-
damental voltage V;, one wants to determine the switching angles
6y, ..., 6550 that (1) becomes V() = V; sin(at). In practice, one
is left with trying to do this approximately. The goal here is to
choose the switching angles0< 8, < 6, < -+ < §,< W2 S0 as to
make the first harmonic egual to the desired fundamental voltage
V; and specific higher harmonics of V(at) equal to zero. For three-
phase systems, the triplen harmonics in each phase need not be
canceled as they automatically cancel in the line-to-line voltages.
Specificaly, in the case of s =5 dc sources, the desire is to cancel
the 5th, 7th, 11th, 13th order harmonics as they dominate the total
harmonic distortion. The mathematical statement of these condi-
tionsisthen

in('jc (cos(6,) + co(6,) +L cos(65) =V,
cog(56,) + cos(56,) +L +cog(56;) =0
cog(76,) + cog(76,) +L +cog(76;) = 0
cog(116, ) + cos(116,) +L +cos(1165) =0
cos(136,) + cog(136,) +L +cog(1365) = 0

@)

This is a system of five transcendental equations in the five
unknowns 6,, 6,, 6, 6,, G5. The question here is “When does the
set of equations (2) have a solution?’. The correct solution to the
conditions (2) would mean that the output voltage of the 11-evel
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inverter would not contain the 5th, 7th, 11th and 13t order har-
monic components. One approach to solving this set of nonlinear
transcendental equations (2) is to use an iterative method such as
the Newton-Raphson method [18-21]. In contrast to iterative
methods, the following presents a new approach that obtains all
possible solutions and requires significantly less computational
effort than the approach in [13]. To proceed with the new metho-
dology, first let s=5, and definex, = cos (8) fori =1, ..., 5. Using
the trigonometric identities

cog(58) = 5co5(8) - 20cos?(6) +16cos(6)

cog(76) = —7cog(8) + 56 cos?(6) - 112 cos®( ) + 64cos’ ( 6)

cos(11) = —11cog(6) + 220cos’(6) — 1232 cos’(6)
+2816c0s’ (6) - 2816cos’ (6) +1024cos™(6)

cos(136) = 13cog(6) — 364 cos® () + 2912cos’(6) — 9984 cos’ (6)
+16640c0s’(6) — 13312 cos'(6) + 4096 cos3(),

the conditions (2) become

PL(X) & X +Xp +Xg +X4 +X5 ~m =0
5

ps()2 Y (5% —20x% +16x7) = 0

1=1

5

p,(x)4 Z (—7xi +56x° -112x° +64xi7) =0 ©)

1=1
5 o 11X +220x7 ~1232x° +2816/

P (x) 2 z g 9 1 0=

=1 D - 2816Xl + 1024X| D
(08 > [13x; —364x° +2912x° — 9984/ +16640x’0 0
P(¥)= > O 0=
: ; O -13312x" +4096x 0

where X = (Xq, Xo, Xg, X4 X5) and m =V,/(4 Vy4/T). The modulation
index ism, = m/s = V; /(4V,/T). (Each inverter has a DC source
of V. S0 that the maximum output voltage of the multilevel inverter
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is SVge. A square wave of amplitude sV, results in the maximum
fundamental output possible of Vjpa = 4V /TS0 My = Vi/Vyma
= Vy/(sAVyd) = m/s)

Thisis a set of five equations in the five unknowns Xy, Xo, X3, X,
xs. Further, the solutions must satisfy 0 < X5 < ... S X <X < 1.
This development has resulted in a set of polynomia equations
rather than trigonometric equations. The degrees of the polynomials
are large which in turn requires the symbolic computation of the
determinant of large square matrices. Contemporary computer
algebra software tools cannot solve these equations on a personal
computer for inverters with more than four dc sources. Here (cf.
[13]) anew approach to solving the system (3) is presented which
greatly reduces the computational burden. This is done by taking
into account the symmetry of the polynomials making up system
(3). Specifically, the theory of power sums[14, 22] is exploited to
obtain anew set of relatively low degree polynomials whose resul -
tants can easily be computed using existing computer algebra soft-
ware tools. Further, in contrast to iterative numerical techniques,
the approach here produces all possible solutions.

Solving polynomial equations

For the purpose of exposition, the three source (7 level) multilevel
inverter will be used to illustrate the approach. The conditions are
then

PL(X) &% + Xy +Xg —

3
ps(X) & z (5xi -20%2 +16xi5) =0 @)
1=1
3
P92y (-7 +56x7 ~112xF +64x7) =0
1=1

Eliminating X5 by substituting X; = m— (x; + X,) into ps, p; gives

Ps(X,, X, ) = 5% —20x; +16X7 +5% —20%5 +16x3
=X,) =20(M =X, —X,)* +16(M —X; —X,)°

©)

Pr(Xq, Xp) = —Txq +56x5 —112x7 +64x] —Tx, +56X3
—112x3 +64x] = 7(M =X, —X,) +56(M =X, —X,)>

—112(M =X, —X,)> +64(mM =X, —X,)’

where
deg{ ps(x. %} =4, dego{ps(x.x,} =4 ®)
degr{ 70 %} =6, deg,o{pr(0, .} =6

Elimination using resultants

In order to explain the computational issues with finding the zero
sets of polynomial systems, a brief discussion of the procedure to
solve such systemsis now given. The question at hand is* Given two
polynomial eguations a(X;, X,) = 0 and b(x,, X,) = O, how does one
solve them simultaneoudly to eliminate (say) x,?". A systematic pro-
cedure to do thisis known as elimination theory and uses the notion
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of resultants[14-15]. Briefly, one considers a(xy, X,) and b(xy, X») as
polynomials in x, whose coeffcients are polynomialsin x;. Then,
for example, letting a(X;, X,) and b(x;, X,) have degrees 3 and 2,
respectively in X,, they may be written in the form

axq, Xp) = ag (X )%3 + @, (%) x5 +ay (x4 )%, +a9(%)

b(xl, x2) = bz(xl)xg + bl(xl)x2 + bo(xl).
The n x n Sylvester matrix, where

n:degxz{a(xl,xz)} +degx2{b(x1,x2)} =3+2=5

is defined by
@(x) O by(x) O 0 [
R0 0 b bo(x) 0 F

Sip(X) =u(x) a(x) ba(x) bi(x) bO(Xl)E

3(X1)  ax(Xq) 0 b, (x1) bl(xl)[
5O a3(Xq) 0 0 b, (%) E
The resultant polynomial is then defined by
r(x) = R&G(a(xla X2),b(%q, %5), Xz) £ detS, (%) )

and is the result of solving a(x;, X,) = 0 and b(xy, %) = 0 smulta-
neoudly for xy, i.e., eimi-nating X, (See [14-15] for a discussion of
elimination theory and resultants). The point here is that as the
degrees of the polynomials increase, the size of the corresponding
Sylvester matrix increases, and therefore the symbolic computation
of its determinant becomes much more computationally intensive.

Power sums

Consider once again the system of polynomia equations (5). In
[13] (see also [11-12]) the authors computed the resultant polyno-
mial of the pair {ps(xy, %), Pz(%y, X)} to obtain the solutions to
(4). This involved setting up a 10 x 10 Sylvester matrix (10 =
degof PsOy, X)) + degol Pr(xe, Xp)}) and then computing its
determinant to obtain the resultant polynomial r(x;) whose degree
turned out to be 22. However, as one adds more dc sources to the
multilevel inverter, the degrees of the polynomials go up rapidly.
For example, in the case of four dc sources, the final step of the
method requires computing (symbolically) the determinant of a
27 x 27 Sylvester matrix to obtain a resultant polynomia of
degree 221. In the case of five sources, using this method, the
authors were only able to get the system of five polynomial equa-
tions in five unknowns to reduce to three equations in three
unknowns. The computation to get it down to two equations in
two unknowns requires the symbolic computation of the determi-
nant of a 33 x 33 Sylvester matrix. To get around this diffculty, a
new approach is developed here which exploits the fact that the
polynomialsin (3) are symmetric.

The polynomials p;(x), px(X), p3(X) in (4) can be written in terms of
power sums, that is, define the power sums (polynomials) ty, t,, t; as

48 X +X, +Xg
t, 2 X2 +x3 +x2 )

ta2 X2 +x3 +x3
M

21



John N. Chiasson, Leon M. Tolbert, Zhong Du, Keith J. McKenzie

Using the power sums, the polynomials (4) become

pr(t) =ty —m

p5 (t) = 5t1 - 20t3 +16t5 (9)
Thisisnow aset of three equations in the four unknownsty, t, ts,
t;. However the polynomials of (4) are symmetricinthex;, i.e., for
example, if oneinterchanges x; and X, the polynomialsremain the
same. (Thisaso is seen from the fact that the system (4) has been
rewritten in (9) in terms of the power sums which are symmetric
in the x;..) As aresult, the theory of power sums says that any set
of symmetric polynomials in the variables x;, X, ..., X, can be

rewritten in terms of the power sums ty, t,, ..., t, (see [14] page
317). In the case of (9), it turns out that

ts = (£ - 5t5t, +5tPt; +5t,15)/6

ty =(t; ~213t2 + 7t +21t3t, +284,13)/36
These are then substituted into (9) to obtain (t = (ty, t,, t3))

pu(t) =t —m

ps(t) = (15, +8t7 —40tF +t, ~60t; +40t%t +40t,t5)/3

p,(t) = (-63t, —168t7 +16t, +840tt, —336t32 +504t,
- 840t2t, +112t't; —840t,t, +336t3t, +4484,t2)/ 9

which is now a system of three polynomials in three unknowns.
One uses py(t) =t; — m= 0 to eliminate t; so that

A (15m+8m° — 40m> +t, —60t,[]
0 +40m’t; +40t,t; [0

0 -63m-168m° +16m’ [
4 3 3 2 L
A D+ 840m t2 _336m t2 +504t3 [
a7 (t2,t3) = Pr(Mity,t3) = (1/9) 5 4 C
D' 840m t3 +112m t3 _840t2t3:

H  +33et2t, +a4em?  F
where

degtz{Qs(tz"%)} =1 degt3{q5(t2,t3} =1

degtz{%(tz'ta} =2, degt3{Q7(tzut3)} =2,

The key point here is that the degrees of these polynomialsin t,,
t; are much less than the degrees of ps(Xy, Xo), P7(X1, X9) IN Xq, Xo
(see equation (6)). In particular, the Sylvester matrix of the pair
{as(ty, t3), O7(ty, t3)} is 3 x 3 rather than being 10 x 10 in the case

of { ps(Xy, Xo), P7(X1, X2)} in (5). Eliminating t,, the resultant poly-
nomial Res(ds(ty, ), Gr(tz ), L) is given by

Res(gg, 07, t,) = ;—i m(m® - t3)(—4725m +25200m* -5040m>

+256m° +12600t; —100800m?t; +20160m®t,
- 3840m°t, +100800mt3 — 44800t

22

which factors into a polynomial of degree 1 in t; and of degree
3 in tg. For each m, one solves Res(qs, g7, t,) = O for the roots
{t3}i =1 2 3 Theseroots are then used to solve gg(t,, ty) = O for the
root t,; resulting in the set of 3-tuples{(ty, t,, t3) O C3 | (13, ty, t3)
=(m, ty, tg) fori =1, 2, 3} asthe only possible solutions to (9).

Solving the Power Sums

For each solution triple (;, t,, t3), the corresponding values of (x;,
Xo, X3) are required to obtain the switching angles. To do so, one
simply uses the resultant method to solve the system of polyno-
mials

f1(X, %o, X3) =ty = (X +X; +X3) =0

f2 (X0, X0, X5) =ty =(X{ +X5 +x5) =0

f3(Xy, X0, X3) =t = (X5 +X3 +X3) =0

for (x4, Xy, X3). That is, one computes

rl(X21X3) & Res(fl(xl’XZ’X3)v fo (X1, X2, X3), Xl)

I‘Z(Xz,Xg) 2 Res(fl(XLXZvXS)' f3(Xq, X2, X3), Xl)
:tf _t3 _3th2 +3th§ _3th3 +6t1X2X3

= 3x3X3 + 3, X5 —3x,X2

and finally

r(x3) = Res(rl(xz,x3),r2(x2,x3),xz)

, (19
_(,3 _ ) 2 _~u3
= (£ - 3t, +2t; ~3tPxg +3txg +6tX 6x5) .

The procedure is to substitute the solutions of (9) into (10) and
solve for the roots{ x5} . For each xg;, one then solvesr(x,, Xg) for
the roots x,;. Finally, one solves f;(x;, Xy, X5 ) = O for x;; to get the
triples { (x4, Xo, X3) = (X4j, X1, Xgi), 1 = 1, 2, 3, j =1, 2} astheonly
possible solutions to (JI). JI'his finite set of possible solutions
can then be checked as to which are solutions of (4) satisfying
0sXz<X<x <1

The five DC source case

In this section, the five DC source case is summarized. The poly-
nomials py(x), pa(X), Pa(X). Pa(X), Ps(¥) in (3) are symmetric poly-
nomials and therefore may be rewritten in terms of the power
sums

t B X Xy X +X, +Xg

—
N
1>

2 2 2 2 2

—
w
1>

3133 143 143 1y3
Xp + X5 X5 +Xg X

1>

4 4 4 4 4
Xp +X; +X3 +Xg5 +Xg

—
a1
1>

5 5 5 5 5
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Rewriting the polynomials p;(x) in terms of the power sums poly-
nomialsgivesp(t) fori =1, ..., 5wheret =(t;, t,, t5, t4, t5). Now, py(t)
=t, —m, so that t; is eliminated immediately by substituting t; = m.
This leaves four polynomialsin the four unknowns ty, ts, t, ts.

Us(ta.ta tauts) 2 Ps(Mty, gty ts)

Ur(ta tats,ts) 2 pr(mity,ts,ty,ts)

Pr(Mity,ts,t4,t5)

Chy (t2, 13,14, t5)

Chs(tota.ta,ts) = Pis(Mity, sty ts)

The explicit expressions for the polynomials are rather long and
are not needed to show the significance of reformulating the poly-
nomialsin terms of the power sums. Rather, the key point hereis
that the maximum degrees of each of these polynomialsin ty, ts,
t4, ts are much less than the maximum degrees of p;(X), ps(X),
PA(X), P11(X), P13(X¥) N X4, X5, X3, X4, X5 @S SEEN by comparing their
values given in the two tables below.

degint, deginty | degint, degintg
as(t) 0 1 0 1
() 2 1 1 1
Cha(t) 4 3 2 2
Chs(t) 4 3 2 2
degreesin Xy, Xo, X3, X4, X5
Ps(X1, Xo, X3, X4, X5) 5
P7(X1, Xo, X3, X4, X5) 7
P11(X1, Xo, X3, X4, X5) 11
P13(X1, Xo1 X3, X4, X5) 13

Consequently, the computational burden of finding the resultant
polynomials (i.e., the determinants of the Sylvester matrices) is
greatly reduced. Proceeding, the indeterminate t5 is eliminated
first by computing

M5 7 (T2, t3,14) = Res(Us (L. ta, b, ts), Gr(to.ta,ta,ts), ts)
rgs.qu1(to taits) = Res(Qs(thtsa%ts)’ Cha(t2: 15,14, t5), t5)

I’q5,q13(t2,t3,t4):Res(q5(t2,t3,t4,ts), tha(to, ety ts), ts)

where
degint, degints degint,
rq5,q7 (tz, t3, t4) 2 1 1
rg,qu1 (ts 1, ta) 4 2 5
rgs.q13 (s tar ta) 4 3 2

Eliminating t, from these three polynomials gives the two poly-
nomials

A
n(tts) = Ra(rq5’q7(t2,t3,t4), Fgs,qa(tz 1. ta), t4)

A
Rty t3) = R&G(rq5‘q7(t2,t3,t4), rgs,q13(t2, ta. 1), t4)

where
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degint, degints

ro(ts, t3) 3 4

Both of these polynomials have alower degree in t, than in ts, so
the resultant computation isless intensiveiif t, is eliminated in the
next step rather than ts. Proceeding, t, is eliminated from r4(t,, t5)
and r,(t,, t3) to get

n(ts) 2 Res(rl(tz’ts)a ro(t,13), tz)

=CmP(m® —t5)° 7 (M, t3) g (M, t5)

where C is a constant, g;(m, t3) is a polynomial of degree 2 in tg,
and g,(m, t3) is a polynomial of degree 9 in t; and degree 39 in
m = t;. It turns out that neither g;(m, t3) = 0 nor t; = my lead to
solutions for the switching angles as the corresponding x;’s do not
satisfy 0 < X5 < -+ < X, < X; < 1. Conseguently, only the 9 roots of
g,(m, t3) need be computed for each value of m.

One then back solves these equations for the five tuples (t;, t,, ts,
ty, t5) that are solutions to the system of polynomial equations
pi(t) fori =1, ..., 5. To obtain the corresponding values of (X, Xy,
X3, X4, X5) for each of the solutions (t;, t,, ts, 14, ts), elimination
theory is again used to solve the system of polynomial equations

fi(x)=t —(x1 X, +X3 Xy +x5) =0

f,(X) =t, —(x12 +X5 +X3 +X5 +x§) =0
fa(X) = tg —(xl3 33 +X5 +X5 +x§’) =0
fa(X) =ty

X¢ X5 +X5 +X§ +x§):O
_ 5
f5(x) =t5

5 195 445 4y5) =
—(x1 +X5 +X3 +Xg +x5)—0

Asinthe case of three dc sources, thisis straightforwardly accom-
plished (See above).

Computational results

Using the fundamental switching scheme of Fig. 1, the solutions
of (2) were computed using the method described above. These
solutions are plotted in Fig. 2 versus the parameter m. As the plots
show, for mintheintervals[2.21, 3.66] and [3.74, 4.23] aswell as
m = 1.88, 1.89, the output waveform can have the desired funda-
mental with the 5th,7th, 11th, 13th harmonics absent. Further, in the
subinterval [2.53, 2.9] two sets of solutions exist, while in the
subinterval [3.05, 3.29], there are three sets of solutions. In the
case of multiple solution sets, one would typically choose the set
that gives the lowest total harmonic distortion (THD). In those
intervals for which no solutions exist, one must use a different
switching scheme (see[23] for adiscussion on such possihilities).
The corresponding total harmonic distortion (THD) in percent
was computed out to the 31st according to

N2 22 1v2 4vy2 2
THD =100 x “JV5 +V7 +\VT +V5 L Vg
\ V2

and is plotted versus m in Fig. 3 for each of the solution sets
shown in Fig. 2. As this figure shows, one can choose a particular
solution for the switching angles such that the THD is 6.5 % or
lessfor 2.25 < m< 4.23 (0.45 < m, < 0.846).
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Fig. 4: The switching angles vs m which give the lowest THD
for the 5 dc source multilevel converter (m, = m/s with s=5)
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For those values of m for which multiple solution sets exist, an
appropriate choice is the one that results in the lowest THD. This
was done and is shown in Fig. 4. Fig. 2 shows that thereis a solu-
tion set for min the interval [2.21, 3.66] that is continuous as a
function of m,. However, Fig. 4 shows that in the subintervals
[2.8, 2.9] and [3.11, 3.29], one chooses a different solution set to
obtain asmaller THD. A look at Fig. 3 shows that this difference
in THD can be as much as 3.5 %, which is significant.

If one had used an iterative method such as Newton-Raphson, then
in al likelihood only one solution set would be found and would
most certainly not be the solution set that results in the lowest
THD for min the subintervals[2.8, 2.9] and [3.11, 3.29]. Thereason
the Newton-Raphson method would not have found this solution
set is simply due to the way it isimplemented. One starts with an
initial guess for the angles at m = 2.21 (It would take some guess-
ing to even know what value of mto start with!). Then the solu-
tion set for this value of m would be used as the initial guess for
the solution when misincremented by Amto its next value and so
on. At m = 2.21, there is only one possible solution as Fig. 2
shows. Then, as misincremented, the Newton-Raphson algorithm
would give the solution set in Fig. 2 that is continuous as a func-
tion of m, which is not always the solution set with the smallest
THD. In contrast, the method proposed here finds the complete
solution set and allows one to be sure that the solution with the
lowest THD is used.

Experimental results

The same experimental setup described in [13] was used for this
work. It is a three-phase 11-level (5 dc sources) wye-connected
cascaded inverter using 100 V, 70 A MOSFETS as the switching
devices [19]. The gate driver boards and MOSFETSs are shown in
Fig. 5. A battery bank of 15 SDCSsof 36 V (not shown) each feed
the inverter (5 SDCSs per phase). The ribbon cable shown in the
figure provides the communication link between the gate driver
board and the real-time processor.

In this work, the RT-LAB rea-time computing platform from
Opal-RT-Technologies Inc. [24] was used to interface the computer
(which generates the logic signals) to this cable. This system
allows one to implement the switching algorithm as alookup table
in Simulink which is then converted to C code using RTW (real-
time workshop) from Mathworks. The RT-LAB software provides
icons to interface the Simulink model to the digital 1/0 board and
converts the C code into executables.

The step size for the realtime implementation was 32 micro-
seconds. This small step was used to obtain an accurate resolution
for implementing the switching times. Using the XHP (extreme
high performance) option in RT-LAB as well as the multiproces-
sor option to spread the computation between two processors, an
execution time of 32 microseconds can be achieved.

Note that while the computation of the lookup table of Figs. 2 and
4 requires some off-line computational effort, the real-time imple-
mentation is accomplished by putting the data (i.e., Figs. 2 and 4)
in a lookup table and therefore does not require high computa-
tional power for implementation. The multilevel converter was
attached to athree phase induction motor with the following name
plate data: rated hp =1 /3 hp, rated current = 1.5 A, rated speed =
1725 rpm and rated voltage = 208 V (RMS line-to-line at 60 Hz).

In this experiment, m = 3.2 was chosen to produce a fundamental
voltage of V; = m (4Vy/11) = 3.2(4 x 36/11) = 146.7 along with
f =60Hz. As can be seenin Fig. 3, there are three different solution
sets for m = 3.2. The solution set that gave the smallest THD
(= 2.65 % see Fig. 3) was used. Fig. 6 shows the output voltages
for the three phases.
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Fig. 5: Gate driver boards and MOSFETSs for the mulitlevel
inverter
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Fig. 6: Three phase output voltages for m= 3.2,
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Fig. 7: Phase a output voltage waveform (m = 3.2) using the
solutions set with the lowest THD and its normalized FFT.
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Fig. 8: Three phase currents for m= 3.2.

Fig. 7 shows the phase a voltage and its corresponding FFT showing
that the 5, 7th, 11th and 13 are absent from waveform as
predicted. The THD of the line-line voltage was computed using
the datain Fig. 7 and was found to be 2.8 %, comparing favorably
with the value of 2.65 % predicted in Fig. 3.

The motor currents corresponding to the output voltages of Fig. 6
are shown in Fig. 8.

Fig. 9 shows the phase a current and its corresponding FFT illus-
trating that the harmonic content of the current (1.9 % THD) is
much less than the voltage due to the filtering by the motor's
inductance.

Conclusions

A procedure to eliminate harmonics in a multilevel inverter has
been given which exploits the properties of the transcendental
equationsthat define the harmonic content of the converter output.
Specificaly, it was shown that one can transform the transcenden-
tal equations into symmetric polynomials which are then further
transformed into another set of polynomials using power sums.

EPE Journal OVol. 15 Che 1 [(February 2005

This formulation resulted in a drastic reduction in the degrees of
the polynomials that characterize the solution. Consequently, the
computation of solutions of this final set of polynomial equations
were easily carried out using elimination theory (resultants) asthe
required symbolic computations were well within the capabilities
of contemporary computer algebra software tools. This methodo-
logy resulted in the complete characterization of the solutions to
the harmonic elimination problem. That is, for each m, it produces
al possible solutions or it shows that no solution exists. This is
in contrast to numerical techniques such as Newton-Raphson,
optimization software, etc. (for example, see [8], [25]) where one
gets only one solution or no solution and is left to ponder whether
a solution exists or not. On the other hand, the approach here is
more computationally complex than the Newton Raphson tech-
nique. (For example, the equations to be solved in [26] involve
both sines and cosines resulting in high degree polynomials for
which a computer algebra system can have diffculty in computing
the resultants.) Finally, experiments were performed and the data
presented corresponded well with the predicted resuilts.
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