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refinement edge

K

uniform refinement

bisection

0

1 2 0

1

2

0 1

2

0 1

2

0 1

2

01

2

refinement edge
refinement edge

K1.node[0]:=v1, K1.node[1]:=v2, K1.node[2]:=vm

Note that : K0.node[0]:=v2, K0.node[1]:=v0, K0.node[2]:=vm

v0:=K0.node[1], v1:=K1.node[0], v2:=K0.node[0]

Also, to derefine K0 and K1 into K we have :

V0 V1

V2

vm

K0 K1

K0 K1

K2

K3
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A *-37.�.DHV* 6 /1,+*R|1*-[V.?/1'�&(3�.+HB*�[Q/O,)*-37.~����HV*�EB*U�
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A

A
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D D

A A
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µ j

case 5 :

ME = {3, 4}

Right sub-element, K1 :

K1.type = (K.type + 1)%3

switch (ME for face V1 V3 V2)

case 1 : 

case 4 :

K1.node = {V2, V1, V3, VM}

if (K.type == 2) ME = {1, 3}

K1.node = {V1, V3, V2, VM}

if (K.type == 2) ME = {2, 4}

K1.node = {V2, V3, VM, V1}

V0
V1

V2

V3

K0 K1

edge 0

edge 1

edge 2

edge 3 edge 4

edge 5

K

VMV0
V1

V2

V3

Left sub-element, K0 :

K0.type = (K.type + 1)%3

case 2 : 

case 3 :

switch (ME for face V0 V2 V3)

K0.node = {V0, V2, V3, VM}

if (K.type == 2) ME = {2, 4}

K0.node = {V3, V0, V2, VM}

if (K.type == 2) ME = {1, 3}

case 5 : K0.node = {V3, V2, VM, V0}

ME = {3, 4}

else                    ME = {2, 1}

else                    ME = {1, 2}

else                    ME = {1, 2}

else                    ME = {2, 1}
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5lQKO���� ¢S¢ új�`���Gv3ú ¢;¢ ü�
`�xw5
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Applications : ParaGrid

GLVis

General Library

Linear Algebra Library

Mesh Library

Finite Element/Volume Library

STL

HYPRE

MeTiS

Netgen

triangleVisualization Library

Developed Libraries Used Libraries
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¡`¬�NUO]Z[/R�¦]O]¨���O]¥iO]®7O]¬�NqO]§-¢�O]¨q��ZV/R+¦]Oe¨��h¡`¬�NU�y«SR+¦�J�OeN4¨e£«�t©K¦�Q�¢�Z[��©K«K¡i¬K¢yO�HtNUO]¬K§-¨}NUQKOr§SR�N4R
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FS��ZINUQKO�¨YN4OWR�§`�h¨YN�R�NUO�¦WR�¨UO�N4Q-O�¨U«SR�¦]O]¨dR�ZUO_NUQKO���¬KOe¨^�ZU�+®�NUQKO�§K¡2D=OeZUOe¬�N|ZUOM,K¬KO]®7O]¬�Nd¥`O ¤ Oe¥`¨]£
Õm¬�N4QSRNn¦WR+¨[O+ªIR+¥`�+¬K¢AN4Q-OxR+§SR+«-NU¡ ¤ Oq«KZU�"¦]Oe¨U¨]ª�cIO}¦e��®7«K©-N4ObR+¬K§�¨[NU��ZUObNUQKOq¦]��Z[ZUOe¨U«X��¬K§K¡i¬K¢
¡`¬�NUO]ZU«X��¥`R�N4¡i��¬qR+¬K§}¨[NU¡�D{¬KO]¨[¨d®hR�NUZU¡i¦]O]¨e£

. £0]-£0]K£ÇÕm¬�NUO]Z[¬SR+¥oR+¬K§xO	H"NUO]ZU¬KR+¥�¨U��¥ ¤ O]Z[¨�R+¬K§}«KZUOe¦]��¬K§-¡iN4¡i��¬KOeZU¨
$ OhQSR ¤ Oh¡`®7«K¥`Oe®VOe¬�NUO]§z¡`¬�N4OeZU¬SR�¥I¡i¬�NUO]ZUR+¦eNU¡ ¤ OV¨U��¥ ¤ OeZU¨]ªp¨U©K¦�Q�R+¨��¥¤PªX c�¥¤¶R�¬K§ ¤¾È�ªPÑc�{ª
R+¬K§z«KZ[O]¦]�+¬K§K¡iNU¡`��¬-O]ZU¨eªu¨[©K¦�Q�R+¨6®g©-¥iN4¡i¢�ZU¡i§�R+¬K§zQK¡iO]Z4R�ZU¦�QK¡i¦WR+¥�®g©-¥iN4¡i¢�ZU¡i§�£��1§K§K¡iNU¡`��¬KR+¥`¥2��ª=cIO
¦WR�¬V«KZ[� ¤ ¡i§KOd§SR�N4RfR�¬K§V©-¨UO�O	H"N4OeZU¬SR+¥S¨[��¥ ¤ O]Z[¨^R+¬-§V«KZ[O]¦e��¬K§K¡kN4¡`�+¬KO]Z[¨]£p5lQ-O1¦e�t§KOd¡i¨�¦]��¬K¬-O]¦eNUO]§
N4�nNUQKOf�b�"«KZUOf«KZ[O]¦]�+¬K§K¡iNU¡`��¬-O]ZU¨l¥i¡�)KZUR+ZS�+£
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5lQKO¾þ�¡`¨[©SR+¥i¡�¡WRN4¡`�+¬@3�¡�)KZ4R�ZS�q¡i¨�¦e��®7«{��¨[O]§s�+	N4Q-Oj¦e¥�R+¨[¨UO]¨1¢�¡ ¤ O]¬s��¬±Fp¡i¢�©KZ[O�1I1�£|5lQKO¾,S¢�©KZ[O
R+¥i¨U�P¢�¡ ¤ O]¨lN4Q-Of¦e¥�R+¨[¨l§KO]«XO]¬-§KO]¬K¦	�xN4ZUOeO+£

5lQKOI¥`¡�)-Z4R+Z���R+¬-§jN4Q-O^R+«-«K¥`¡i¦WR�NU¡`��¬¾¤*3Iþ�¡i¨�cIO]Z[O^§KO ¤ Oe¥`��«XO]§j¡`¬jR�¢�Z[��©K«f«KZU���[O]¦eNpR�Nu5uO�H-R+¨
��·¾Èx"�¬K¡ ¤ O]ZU¨[¡iN5�+£�5lQKO�¨U¦eO]¬KOe¨|N4QSR�N^c^O ¤ ¡i¨U©SR+¥i¡�¡eO�R+Z[OO)K©K¡i¥`§V�+�¢�O]�+®VO\N4ZU¡i¦_«KZ[¡`®7¡iNU¡ ¤ Oe¨�¨U©K¦�Q
R+¨ ¤ OeZ[NU¡`¦]Oe¨]ªu¥`¡`¬-O]¨]ª�R�¬K§ «X��¥2�t¢+��¬K¨]£P5o�sZ[O]¬K§-O]Z6N4QKOe¨UO7«KZU¡i®V¡kN4¡ ¤ O]¨_cIO7QSR ¤ O7©K¨UOe§ } «{Oe¬©¤*3�ª
R+¬K§sN4�h�+«{Oe¬scd¡`¬-§K�,cd¨�R+¬K§s§KOeNUO]¦eN�¡`¬�N4OeZ4R+¦\N4¡ ¤ Oj©-¨UO]Z_¡`¬K«K©tN1cIO�QSR ¤ Og©K¨UOe§£8[5lQKO } «XO]¬\¤¾3
 �ZU��¢+Z4R+®7®V¡i¬K¢�¤�©K¡`§KO@�1©�Ht¡`¥`¡`R+ZS��32¡�)KZUR+ZS��<�¸/¨[O]O%� ] '���¹ £¬$�¡iN4Q�N4Q-OAR+©�H-¡i¥`¡`R+Z[º ¥`¡�)KZ4R+ZYºyN4Q-O
¡`¬-«K©-No¡`¨�QSR+¬-§K¥`Oe§fNUQKZU��©-¢�Qj¦]R+¥`¥�)SR+¦�J_�©-¬K¦eNU¡`��¬K¨2���Z�¨[«{Oe¦]¡�,K¦IO ¤ O]¬�NU¨]ª�¨U©-¦�QgR+¨o«KZUOe¨U¨[O]§�)K©tNUN4�+¬K¨
R+¬K§}®7��©K¨UO�®7� ¤ Oe®VOe¬�NU¨_R�¬K§s¦e¥`¡i¦�J"¨e£

5lQKO�,SZ[¨[N�NmcI�x¦]¥�R�¨U¨UOe¨�¡`¬ANUQKOnQK¡iO]Z4R�ZU¦�Q�º�ª � h × 8 Ý � � �AR+¬K§ � h × 8 Ý � � � 8 Ý Þ æ Þ(Ø F Þ ê Þ ª�R+Z[O
RI)K¨YN4ZUR+¦eN]£p5lQKOlZ[O]¨[N]ª � h × 8 Ý � � � 8 ä æ Ù ê h ä � ª � h × 8 Ý � � � � � Ý�ê äIØ ª � h × 8 Ý � � � 8 ä æ Ù ê h ä � ù=ã ªSR�¬K§
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Fp¡i¢K£Ò1I1�£�þ�¡i¨U©SR+¥i¡�¡]R�N4¡i��¬h¦e¥�R+¨[¨UO]¨1R+¬K§xN4Q-O]¡`Zl§-O]«XO]¬K§KOe¬K¦eºxNUZUO]O

� h × 8 Ý � � � � � Ý�ê äIØ ùEã ª�¦WR+¬�){O7©K¨UOe§ NU�A§KO	,S¬KO7�()��[O]¦\N4¨�R+¬K§ ¤ ¡i¨U©SR+¥i¡�¡eOgN4QKOe®s£V5lQKOh�()=�[O]¦eNU¨
®VR,ºa)XO����Z_«-ZU�()K¥iO]®7¨1NUQSR�N�º"¡`Oe¥`§�QN��^�¨U¦]R+¥�R�Z�R+¬K§ ¤ O]¦\N4��Z�¨[��¥`©-NU¡`��¬-¨]ª�R�¬K§�/j��^�¨[¦WR+¥`R+Z�R�¬K§
¤ Oe¦eNU��Zj¨[��¥`©tN4¡`�+¬K¨]£TÑ�R+¦�Qy�+�N4QKO7¥�R�¨[N¾]s¦e¥�R+¨[¨UOe¨jQSR�¨j¡i®V«K¥iO]®7O]¬�N�RN4¡`�+¬r�+lR F Ø�Þ @��©-¬K¦eNU¡`��¬�ª
cdQK¡i¦�Qq¡`¨^©-¨UO]§bNU�gZUOe¬K§KOeZ^N4QKO_ZUO]«-ZUO]¨[O]¬�N4Oe§@)�ºVN4QKO1¦]¥`R+¨U¨|�I)��[O]¦\NW£ F Ø�Þ @V¡`¨I¦WR+¥i¥`Oe§hO ¤ O]ZYºhN4¡i®VO
N4Q-O7©-¨UO]Z6¡i¬K«K©-N6¡i¨�¡`¬�N4Oe¬K§KO]§TN4�x¦�QSR�¬K¢�OnN4QKO ¤ ¡`¨[©SR+¥i¡�¡WRN4¡`�+¬r¨U¦eO]¬KO�£TFS��Z�O�H-R+®V«-¥`O+ª�NUQKOP©K¨UOeZ
¡`¬-¡iN4¡`R+¥`¡�¡]Oe¨6R+¬yO ¤ O]¬�N )�º «KZUOe¨U¨U¡i¬K¢TR�)K©tNUN4�+¬�ª	¦]¥i¡`¦�J�¡`¬-¢sN4Q-Oh®7��©K¨UO�ª	OeNU¦+£r5lQ-O]¬�RA¦]R+¥`¥�)SR+¦�J
�©K¬K¦\N4¡i��¬�ª-¦e��ZUZ[O]¨[«{��¬-§K¡`¬K¢nNU�gN4QKO�O ¤ O]¬�N]ªS¡`¨|¦]R+¥`¥iO]§�£	5lQ-Of¦]R+¥`¥�)SR+¦�JP�©K¬K¦\N4¡`�+¬b¡`¨|«-ZU��¢�ZUR+®7®VOe§
N4�1®hR�J+O�N4QKOI¬KO]¦eO]¨U¨UR+Z[º�¦�QSR+¬K¢+O]¨p¡i¬jNUQKOI®7�"§KO]¥"R+¬K§j¦WR+¥i¥`¨ F Ø�Þ @Xª+cdQ-¡`¦�Q ¤ ¡`¨[©SR+¥i¡�¡]Oe¨oNUQKO^®7�"§KO]¥
¡`¬qNUQKO6¬KOec�¨UOeN[N4¡i¬K¢K£

FS��Z�R+¥i¥p¦e¥�R+¨[¨UO]¨���I«-ZU�()K¥iO]®7¨_N4Q-On©K¨UOeZf¦]R+¬T¡`¬�N4OeZ4R+¦\N4¡ ¤ O]¥kºA§-�}¨[¦]Oe¬KOnN4Z4R�¬K¨U¥`R�N4¡i��¬K¨]ª{§K¡i��
�O]Z[O]¬�N^Nmº"«XO]¨I�+�¨[«K¡`¬K¬-¡`¬K¢jR+¬K§VZU�+N4R�N4¡i��¬�ª��()��[Oe¦eN^¨U¦WR�¥`¡`¬-¢Kª�¦�QSR+¬K¢+O_�+{N4QKO�¥`¡i¢�Q�N�«{��¨[¡iNU¡`��¬�ª�O\N4¦�£
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§SR�N4R�c^O6QSR ¤ Of¥iO ¤ O]¥2¦]©-Z ¤ Oe¨]£gFS��Z^N4Q-O ¤ O]¦\N4��Zd¦]R+¨UO�cIOfQKR ¤ O ¤ O]¦\N4��Z¥,SOe¥`§ ¤ ¡`¨[©SR+¥i¡�¡WRN4¡`�+¬�ªt§-¡`¨��
«K¥`R+¦]Oe®VOe¬�NU¨ ¤ ¡i¨U©SR+¥i¡�¡]R�N4¡i��¬�ª,OeNU¦+£ÓF��+ZX/���^�«-ZU�()K¥iO]®7¨2c^OIQSR ¤ O ¤ ��¥`©-®VO ¤ ¡`¨U©KR+¥`¡�¡WR�NU¡`��¬�NUQKZU��©-¢�Q
®7� ¤ ¡i¬K¢�¦e©-NUNU¡`¬K¢g«-¥�R+¬KO�£	5lQKOeZUO6R+Z[O�R+¥`¨[� ¤ ¡`¨[©SR+¥i¡�¡WRN4¡`�+¬VO	D=Oe¦eN4¨^¥`¡�J�O_¨[QSR+§K¡i¬K¢x¸/¨[®V�"�+NUQ©ÍjÉ�R�N ¹ ª
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QSR ¤ OgNUQKO��OeO]¥`¡i¬K¢hNUQSR�N_NUQKOeºrR+ZUOj¦]��¬-¬KO]¦\N4O]§=£7�1¥`¨U�-ª=��¬KO�¦WR+¬�©K¨[OgN4QKO�¥�R+¨YN_�OWRN4©KZ[O����Z_Z[OWR+¥
N4¡i®VO ¤ ¡`¨[©SR+¥i¡�¡WRN4¡`�+¬z��lN4¡`®7OP§KO]«XO]¬-§KO]¬�NP«KZ[�()K¥`Oe®V¨e£ } ¬-Oh¨U¦eO]¬SR�ZU¡`�-ª	¡`¬zcdQK¡`¦�Q'cIOb©K¨[OhN4Q-O
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¤ ¡`¨[©SR+¥`¡�¡]Oe§�£
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¦]¥i©K§KOf¨UO ¤ O]ZUR+¥oO	H-R+®7«K¥`Oe¨]ª�¬�©K®VOeZU¡i¦WR+¥i¥iºb§-O]®7��¬K¨[NUZ4R�NU¡`¬K¢nNUQKOj«XO]ZY���ZU®VR+¬K¦eO6�+pNUQKOj§-¡`¨U¦e©K¨U¨[O]§
O]Z[ZU��ZnOe¨[NU¡`®VR�N4��Z[¨]£�Õm¬¬�tOe¦eNU¡`��¬ R £21qc^Ox¦]�+¬K¨U¡i§KO]ZP«KZ[�()K¥`Oe®V¨jcd¡iN4Q J�¬K�,cd¬�¨[��¥`©tN4¡`�+¬K¨]£ 5lQKO
)XO]QSR ¤ ¡`��Zd�+uN4QKO6§K¡2D=OeZUOe¬�N1O]Z[ZU��ZdOe¨[N4¡i®hRN4��Z[¨]ª-NUQSR�Ndc^OjQSR ¤ Of§KO ¤ O]¥i��«{Oe§�ªX¡`¨l¦]�+®V«SR�ZUO]§xcd¡iNUQ
N4Q-OgO	H-R+¦\N�O]Z[ZU��Z[¨]£�5lQKO�ZUO]¨YN��+�NUQKOg¨UOe¦eNU¡`��¬K¨�R+ZUOf���Z_®7��ZUOfZUO]R+¥`¡i¨[NU¡`¦f«KZU�()-¥`O]®7¨]ª�cdQKOeZUOgN4Q-O
O	H-R+¦\N	¨[��¥`©-NU¡`��¬f¡`¨o©K¬[J�¬K�,cd¬�£#²1R+®7O]¥iº+ª�¡i¬ �t©`)K¨UOe¦eN4¡i��¬ R £_Qtªc^O|¦e��¬K¨[¡`§KOeZ ¤ R+ZU¡i��©K¨�¦]�+¬ ¤ O]¦\N4¡`�+¬��
§K¡2D=©K¨[¡`��¬��mZUO]R+¦eNU¡`��¬}O�V�©SRN4¡`�+¬K¨_cd¡iNUQ±)X��©K¬K§SR�Z[ºs¥�RWº�OeZU¨�R+¬-§r¨U¡i¬K¢�©K¥`R+Z1¨[��¥`©tN4¡`�+¬K¨1§-©KO�N4�h¦]��Z��
¬KOeZU¨_��	N4QKO¾)X��©K¬K§SR�Z[º}��Z�§K¡`¨[¦]��¬�N4¡i¬�©K¡iNmºx�+uN4QKOj¦]�"Oe½7¦]¡iO]¬�N4¨e£¥$'OjQSR ¤ OjNUQKZUOeO�O�HKR�®V«K¥iO]¨��+
¨U¡i¬K¢�©K¥`R+Z_«-ZU�()K¥iO]®7¨]£f5lQKO ,SZU¨YN6��¬KOnQSR�¨�¨U¡`¬-¢�©K¥�R�ZU¡iNU¡`Oe¨1§K©-OPNU�q¦]��Z[¬KO]Z[¨]£g5lQ-On¨UO]¦e��¬K§z¡`¨_��+Z
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cd¡iNUQP§K¡`¨[¦]��¬�N4¡i¬�©K¡iNmºn��{NUQKOd®hR�NUZU¡ÿHg�g¸�� ¹ £ÓÕm¬9�t©`)K¨UOe¦eN4¡i��¬ R £_/�cIO1¦e��¬K¨U¡i§KO]Z�R�¬VO�HKR�®V«K¥iO|N4QSRN
¡`¨lZ[O]¥`R�N4Oe§xNU�P¨U¡`®�©K¥�R�NU¡`��¬h�+p¨YN4O]R+§-ºx¨[N4R�N4O?ÉS©-¡`§BÉS�,c�¡i¬}«X��Z[��©K¨d®VOe§K¡�Rg¡i¬¯/j��^g£
R £21�£4ªdO]¨[©K¥iNU¨dcd¡kN4Q@J�¬K�,cd¬AO�HKR�¦eN1O]ZUZ[��Z
¿_À2Á[·¹½Ó¼�µ@ÀSÂc$ O|¦e��¬K¨U¡i§KO]ZuN4QKO¥^�¡iZU¡i¦�QK¥`O\Nu«-ZU�()K¥iO]®Ã��¬nR+¬PÄÓ��¨UQSR+«XO]§n§-��®hR�¡`¬�£o5lQKO!)X��©K¬K§��
R+ZYº ¤ R�¥`©KOe¨pR+Z[OIN4RIJ+Oe¬g¨U©K¦�QjN4QSR�NoN4Q-O^O	H-R+¦\N	¨[��¥`©-NU¡`��¬-¨uR�ZUO�N4QKOIQSR+ZU®7��¬K¡i¦	�©K¬K¦\N4¡`�+¬K¨pÅ��ÇÆ�È´É�r�IÊÈ ªÅ È�Æ�Ë ÉNr� È ÊË ª"R+¬K§7Å*Ì Æ�Ë ÉNr� Ì ÊË £	5lQKOdN4Q-O]��ZYºn¢�¡ ¤ O]¨�N4QSRNIÍ�ÎrR+¬-§VÍ+ÏqR+ZUOdO�V�©K¡ ¤ R+¥`Oe¬�N�NU�6NUQKO�O]ZUZ[��Z]ªcdQK¡i¦�Q�¡`¨�R�¥`¨U��¦]�+¬`,SZU®7O]§6�ZU�+®�N4QKO�¦]�+®V«K©tN�R�NU¡`��¬K¨e£�5lQKOI¬�©K®7O]Z[¡`¦]R+¥�ZUOe¨U©K¥kN4¨uR+ZUO�¨U©-®V®VR+ZU¡�¡]Oe§
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