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Over mary yearsl have searchedor the pointwheremyth andsciencgoin. It
wasclearto mefor alongtime thatthe origins of sciencenadtheir deeproots
in aparticularmyth, thatof invariance

— Giorgio de Santillana

INTR ODUCTON

In this paper’ Il addressheemegenceof thediscretefrom the continuousfirstin mythol-

ogy andpsychologythenin cognitive scienceandatrtificial intelligence.Thiswill providea

contet for consideringsomecontinuousheuralprocessethatcanresultin (approximately)
discretebehaior.

Many traditionalcosmologiedegin with a separatiorof the primordialmassaconfusa

into oppositesFor example,Euripedessaid,

And the tale is not mine but from my mother how Ouranos(Sky) and Gaia
(Earth) were one form; andwhenthey had beenseparatedpartfrom each
otherthey bring forth all things,andgave themup into thelight: trees,birds,
beaststhecreaturesiourishedy thesaltseaandtheraceof mortals.(fr. 484,
Melanippethe Wise)

*Basedon an invited presentation2nd Appalatian Confeenceon Behavioal Neuodynamics: Pro-

cessingin Biological Neural Networks(October3-6, 1993), Radford University, Radford, VA. To appear
in Origins: Brain & Self-Oganization(tentatve title), editedby Karl Pribram, Hillsdale, NJ: Lawrence
Erlbaum.



This separationwhich is often associatedvith the creationof recognizablethings cor-
respondgo the emegenceinto the world of the faculty of discrete categorization With
definite propertiescomedefinite things, and corverselythe definitenesf things seems
to dependon definite oppositions.Early philosophergenumeratedanary oppositionge.g.,
hot/cold,dry/wet,light/dark,straight/cured,odd/even),but in myththey areoftenequated
to the oppositionmostsalientto all people: male/female.Thusthe primordial separation
createsa god anda goddesswhosesubsequentinion createshe world of things(though
they retaintheir separatedentities). In aneditor’s forward [30] Alan Wattsobsenesthat
this processs reflectedn anancientseriesof images:
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Theimagegepresentrespectiely, theundifferentiatednatrix, themaleseedn thecosmic
womb, polarizationinto oppositesandthe cosmosasa complex systemof polarities.
Discretecateyoriesarevery comfortable for they bring a senseof security:everything
eitheris or isn’t. Thisis capturedby Aristotle’s Law of the ExcludedMiddle, which ap-
pliesto every spacethatis topologicallydiscrete:thereis nothingin the middle, between
the pointsof the spaceandthereareno mattersof degree;two pointsareeitheridentical
or asdifferentasthey canbe. It is significantthat the Greekword chaosoriginally re-
ferredto agapand,specifically to the primordialgapbetweerearthandthe heavens[10];
andindeedthe categorizing mind finds only chaosin the grey areasbetweencateyories?
The Pythagoreansierequite explicit aboutthe role of the gapin creatingdiscretethings,
includingtheintegers.Stobaeuseportedthatthey said:

Thevoid (kenon) distinguisheghe naturesof things, sinceit is the thing that
separatesnddistinguisheghe successie termsin a series. This happensn

thefirstinstancen thecaseof numbersfor thevoid distinguishesheir nature.
(DK 58B 30)

Another traditional themein mary commonaccountsof creationis the efficacy of the
spolenword in beginningthe creationof things;this perhapgeflectsthe closeconnection
betweerlanguageandthe conceptuafaculty.

Thereis alsoan old tradition that wisdomcomeswith the transcendingf cateories.
Thisis afamiliarthemein mary Easterriraditions,suchasTaoism butwealsofindit in the
West. For example,Heraclitusrecognizedhat cateyoriesare oftenrelative andcontectual
(DK 22B9, 13,37,58,59-61). He alsorecognizedhe importanceof the continuumthat
unifiesthe opposition:

1In the Babyloniancreationmyth, the creationof the organizedworld doesnot begin until Enlil (the air
god) createsa gap betweenAn (Heaven) andKi (Earth). In one scholars readingof the text, the gapis
createdby anactof cognition,for it is effectedby the god Mummu, whosenamemeans'mind,” “reason”or
“consciousness[29].



The teacherof mostis Hesiod; they are sure he knows most, who did not
recognizeDay andNight — for they areone.(DK 22B 57)

Thatis, Hesiodconsideredhe goddesse®ay and Night to be different— an archetypal
opposition— andfailed to acknavledgetheir underlyingunity, for they arejust the ex-

tremesof a cycle [32]. Heraclitusalsostressedhatthe harmonia(structure)of the world

resultsfrom a flow betweenopposites: “through opposingcurrentsexisting things are
madea harmonid (Diogenes_aertius9.7). Thus,from a deeperperspecitie, reality is a
structuredflow ratherthana discretestructure.Furthermorethe wise realizethatthis law

governingthemacrocosnappliesequallyto people:

Thosespeakingwith senseneedto rely on whatis commonto all, asa city on
its laws — andwith muchmorereliance.For all humanlaws arenourishedoy
one,thedivine3 (DK 22B 114)

The messagseemsgo bethatwe do not have a simpledichotomybetweera chaoticcon-
tinuum and a structureof discreteparts. The third alternatve is a structured continuum
(harmonig, which resultfrom a flow betweenopposites. This is the law of the macro-
cosm, but alsothe law of the microcosm,that s, the principle by which an organisms
behaior canmovein conformitywith the universalprocess.

Similarly, in Jungianpsychologicatheory the processf consciousndividuationre-
sultsin a personalitythatis “firm in its flexibility” [4]. This processcorrespondgo the
coniunctiooppositorumof spiritual alchemy which is primarily a union of male andfe-
male, but symbolically a reunificationof all the oppositeqd8]. Thusthe evolution from
an initial undifferentiatedstateto an inflexible discretestateis supersededy a flexible
reintegrationof the unitsthatpreserestheir differentiation.Specifically anindividualized
personalityrequiresthe unificationof the subconsciousind, which is intuitive, synthetic
andflexible, but opaquewith the consciousnind, which is transparentrationalandana-
lytic, but rigid. Theresulting“consciousspontaneity’combineghe light of the conscious
mind with the intuitive flow of the unconsciousandso in alchemyit is symbolizedby
the “fiery water” that resultsfrom a conjunctionof elementalfire (illuminating but rigid
anddisintggrative consciougationalthought)andelementalvater(veiled but flowing and
integrative subconscioustuition).

In artificial intelligence,cognitive scienceand epistemologywe are presentlyin the
progresof recapitulatingthis evolution. The half centurythatendedabout1980wasthe
heyday of discreteknowledgerepresentationif shaved the capabilitiesof symboliccog-
nitive models,but alsotheir limitations. Connectionisknowledgerepresentatiorasem-
bodiedin neurocomputatiorpromisedo fill in the gapsof discreteknowledgestructures,

2‘Harmory’ is not the primary senseof ancientGreekharmonia which refersto a continuousstructure
obtainedby joining discreteparts.

3Thereis athreeway punin the Greekbetweertwith sense’(xunnooi), “what is common” (toi xunoi)
and“laws” (toi nonoi) [9]. Thenominalizedadjectvesin this translatiorreflectthe (apparentlyjntentional
ambiguitiesof Heraclitus’maxim.



providing flexibility while retainingdifferentiationandstructure.Thatis, by allowing (ap-
proximately)discretesymbolicrepresentationt® emege from continuouseurocomputa-
tional processes;onnectionisnwill provide a basisfor flexible symbolicprocessing.

In this paperl will discussseveral simple, neurally plausiblemechanisms$y which
approximatelydiscretestructurescan emege from continuouscomputationalprocesses.
Thegoalis to betterunderstandhow brainsmanipulateapproximatelydiscretesymbols as
in languageandlogic, withoutlosingtheflexibility of theunderlyingneuralprocesses.

2 CONTINUOUS COMPUTATION

2.1 What is Computation?

Onemight supposédhatthe answerto this questionis obvious, but it becomegroblematic
whenonelooks for computationn placesotherthanmanufcturedcomputerssuchasin
thebrain,andoneconsiderkindsof computatiorthatarelessfamiliarthandigital compu-
tation, suchasanalogcomputation.Indeed,a forthcomingissueof thejournal Mindsand
Machinesis devotedto the question‘What is Computing?”in the contet of psychology
andphilosophy andexhibits avariety of opinionsonthematter I’ ll briefly summarizeny
position,whichis presentedn moredetailelsavhere[21, 26].

Themeaningof “computation”is moreapparentf we considerthe useof thetermbe-
foreit becamewidely recognizedhatcomputercanmanipulatenonnumericatiata. Then,
computationrmeantdoing arithmeticby meansof physicalprocedures.Theseprocedures
includedthe arrangemenof written figuresin tableaux(asin long division), the position
of beadsn anabacusor similar “digital” device, andthe positionof scalesn asliderule,
nomograpfor similar“analog”device. Herealreadywe canseetheessentiatharacteristics
of computationwhich still hold.

First, the purposeof computingis to operateon abstract objects Originally numbers
werethe only objectsmanipulatedput onceit becameapparenthat computerscould be
usedfor nonnumericatomputationthemanipulableabstracbbjectsvereextendedo sets,
sequencesuples,Boolean(truth) values formulas,andmary othertypesof data.In spite
of the factthatmary of thesedatatypesare nonnumericalthey are mathematicain the
sensehatthey arepreciselydefinedandabstract (i.e., “formal” in the sensehatthey are
nonmaterial).

Second,becauseabstractionsdo not exist physically computationmust be accom-
plishedby the manipulationof physicalsurrogates Examplesof thesesurrogatesrethe
written digits of manualarithmetic, the beadsof an abacus,and physical positionon a
slide rule or nomograph.Even“mental computation”(e.g.,mentalarithmeticor algebra)
displaysthis characteristicthoughlessobviously, sincethe digits or othersignsarerep-
resentedby physicalstatesin the brain that are manipulatedwith little regard for their
meaning(seefollowing).

Third, computatioris amechanicaprocedurewhich depend®nreliably determinable
physicalpropertiesof the surrogategi.e. computationis “formal” in the sensehatit de-



pendson the form but not the meaningof the surrogateobjects). For example, manual
arithmeticcanbecarriedoutwithoutconcerrfor themeaningof thedigits. This, of course,
is the propertythat permitsautomaticcomputationput evenin the daysbeforecomputing
machineryit allowedsophisticateaalculationgo becarriedout by skilled, but mathemat-
ically ignorant,human®“computers, who wereorganizedin large scaleparallelarraysfor
scientificcomputationandsimulations.

Finally, we obsene that throughoutmostof the history of computationpoth discrete
(“digital”) andcontinuoug“analog”) surrogatesave beenused. For example,in ancient
Greecewe find both the abacugdiscrete)andthe useof geometricdevicesandconstruc-
tions(continuous).Therecenthistoryof computersyhich hasbeendominatedoy discrete
computationpiasesusagainstcontinuouscomputationput thatis a seriousmistale if our
concerns computatiorin thebrain(andprobablyevenif ourinterests limited to computer
technology[12, 16, 17]).

| have aguedelsavhere[26] thatthedifferencebetweeranaloganddigital computation
hasnothingto do with a supposedanalogy possessethy the former but not the latter,
betweenthe physicaland abstractsystems. On the contrary both kinds of computation
dependon a systematiaorrelation— an analogy— betweenthe statesandprocessesf
thephysicalandabstracsystemsasis explainedbelow. For thisreason will usetheterms
discreteandcontinuouscomputatiorinsteadof “digital” and“analog” computationwhich
might be misleading.

In summary: Computationis the physicalrealization of an abstract processfor the
purposeof manipulatingabstract objects

2.2 Computation in General

Sincecomputationaccomplishesn abstractprocesshroughthe mediumof a surrogate
physicalprocessijt’s necessaryo say preciselywhatis meantby process To stressthe

parallelsbetweendiscreteand continuouscomputation,the definitionswill be statedas

far aspossiblein “topology-neutralterms; thatis, in termsinclusive of both discreteand

continuouscomputation.

Thefuturebehaior of aprocesss completelydeterminedy its input (theindependent
variables)andits state(thedependentariables) In the caseof adiscreteprocesghestate
comprisesone or more variableswith valueschosenfrom discretespaceqe.g., integers,
Booleansor floating-pointnumbers).In the caseof a continuousprocessthe statemight
be a discretesetof continuous-aluedvariablesor a continuumof continuousvalues,as
in a physicalfield (the latter actually being a specialcaseof the former). Theinputto a
processnay bediscreteor continuousn the sameway asthe state?

The moment-to-momenbehaior of a processs determinedby a law thatrelatesits

4For simplicity I'm restrictingattentionto deterministigorocesseshoughnondeterministiprocesseare
alsoimportant,they arenot relevantto the presentdiscussion.

5In principle, hybrid discrete/continuousystemsarepossible but they aresubjectto restrictionamposed
by otherpropertiessuchascontinuity.
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Figurel: A Process

statechangego the presentstateandinput; this law is itself permittedto changein time.
Specifically let ¢)(¢) bethe stateand¢(t) betheinput, bothattimet. Thenv/(t), thenew
stateattime t, is givenby v'(t) = r[t, ¥ (t), ¢(t)], wherethe statetransitionfunctionr is
thelaw determiningheprocesgFig. 1). For adiscrete-timgrocessthe new stateis given
atthenext time stepy/(t) = v (¢ + 1); for acontinuous-timgrocessthenew stateis given
atthenextinstant,’(t) = ¢ (¢t +dt). A consequencef thisis thatthelaw r takestheform
of (generalizedyifferenceequationgor a discreteprocessand (generalizeddifferential
equationdor a continuousprocess.

Having saidwhata processs, we considemwhatit meandor aphysicalprocesso real-
ize anabstracprocessin brief arealizationis ahomomorphisnirom the physicalsystem
to the abstracsystem.Roughly a realizationis a systematicorrespondencketweernthe
statesof the two systemsandbetweerthe statechange®f the two systemssuchthatthe
behaior of theabstracsystemis recoverablefrom thatof the physicalsystem.I’ Il explain
this morecarefully (Fig. 2).

Let A be an abstract(mathematical formal) systemwith a transition operatorr :
RXxS8XZ — S, whereS is the statespaceL is theinputspaceandR is thetime contin-
uum. Similarly thephysicalsysteniP hasthetransitionoperatorR : RxSxZ — S. Then
we saythatP is arealizationof A if thereis ahomomorphisn# : P — A; ahomomor
phismis a mappingthat preseressome thoughnot necessarilyall, of the mappedsystem
(seebelow for specifics).Thisis becaus@anabstracsystems anabstractiorof reality, and
sothe abstracbobjectswill in generahave mary fewer propertieghanreal (physical)ob-
jects. Thusahomomorphisn#{ : P — A mapssomeof the physicalpropertiesof P into
abstracpropertiesn A, but others,irrelevantto the computationareignored. To specify
thehomomorphismmorepreciselywe mustconsiderthe equationf thetwo systems:

V(1) = rlt, v (1), 6(2)],
U'(t) = R[t, U(t), D(1)].

The homomorphisn : P — A actuallycomprisefour homomorphismsH; : S — S
on the statespacesH; : Z — Z ontheinput spaces?, on the transitionmaps,and#;
betweertime in thetwo systemsthoughusuallythe distinctionis clearandthe subscripts

5This applieseven for statescontainingnonnumericalariables sincegeneralizedlifferenceequations
canbedefinedoverary discretespaceandin this senseary digital computerprogramis a setof generalized
differenceequationg13]. Generalizedlifferentialequationganbe definedover Banachspaces.
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Figure2: PhysicalRealizationof an AbstractProcess

areomitted. Thuswe write ¢y = H{¥}, ¢ = H{®P} andr = H{R}. Figures3 and4 shav
two simpleexamplesof realizations.

We can now statethe condition that must be satisfiedfor the physicalsystem?P to
realizetheabstracsystemA. Sinceahomomorphisnpreseresstructure,

o' =H{V'} = H{R(t, ¥, @)} = H{R}H{t}, H{v}, H{o}) = r(H{t}, H{V}, H{2}).
Thatis, themappingis a homomorphismf
H{V'}t = r(H{t}, H{V}, H{D}). (1)

Noticethatin Eq. 1 time in the abstractsystem#{¢} neednot correspondo time in
the physicalsysteny; if they do,t = H{t}, thenwe have arealtimesystem.f they arenot
the same thenwe mustdistinguishthe “simulatedtime” of .4 from the time requiredfor
its realizationin P. (However, we still require,; to bemonotonicsothattime proceedsn
thesamedirectionin theabstracsystemandits realization.)

2.3 Computation in Brains

I’ ve suggestediefiningcomputationasthe physicalrealizationof an abstractprocesgor

the purposeof manipulatingabstracbbjects.The phraséfor the purposeof manipulating
abstracbbjects”is essentialsinceevery physicalprocesss therealizationof someabstract
process— in fact,of mary, sinceany mathematicamodelof a physicalprocesss realized
by it. Thereforeit is critical that the purposeof the physicalmanipulationse to realize



Figure3: Realizationof ContinuousSystem
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an abstracfprocess.We may usea desktopcomputerfor a spaceheatera sliderule for a
straightedge or anabacudor arattle, but thesephysicalprocessearenot computatiory.

By referringto purposethe proposediefinition of computatiorhasbeenmadeinher
ently teleological. This is perhapsot a problemwhenwe’re dealingwith manufctured
devices,suchasslide rulesanddesktopcomputersfor their purposesre often statedex-
plicitly. Ontheotherhand,if we areinterestedn natural computationthatis, computation
in naturallyoccurringsystemssuchasthe brain, thenthe teleologicalconditionbecomes
problematiccertainlyteleologicaldefinitionsaresuspectn the naturalsciences.

Sincemy concerrhereis thebrain,| canevadethegeneraproblemof teleologicaldef-
initions andadopta pragmaticsolution,for in the context of biology the purposeandfunc-
tion of systemss oftenidentifiable.We canobjectively attribute purposedo hearts)ungs,
stomachsgyeswithout runningtherisk of inviting too mary ghostsinto our machinesSo
alsofor systemsn the brain, andif a brain systemcanbe shovn to be accomplishinga
basicallymathematicatask(i.e., an abstractprocess)thenwe may call it computational
(contraSearle[26, 34]). While identifying computationabrain systemss importantto
cognitive neurosciencet is alsocentralto psychologicabndphilosophicaldebatesabout
whethercognitionis computationfor example,Searlehasstressedhathis ChineseRoom
Argumentappliesonly to computationatystemsandHarnadoftenremindsusthatarobot
cannotbe purely computationalsinceit mustinteractwith the physicalworld [5].

In factl doubttherearemary purely computationamodulesin the brainor elsavhere
in organisms. Natureis far too opportunistic,it seemsto missthe chanceof makinga
biologicalsystemsene multiple purposes.

2.4 Simulacra

A centraltheoreticalconstructunderliesboth the theory of (digital) computationandthe
useof symbolic(i.e. discrete)knowledgerepresentatiom artificial intelligenceandcog-
nitive science;it is the ideaof a calculus which is anidealizedmodelof discreteformal
systems By isolating the essentiaktharacteristicof discreteinformation representation
andprocessingystemsthe ideaof a calculusunifiesinvestigationsn all of thesefields.
I’ve arguedelsavhere[19, 23, 24, 25] that connectionismacks an analogousconstruct,
andthatthislack hindersour understandingf therange limits andpossibilitiesof connec-
tionist knowledgerepresentationin anattemptto remedythis situation,|’ ve proposedhe
simulacrumasatheoreticaconstrucembodyingheessentiatharacteristicef continuous
informationrepresentatioandprocessing.

Justasa calculuscomprisesormulas madeof tokens thataremanipulatedy discrete
processeshat canbe definedby rules so alsoa simulacrumcomprisesa state madeof
images thatis transformedby continuousprocesseshat can be definedby graphs By
“image” | mean,roughly, arny elementof a continuum,sofor example,a singlerealnum-

"This may seema frivolouspoint, but the questionof whether for example thejostling moleculesn my
wall could be saidto be computing,arisesin the context of philosophicaldebate suchas Searles Chinese
RoomArgument34, 35]. Putnamhasuseda similar agument33].



beris animage,asis avectorof numberspr afield (a spatiallycontinuoudistribution of
numbers)11, 14], suchasavisualimage. (I do notintend,however, thatthis termbere-
strictedto perceptualmagesijt includesmotorimagesandvariousinternalrepresentations,
of arbitraryabstractnesandcompleity, solong asthey aredravn from a continuum.)

In mathematicsthe graph of a functionis the setof all its input-outputpairs;in the
simplestcaseit definesa curve in two dimensionsput it could alsobe a more complec
surfaceor shapelt is analogoudo arulein that,in its mostbasicform, it definesaninput-
outputrelationby ostensionpy shaving the outputresultingfrom eachinput. However,
justasdiscretecomputatiorsystemsallow rulesto beabbreriatedandcombinedn various
ways,soalsowe may abbreviate andcombinegraphsfor continuouscomputation.

We have identifieda numberof postulatesatisfiedoy all simulacrawhichwelist here
for completenes@etaileddiscussionsndjustificationscanbefoundelsavhere[19, 24)):

Postulate 1 All image spacesare path-connectedhetricspaces.
Postulate2 All image spacesre sepaableandcomplete
Postulate 3 Mapsbetweernmage spacesare continuous.

Postulate4 Formal processes simulacia are continuousfunctionsof time and process
state

Postulate5 Interpretationsof simulacia are continuous.

For the purpose®f this paperanintuitive understandin@f simulacrais sufficient.

3 INVARIANCES

3.1 Behavioral Invariances

As suggestedby de Santillanas remark,which headghis paperthe conceptof invariance
is fundamentato sciencé® It is alsothe basisfor our perceptionof a world of stable
objects[31, Ch. 5], sincethe partsof anobjectretainaninvariantrelationto oneanother
undertransformationssuchasrotationandtranslationput theirrelationsto thebackground
are not invariant. Invariancealso underliescateyory or conceptformation, sincewe can
saythatan organismrecognizes catgyory whenit respondsnvariantly to all individuals
belongingto thatcategory.® For example,if amonkey, whenhungry alwaysrespondso a
bananayy eatingit, thenwe cansaythatit recognizeshe category banana(in the context

8As alsosuggestedby his remark,invarianceis a myth thatis, althoughit's notliterally true, it contains
animportanttruth.

SMathematiciansnay be confusedby my useof the term category, which, throughoutthis paper will
referto a psychologicakonstructalsoknown asa conceptor universal. Someof the objectsdiscussedere
will bemathematicatategories,but that's coincidental.
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of beinghungry). Becausdhe notion of invarianceis soimportant,in this sectionl will
characterizé in generaterms,appropriatdo continuouknowledgerepresentatiorgndin
the next sectionl’ll considerseveral simple, biologically plausiblemechanismsy which
organismscanextractinvariancegrom their ervironments.

| will bedefining“invariance”in termsof the input-outputbehaior of a system.The
goalof thesedefinitionswill be questionsuchas: In whatwayscanl transformthe input
to the system put leave its outputinvariant?If | transformtheinputto a systemin certain
ways, is therea correspondindgransformatiorof the output? The resultingdefinitionsare
behavioal, but they arenotbehavioristic First, the systemwhoseinput-outputbehaior is
in questiomeednot beanentireorganism.For example, we might considethetranslation
or scaleinvarianceof a particularmodulein the visual system.Nevertheless| think it is
importantto groundcognitive terms,suchas category or concept in the behaior of the
whole organismin its naturalervironment(i.e. anecologicalapproach)andmary of my
exampleswill relateto anorganisms behaior, sincethey areeasierto understand.Thus
| may take asan exampleof invariantbehaior: “if a hungrymonkey seesa bananaany
bananahptlocationx in its visualfield, thenit responddy grabbingthebananatx.”

The precedingexampleillustratesthat invariancemay dependon the history, or prior
state of thesystem.(If themonkey isn’t hungry it maynotgrabthebanana.)n thecontet
of ourgeneramodelof processeéFig. 1), we musttake accounbf invariancan thefaceof
variationof theinternalstateaswell asvariationof theinput. In thesecasesthetransition
function of the procesqr in Fig. 1) will be treatedasa systemwithout memory(state),
sincethis simplifies the analysis,but doesnot limit its applicability to the more general
case.Sincein suchacasethe“input” to thetransitionfunction S(v, ¢) comprisedoththe
internalstateof the systemy andthe input properg, | will usetheterm causeto referto
the currentstate/inpupair (1, ¢), sincethis comprisegby hypothesisgverythingthatcan
affect the future stateof the system.Similarly, | will call the“output” of S(v, ¢) its effect,
sinceit compriseghe new stateaswell aswhatever externalbehaior (outputproper)the
systemexhibits. Thuswe will be consideringnvariancesn mapsS : C — £ from aspace
C of causedo aspacef of effects.

An invariancerarely holds over the entire spaceof causedo a system. For example,
a hungrymonkey may in generalrespondto a bananan a way thatis invariantwith the
sizeof the bananamage,but theremustbe limits to this scaleinvariance sincetoo small
animagewill notbevisible, andtoo large animagewill notberecognizableasa banana
(thevisualfield will befilled with yellow). Thuswe mustin generalspecifysomerange
R of causesver which aninvarianceholds. In actualpracticeit may be very difficult to
describeherangeof aninvariance put for theoreticapurposesll we needto know is that
theinvarianceholdsover someR C C.1°

OFurthermore continuity requiresthat R have an indefinite boundary;that is, althoughthe invariance
holdsabsolutelywithin R, it mustalsohold approximatelyfor causesrbitrarily nearto R but outsideof it.
Thistopicis addressethter.

11



Figure5: Factoringthe TransitionMap

3.2 Effect Equivalence

The simplestinvarianceis when certainchangedo the causeleave the effect unchanged.
For example,we might supposehata mousefleeswheneer it seesa cat,but thatchanges
in the color or size of the catdo not alterits responseln formal terms,the causemay be
changedrom ¢ to ¢’ but the effect ) remainsthe same,S(¢) = ¢ = S(¢'). Looked at
the otherway, we canaskwhat classof causegesultsin a given effect. Thus,for each
effect thereis a classof causesp suchthat.S(p) = v (in mathematicaterms,this class
in theinverseimage of theeffect, S~'[¢]), andsoeacheffect (in therangeunderconsider
ation) hasan associate@ffect-equivalencelassof causes.Thusthereis a basiccateyory
structureobsenablein the behaior of every system(thoughsomeof the catgoriesmight
be singleton,i.e., containonly one cause).The effect-equvalenceclassegepresentate-
goriesof causeghat differ only in behaiorally irrelevant properties(in the rangeunder
consideration).

By awell-known theoremin mathematicsary functionS : C — £ canbe“factored”
into a compositionof two functions,S = D o FE (Fig. 5). Thefirst function, E : C — Q,
mapscausednto their effect-equvalentclassespr into ary otherspacein a one-to-one
relationwith theseclasse<e.qg.,a spaceof “symbols” for the classe¥'). Thisintermediate
spaceis calledthe quotientspace Q. The secondmap,D : @ — &, takesan effect-
equialenceclass(or its surrogate)into the correspondingeffect, so S(¢) = D[E(p)].
Becausdhe equivalencemap E eliminatesall effect-irrelevantdifferencesthe effect-map
D establishes one-to-ongelationbetweerequivalenceclasseandtheir effects(since, by
constructionno two effect-equvalenceclassedave the sameeffect).

The effect-equvalenceclassesconstitutethe mostbasicinvariancein the behaior of
a system. It can,in principle, be determinedby observingthe cause-dect relationships
of the system,thoughin practicewe canget only an approximation,sincedetermining
the entireinvariancewould requireobservingan infinite numberof cause-dect pairs. In
principle, however, we do not have to look inside the systemto discover this invariance.
The quotientspacewould seemto be anideal locusfor understandinghe emegenceof

INote, however, thatthis spaceof “symbols” mustbe a continuum(if it hasmorethanonepoint), since
it is the continuousmageof a continuum(by the simulacrapostulates).Thusary suchsurrogategor the
effect-equvalenceclassesrenot symbolsin the familiar, discretesense.

12



Figure6: IndefiniteEffect-equvalence

invarianceghroughself-oiganization.

By definition,all causesvithin a effect-equvalenceclassleadto the sameeffect. How-
ever, sinceall mapson simulacraare requiredto be continuous(by postulates3 and4),
we know thattherearecause®utsideof theequivalenceclasswhoseeffectsarearbitrarily
closeto thoseinside(Fig. 6). Thusit is moreaccurateo think of effect-equvalenceclasses
ashaving indefiniteboundariesandto think of invarianceasa matterof degreeratherthan
anabsoluteproperty Thus:

Definition Theindefiniteequivalencelassof a causey* is:

inv,. () = 6[S(¢"), S(9)],
whered is the metric (distancemeasurepn the effect-space.

Thusinv,. will beO for all membersof the (definite) effect-equvalenceclassof ¢*, for

which the invarianceis absolute,andwill increasegraduallyas behaior becomeson-

invariant outsidethe effect-equvalenceclasst? Quantifyingthe degreeof invarianceis

importantwhen addressinghe emegenceof invariantbehaior throughadaptationand
learning,sincethe invariancesappeargradually'® Neverthelessthe following discussion
is couchedn termsof absoluteinvariance sincethe extensionto degreesof invarianceis

straight-forvard.

12Notethatinv,, is analogougo afuzzy set,thoughfor the usualfuzzy setsthe membershigunctionis 1
for full membersanddecreaseto 0 astheir membershiglecreasesTherearea several simpleways,which
aredescribecelsavhere[25], for convertingour indefiniteequivalenceclassinto a standarduzzy set.

130thertraditionally absolutemathematicaproperties suchas beinga group or beingorthogonal,must
alsoberedefinecasmattersof degree,sothatwe may, for example discusghegradualemegenceof orthog-
onality or groupstructure.

13



3.3 Transform Invariance and Object Perception

An especiallyimportantkind of invarianceoccurswhena systemrespondshe sameto a
stimulusin spiteof it beingtransformedn somesystematiavay. For example,a banana
may be recognizedasa bananan spiteof its imagebeingrotated,translatedandscaled.
Also a melodymay be recognizedeventhoughit hasbeenchangedn absolutepitch. In-
varianceundervariouskinds of transformss the basisfor our perceptiorof stableobjects
in theworld [31, Ch. 5]. For example,contetual informationmay allow a monkey to re-
liably selectthelarger of two objectsregardlesof their relative placementandhencethe
relative size of their retinalimages[38]. Suchan instanceof size constancyshaws that
the animalis perceving absolutesize,which is a propertyof the objectitself asopposed
to its appearancésensoryimage).A comple of propertiesnvariantundertransformation
is what constitutesa collectionof phenomenasa perceptuakntity. Differentclasseof
transformationgeadto differentkindsof entities.For example,invarianceunderrigid body
transformationssuchastranslationsyotationsandscalings)eadsto perceptiorof physical
objects.Invarianceunderabsolutepitch transformatiorieadsto perceptiorof melodiesfor
a melody (asopposedo an absolutepitch sequencetanbe definedasthat entity thatis
invariantunderchangdn absolutepitch.

We will considertransformationsnappingcausesnto causesyhich dependjn most
casespn a parametethat controlsthe changeeffectedby the transform. For example,a
rotationhasa scalarparametedeterminingthe angleof rotation,anda translationhasa
vectorparametedeterminingthe directionanddistanceof translation.I’ Il write T, (y) for
atransformationof typeT (e.g.translationandparametety, appliedto causep. In accord
with postulate of simulacral, () is requiredto be continuousn botha andy. Obsenre
thatthe parametepftenvariesin time, o = a(t), astheorganismmoves,thusgeneratinga
continuoudrajectoryT, ) (¢), whichis arich sourceof informationfor separatingntities
from theervironment[31, pp. 93-98]. Variation is necessaryo detectinvariance

My presengoalis to characterizéransforminvariantbehaior, withoutary discussion
of mechanism$or achiezing it or by whichit mayemege. Possiblenechanism$&y which
asystencoulddeveloptransforminvariancesandthuscometo perceve a classof entities,
will be presentedater (“Self-organization”).

Definition A systemS is invariant with respectto transformation?’, or 7T-
invariant, wheneer, for eachallowablecausep, the setof all allowabletrans-
formsof it, T, (), areeffect-equvalentfor S (Fig. 7).

Thereforefor all allowabley ande,

S[Tu(p)] = S(p).

(As usual,invariancescannotin generalbe expectedto be universal,so we mustspecify
somerangeover which the invarianceholds. Also, althougha systemmay be simultane-
ously invariantunderseveral kinds of transformsT,,, Ug, ..., for simplicity I'll consider
justone.)
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Figure8: FactoredTransform-ivariantSystem

We can get additionalinsight into transforminvarianceby factoring S in the same
way we did before(Fig. 8). The effect-equvalenceclasses = E(y) captureall aspects
of the causeghat are relevantto behaior, and discardall aspectghat are not. This is
accomplishedby theequivalencemap FE whichidentifiesall behaiorally-indistinguishable
causesthus abstractingonly what is relevant to behaior, which is representedy the
membersf Q. It remainsfor the secondpart of the systemto map, onefor one, these
behaiorally relevantabstractionso their effects, D(e) = ¢ = S(p).

When this analysisis appliedto a transforminvariant system(Fig. 8), we seethat,
within theallowablerange,E “projectsout” all of the effectsof thetransformsandpasses
ontheconstanentity representingll transformedtausesThatis, if e = E (), thenfor all
allowablec, E[T,(¢)] = €. Thustheelements € O representhe entitiesrecognizedy
the system:thoseandjust thoseaspectof the causeghatareconstanunderthe transfor
mationsandaffect the behaior of the system.For example,suppose moderatelyhungry
monkey respondso ripe fruit by smackingts lips, to unripefruit by wrinkling its nose and
to otherthingsby ignoringthem. Then,for stimuli in the appropriaterange,the spaceQ
will represenbnly the fruithessandripenesof the stimuli, sinceall othercharacteristics,
includingthelocation,size,orientation,andkind of thefruit, arediscardedy the equiva-
lencemapFE. As aresult,anentitys € Q is anabstractiorrepresenting particulardegree
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of fruitnessandripeness.

Sincethe“entity space”@ is the nexus of the systems behaior, we might expectthat
this behaior canbe describedy rulesexpressedn termsof the entitiese € Q. Thiscan
be done,but only to a limited degree. To seethe method,pick an abstractentitys € Q.
We know that the effect-mapD yields a uniqueeffectyy = D(e) for this entity and for
just this entity. Furthersupposehat, over somerange,S is T-invariant;thus,if ¢ is ary
causecorrespondingdo ¢, thenwe know thatall of its allowabletransformsT, (¢), also
correspondo . As a consequencehe following rule expresseshe behaior of S on all
thetransformsof ¢:

To(p) = 9.

We caninterprettherule asfollows: “If thecausematches, () for somex (in theappro-
priaterange) thenproducethe effect).”

We cannotassumehatthe above rule expresseshe behaior of the systemS over the
entireequivalenceclasdeadingto ¢, sinceS maybeinvariantwith respecbtherproperties
besidesl". However, if it is invariantto only 7', or, equialently, if all the membersof the
effect-equvalenceclassaremutually transformablevia 7', thenthe above rule completely
captureghebehaior of S onthatequivalenceclass,andwe call it therule corresponding
toe. In this casethe causey is saidto genertethe entireequivalenceclass.

Rulesarenormally expectedto befinite in size,andthis will bethe caseprovidedthat
the transformT” andapplicablerangeof parameters: are understood.Thenthe rule can
be completelyspecifiedby exhibiting the particularconcreteamagey, a generatre cause,
and), the correspondingeffect. For example,if we understandotatey() to rotatey
counterclockwiseuy 6, thenthe behaior of mappinga square,in ary orientation,to a
circle,is completelyandfinitely specifiedoy therule:

rotatey (0) = O.

The questionnow arisesof whetherthe behaior of a systemthatis only T-invariant
canbe completelyspecifiedby afinite sequencef rulesof theform 7, () = 1. Each
suchrule completelyexpresseghe behaior of the systemover an equivalenceclass,but
it' s easyto seethattheserulescannotcaptureall of the systems behaior. Thisis because
thequotientspaceQ is a continuum(sinceit is the continuousmageof theimagespace’,
whichis acontinuumby postulated and?2), andsothereis anuncountableaumberof ¢ €
Q. Sinceall theses arenecessaryo thebehaior of S, nofinite numberof rules,nor even
acountablyinfinite numberof rules,correspondingo theses cansuffice to expressS. The
rulesaccuratelydescribethe behaior of the systemover their correspondingequivalence
classesbut they saynothingaboutits behaior ontherestof the space Ontheotherhand,
just asanirrational numbercan be approximatedarbitrarily closely by fractions,so also
(by postulate?) the behaior of S canbe approximatedarbitrarily closely by longerand
longerlists of rules.

Thisresult,whichshavstheirreducibility of acontinuougrocesso rules,corresponds
to obsenationsof expert behaior, which cannotbe completelycapturedby finite rules;

16



situationsfalling in the “cracksbetweertherules” areeitherunspecifiedpr mustbefilled
in by somearbitrary— andultimatelyinexpert— interpolationrule [3].

3.4 Structural Invariance

Our analysissofar hastreatedcausesaindeffectsaswholes. Therefore the entitiesin the
guotientspacearelik ewiseabstractionsf theentirecausewhichreflectbehaior invariant
with respectto ary changein the cause. For example,if we think of the systemasan
animal,thena causey comprisesall of the stimulusandthe animal’s internal state,and
the correspondingntitye = E(y) is treatedasanindivisible abstractiorof the stimulus+
state whichis the uniqueabstractiorcorrespondingo its effect.

Although this approachcaptureghe holistic characterof an animal's responseo the
currentsituation,it’s oftenilluminating to analyzebehaior in termsof oneor morecom-
ponentsof the cause.For example,we might take the stimulusto comprisetwo figures,a
bananaanda tree,andthe groundon which they appear Thenwe would considerinvari-
anceswith respecto changesn the particularsof thebananasanindependentomponent
of the cause. Likewise, we might analyzethe internal stateas a feeling of hungeron a
backgroundf otherinternalperceptionsandconsiderinvarianceswith respecto justthis
componenof the state.We would expectsuchbehaior to be describablen termsof ab-
stractionssuchasbananaandhunger correspondingo the component®f the causeand
abstractrelationsamongthesecomponents.In otherwords, the causemay be analyzed
into anumberof component& somerelationto oneanotherin which caseheentitiesand
effectsmight be similarly analyzed.In this section,I’ll considerthe generalapproacto
thesestructural invariances

Supposes € F is concreteimage,say a bananamage,andC : F — C is amap
that puts a figure on a specificground,so C(3) is a completecause which includesg
as a component. Factor the systemmap as before,S = D o E, whereE : C — Q
andD : Q — £. Now defineEr : F — Q, amapfrom figuresto entities,by Er =
E o C. Eachentity Ex(3) abstractsall andjust the characteristicof the figure 3 that,
in the context provided by C, influencethe effect; the correspondingequivalenceclassof
particularfiguresis E'[¢] (Fig. 9).

Notice thatthe samespaceQ accommodatethe abstraction®f the figuresin F and
the causesn C. Thisis becausefor a fixed groundor contet, the 1-1 relationbetween
abstractfiguresand effects corresponddo the 1-1 relation betweenabstractcausesand
effects. Sincethe entitiesin Q@ arecompletelyabstractthey may bethoughtof asabstract
figuresor abstracttausesaswe like, thoughthe figure equivalencemap E» may not be
capableof generatingall the entitiesin Q. For example,supposehat,in a givencontext,
a certainmonkey will smackits lips at a bananabut wrinkle its noseat a mango.Then,if
C(p) is theoperatiorof puttinga particularpieceof fruit in this context, thentheentitiesin
Q generatedy thefigureequivalencemap E » correspondo the abstractiondananaand
mango(andall theborderlinecasesn between)andthe correspondingffect-equvalence
classesE;'[¢] in F areclassesof particularpiecesof fruit. Thesesameentitiesin Q
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Figure9: Structuralinvariancewith OneComponent

may be viewed asabstraction®f completecausesncludingthefruit asa componentand
the correspondingffect-equivalenceclassest ! [¢] in C areclasse®f completeparticular
causesTheremay alsobe entitiese € Q with correspondingequivalenceclassest (<]
of causeshatarenotresultsof C'(3), andsodo not have correspondinglasse®f figures.

Commonly structuralinvariancesnvolve two or more componentf the cause for
example behaior maybeinvariantto changesn severalfigures,or to changesn theback-
groundaswell asthe figures. We’'ll considerthe caseof structuralinvariancesnvolving
two componentsandthe generakcasewill beclear

Supposehat3 € F andy € G aretwo imageswhich might correspondo two com-
ponentsof a cause or to a figure andgroundwithin a cause.Next considerary function
C : FxG — C,whichassemblethecomponent® and~y into acauseC (3, v). For exam-
ple,if 3 is aparticularbananamageand- is a particularbackgroundmage,thenC(3, )
might placethemin a particularcontext (e.g.,relative position)to yield acompositamage
of thatbananaon thatbackground.

Ourgoalthenis to characterizéheinvariantbehaior of asystemS : C — £ in termsof
equialenceclasse®f imagesin F andG. To accomplishthis, definetwo quotientclasses
Qr and Qg asfollows: definetwo imagesg, 5/ € F to be effect-equvalent provided
that they alwaysyield the sameeffect, thatis, for all allowabley € G, S[C(8,v)] =
S[C(8',v)]- Then,asbefore,let Qr bethe spaceof all suchequialenceclassegor ary
surrogatesn a 1-1relationto them),andlet E» : 7 — Qr bethe equivalencemapfrom
aparticularfigure 5 to theabstractionE' =(3) representingll andjustthosepropertieghat
caninfluencethe effect S[C(5,v)]. Thus,if S is a monkey who respondsnvariantly to
bananamagesin ary context, thenthe equivalenceclasscorrespondingo this response
will beanabstractiorof all bananamagesjndependentf their contect. Exactlythesame
constructiorcanbeappliedto G, yieldingacorrespondingffect-equvalencespaceQ; and
equvalencemapFg : G — Qg.

Onemight supposedhat the abstractcausesn Q correspondne-to-onewith pairsof
abstractiorin Q@ x Qg, but thisis notto case.To seewhy, supposehata monkey grabsa
bananaf it's eitheron atreeor a dish, but grabsa mangoonly if it's on atree. Sincethe
responsdo bananass sometimedifferentfrom thatfor mangos both abstractionsnust
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Figure10: Structuralinvariancewith Two Components

bein Q; likewise,sincetheresponsdo thingsin treesandin dishesdiffer, they mustbe
distinctmembersof Qg. Thereforethe abstractspaceQrx Qg mustrepresen{at least)
thefour possibilities:banana/tredganana/dishmango/treendmango/dishNevertheless,
threeof thesecombinationsmapto the sameeffect. Therefore,to describethe behaior
of the systemin termsof the abstractionsn Q» and Qg it's necessaryo have a second
mapC : Qrx Qg — Q which mapspairsof abstraccomponentsnto the corresponding
abstractausegFig. 10). It turnsoutthatsuchamapalwaysexists; theeffectof (e,n), for
¢ € Qr andn € Qg, is equialentto (1) replacingtheabstractiong and» by any concrete
instances3 and ~, suchthat Ex(8) = ¢ and Eg(y) = 7, (2) composingtheseinto a
concretecausep = C(f3, ), and(3) finding the correspondingbstractauses = F(yp).1

In summaryif someor all of thecausesn C arearesultof amappingontheimagesof
componenspacesFy, . . ., F,, thenthereare correspondingbstractspaceQ, . .., Q,,
which represengll and just the distinctionsof the componentspaceghat caninfluence
the effect. Thereis also an operationC' which takes n-tuplesof theseentitiesinto the
correspondingeffect-equvalenceclasseswhich determinethe systems behaior. Thus
the behaior canbe describedat the abstractevel (provided we know the corresponding
eguvalenceclasses).

3.5 Transformation-Presewring Systems

Next we consideiinvariancesn whichthereis asystematicelationshigbetweervariations
in the causesand effects. For example,a monkey may respondto a bananaat a particu-
lar locationin its visual field by reachingtoward a correspondingocationin its motor
field. More preciselyin transformation-peservingsystemsheeffectis notinvariantunder
changedo the cause;ratherthe effect variessystematicallywith variation of the cause.

14Mathematically ¢ = S o C o (FrxFg), whereFr : O — F is ary right-inverseof Ez, and
Fg : Qg — Gisary right-inverseof Eg. By definitionof @, the choiceof right-inverseddoesnotalterC'.
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Figurell: (T,, U,)-Transformation-Preservirehavior

What is invariantis the relationshipbetweenbetweentransformationsf the causeand
transformation®f the correspondinggffect. In this sensat is a higherorderof invariance
thanthosehithertoconsideredFor example,if « is avectorin spacethenT, mightbethe
scalingandtranslatiorof avisualimagethatresultsfrom moving thecorrespondingbject.
LikewiseU, mightbethecorrespondinghangen joint positionsto reachanobjectwhose
positionhasbeenchangedy «.

Definition Supposeasusual,thatS : ¢ — £ is the systemunderconsid-
eration. Furthersupposehatfor o« € P a parametespacel, : C — C is
a transformatioron the causespaceandlU, : £ — £ is atransformatioron
theeffectspaceWe say S is (T,, U, )-transformatiorpreservingor (7, U, )-
preserving provided,for all allowableparameters: € P andcauses € C,

S[Ta(p)] = UalS(9)]- (2)

SeeFig. 11, which depicts(7,, U, )-preservingoehaior.

Thetransformationd, areanalgebraundercompositionthatis, they area sethaving
somealgebraicstructurevhentheiractionsarecombined.For example translationgorm a
commutatve group,since(1) translationcanbedonein any order(1,, 0 T = Tz 01,), (2)
thereis anidentity translation(7y(¢) = ), (3) eachtranslationhasaninversetranslation
(TpoT-, = Tp), and(4) translationis associatre (T, o [T o T, = [T, oTp] o T,). (Indeed,
ary setof transformationglosedundercompositionis amonoid,i.e., satisfiegropertie2
and4.) Similarly, rotationandscalingarecommutatve groups themostcommonalgebraic
structure.Fromthis perspectre we caninterpretEg. 2 in a differentway, sinceit implies
a relation betweenthe algebraicstructuresof the causeand effect transformations.For
example,from the commutatvity of the causetransformation(Z,, o Ty = T3 o T,,) and
Eq.2 we canconclude

UyoUgoS=UgoU,o0S. (3)

We cannotconcludefrom this that the effect transformations commutatve (U, o Ug =
Us o U,), but Eq. 3 tells usthatthe effect transformatioris commutatve on thoseeffects
thatcanbe producedby the system. This is reasonablesinceEq. 2 doesnot in ary way
constrainthe behaior of U, on elementf £ notgeneratedy S. Thisis anexampleof
thedirectlyinducedalgebraic structute of the effecttransformations.
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Figurel2: EquivalencePreservinglransformation

Corversely if the effect transformationg€ommute(U, o Ug = U o U,), thenwe can
concludethat
SoTyoTg=50Tg0T,,

which doesnot saythatthe causdransformationgommute put thatthe systems behaior
is invariantunderary differenceghat resultfrom commutingthe causetransformations
T, andTp. Thisis anexampleof the inverselyinducedalgebraic structure of the cause
transformationsAnalogougesultsholdfor otheralgebraigropertiessuchasassociatiity
andthe existenceof identity andinversetransformations.

In the precedingcasesve defined for givencausdransformationd’, andeffecttrans-
formationsU,, whatit meansfor a systemto be (7, U, )-transformatiorpreservingand
we sav theconditionsunderwhich algebraiqropertieof the causdransformationarein-
ducedin the effect transformationsandvice versa.Now we considerthe conditionsunder
which a causetransformatior’,, inducesan effect transformation/,, suchthata system
is (T, U,)-preservingandcorverselythe conditionsunderwhich aneffecttransformation
U, inducesa causetransformatioril,, suchthata systemis (7,, U, )-preserving.To this
endwe will needthefollowing definition:

Definition (Equivalencepresewring) For asystemS : C — £, atransfor
mationT, : C — C is S-equivalencepreservingif, for all allowable causes
v, ¢" € C andall allowabletransformatiorparameters. € P, S(y) = S(¢')
implies S[T4(p)] = S[Ta(¢')]-

In otherwords,if two causesreindistinguishableéo thesystemthentheirtransformations
mustalsobe indistinguishabl€Fig. 12). For example,a transformatiorthat magnifiesan
unnoticeablalifferencento a noticeabledifferencewould not be preseredby the system,
whichlosesessentiainformation.

It will alsobeusefulto definea generalizedhotionof aninversemapping:

Definition (Effective Inverse) Let S : C — £ bearny mapping,andfactorit
asusualinto a surjection(onto-map)E : ¢ — Q andaninjection (1-1 map)
D: Q — £suchthatS = Do E. LetC : £ — Q beary left-inverseof D and
let F : @ — C beary right-inverseof E; thatis,C o D =T andE o F = 1);
theseareguaranteedb exist. Thentheeffectiveinverseof S (relatveto C' and
F)isS*=FoC(C.
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An effective inversesatisfieghefollowing propertieqreadergnaynoticesomesimilarities
to theMoore-Penrospseudoinerse):

SoS8 oS = S,
S*oSoS* = S~
Thatis, S*o.S is an“effectiveidentity” for domainelement®f S, andS o S* is an“effective
identity” for therangeelementf S.

Proposition (Forward-induced Transformation) Forary systemS : C — €,

if the causetransformatioril,, : C — C is S-equvalencepreservingthensS

is (T, Uy)-transformatiorpreservingor U, = S o T, o S*, whereS* is ary

effective inverseof S.
Proof: It is necessaryo shav thatfor all allowabley anda, S[T,(¢)] = Ua[S(¢)]. By
hypothesis,

UalS(9)] = S (T{S*[S(0)]}) = S[Ta(¥)];

whereyp’ = S*[S(p)] is somey’ suchthat S(¢’') = S(¢). Therefore,sinceT, is S-
equialencepreservingS[T,(¢')] = S[Ta(p)]. HenceU,[S(p)] = S[Ta(y)]. O
Thus, “well behaed” transformationf the causespaceinducecorrespondingransfor
mationson the effect space.

Proposition (Backward-induced Transformation) For ary systemS : C —

& andeffecttransformatiory/, : £ — &, thesystemS'is (7, U, )-transformation
preservindor T, = S*oU,0S, whereS* is ary effectiveinverseof S. Further
T, is S-equivalencepreserving.

Proof: It is is requiredto shaw S[T,(¢)] = U.[S(¢)] for all allowable ¢y and«. By
hypothesis,

S[Ta(@)] = S (S{Ua[S(9)]}) -
Let ¢ = U,[S(¢)], S0 S[T.(p)] = S[S*(¢)]. By definition S*(1) is somey’ suchthat
S(¢") = 1. Therefore,

S[Ta(p)] = S(¢") = ¥ = UalS(9)]-
Next it is requiredto shaw that7,, is S-equivalencepreserving.Thereforesupposes (¢) =
S(¢'). Obsene:

S[Talp)l = S(SH{Ua[S(#)]})
= S(S{UIS(]})
= S(Qoll)v
whereyp” = S*{U,[S(¢")]} is somey” suchthatS(¢") = U,[S(¢')]. Hence,
S[Ta(p)] = UalS(¢)] = S[Ta(¢)],

sinceS is (T,, U,)-transformatiorpreserving J
Thusany transformatioron the effect spacewill inducea correspondingwell behaed”
transformatioron the causespace.
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4 SELF-ORGANIZATION

4.1 Emergenceof Discretefrom Continuous

Discreteknowledgerepresentatioandprocessingystemsare (superficially at least)very
good at manipulatingmathematicahndlogical formulas,andsimilar discretestructures,
accordingto preciserules;they have beenlesssuccessfulat subsymboligprocessessuch
as perception,recognition,associationcontrol and sensorimotoicoordination. In con-
trast, connectionistapproachesre well-suitedto subsymbolictasks,but therehasbeen
doubtabouthow well they canoperateat the symboliclevel. This naturallysuggesty-
brid architecturesyith symbolictasksaccomplishedby discrete(digital) computatiorand
subsymbolidasksby continuouganalog)computation.

This is not the way the brain works, however, for in the brain discrete,symbolic pro-
cessesemepe from underlying continuous,subsymbolicprocesses.Thereis reasonto
believe thatthis is not just an accidentof biologicalintelligence,but that this underlying
continuity impartsto the emegentsymbolicprocesseshe flexibility characteristiof hu-
mansymboluse[16, 17]. The problemis thento understandhow approximatelydiscrete
representationandprocessesanemege from continuougepresentationandprocesses.

It is anoversimplificationto treatlanguageasa discretesystem.For example,although
we acceptthe spacebetweenwritten wordswithout question,anyonewho hasdonecon-
tinuousspeechrecognitionknows that we cannotdependon spacesn the soundstream.
Furthermorein ancientGreek,whenwritten languagevasnot considerecain autonomous
meanf expressionbut wasviewedasavisualrepresentatioof the soundstreamwefind
wordsruntogethemwithoutinterveningspacesjusttheway we speak.Senecalaimedthat
Latin writers sometimeseparatedvordsbecauseherewasa differencein speeb rhythm
betweerGreekandLatin spealers,namely thatLatin spealersleft apauseaftereachword
[37]. Havelock[6] pointsout thatthe alphabetvasin usein Greecefor 300 yearsbefore
Greekhadaword for ‘word’. Apparentlythe conceptof a word, asa discrete jindivisible
unit of the soundstreamis not soobviousaswe now take it.

In summarythe phenomenologicadalienceof theword is partially a resultof our use
of an alphabeticwriting that separatesvords, and of the cultural practicesthat go along
with it, suchasdictionaries,indices,andword-orientedreadinginstruction[37]. Never
theless,the conceptof a word is neitherillusory nor arbitrary sinceas a matterof fact
spealerstendto treatcertainsegmentsof the soundstreamasunits,andit is therecurrence
andsemi-independencef thesesegmentsthat form the basisof the ‘word’ idea. There-
fore, it seemghatthe emegenceof approximately-discretesymbolicprocessefrom the
underlyingcontinuoussubsymboligrocessewiill beilluminatedby consideringhe self-
organizationof processe$or recognizingrecurringpartsof images(suchaswordsin the
soundstream).
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4.2 The Dendritic Netasa Linear System

In the remainderof this paperl will considerseveralsimpleexamplesof self-omganization
basedn so-calledHebbianlearningrules,which aremoreaccuratelytermedcorrelational
learningrules. | have concentrate@n correlationalmechanism&ecaus€l) thereis more
biologicalevidencefor correlationalearningthanfor otherprocessesand(2) correlational
learningtendsto be fast,andsomay betteraccountfor rapidlearningin peopleandother
animals.

My first exampleshavs how correlationallearningin the dendriticnetcanleadto the
self-oganizatiorof recursve, matchediltersfor spatiotemporgbatterns.Theendresultis
thatdendriticnetscan“resonate”whenpresentedvith signalsthat matchthosethathave
previously triggereda learningsignal. This canbe shovn throughlinear systemsanalysis,
which, | have aguedelsavhere[22], is agoodmodelof dendriticinteractionsherel will
take themodelfor grantedandsummarizehe analysis.

We analyzethe electrochemicallynamicsof dendriticnetsin termsof threespatiotem-
poral fields of time-varying electrochemicafjuantitiesdistributed over the synapsesand
ephapsesf thedendriticnet. Theinputfield ¢ attimest, ¢(t), representsomputationally
relevantvariablesdeterminedexternallyto the net; it compriseghevariablesy(z, t) atin-
teractionsitesz (typically synapsesindephapsesy: Theoutputfield w = w(t) represents
computationallyelevantvariableso(z, t) thataffect processeexternalto thedendriticnet,
but not internalto it. The statefield ) = 1(t) representshosecomputationallyrelevant
variablesy(y, t) thataredeterminednternally to the netandwhosedirecteffectsarecon-
fined to the net. Someof thesevariableswill correspondo physicalquantities,suchas
ion currentsand neurotransmitteconcentrationspthersare introducedfor mathematical
convenienceandrepresentfor example,derivativesof physicalquantities.Since,we have
argued,dendriticinformationprocessingapproximates linear proces422], the dendritic
processanbedescribedy theequations:

wlt) = Eo(t) + G,
J(0) = Do(t) + Fi().

ThematricesD, E, F andG areessentiallyfixedfields representinghe (linear) coupling
strengthsbetweenthe computationallyrelevant quantities. For example, E,, represents
the couplingstrengthfrom input variableg¢(z, t) to statevariabley (y, t); thatis, if ¢(z,t)
variesby § andeverythingelseis held constantthen(y, t) will varyby E, 0.

To analyzethe systemwe take the Laplacetransformof the stateevolution equation:

s (s) — (0) = DB(s) + FU(s),

whereW(s) = L{y(t)} and®(s) = L{¢(t)} (L{} beingthe Laplacetransform). This

15 will be systematicallyvagueaboutwhetherthe interactionsitesform a continuumor a discreteset,
andso, for the mostpart, the analysiswill be independenbf the densenessf the setof interactionsites.
Integrationover a setof sitesreducedo summationif the sitesareadiscreteset.
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equationcanbesolvedfor ¥(s), the Laplacetransformof the state:
U(s) = R(s)[DP(s) + ¥ (0)],

wherethe transformedransitionmatrix is givenby R(s) = (sI — F)~*. To find out the
forcedresponsef thesystem(its responsavith noenepgy in theinitial state) set(0) = 0.
Thenthe Laplacetransformof the systems outputis thengivenby:

Q(s) = E®(s) + GR(s)D®(s).
If we definethetransferfunctionmatrix,
H(s)=E+ GR(s)D,

thenwe canseetherelationbetweertheinputandoutputin thetransformdomain:Q(s) =
H(s)®(s). Whenthis matrix productis expandedandtransferrecbackto the space-time
domain,it becomes superpositiorof convolutions(x), which we maywrite:

w(z,t) =Y hea(t) * P2, 1).

Thatis, the signalw(z, t) atoutputsite z is givenby the sumof eachinput signal¢(z, t)
convolvedwith b, (t), wheretheimpulseresponseé.,, () is thesignalwe seeatoutputsite
x whenanimpulseis injectedinto input site z (all otherinput sitesbeingclampedo 0).

4.3 Self-organization of Recursive Matched Filters

It's well known thatfor normalizedsignals¢ and¢, theinnerproduct(¢, ¢) is maximized
when( = ¢; this makesit a simplebasisfor neuralnetwork patternmatching!® It's also
well-known thattheinnerproductis thefinal valueof reversecorvolution:

(€ 0) = (T =) % (1) |, - (4)

Thereforejf alinearsystemhasanimpulseresponsehatis thetime-reverseof the pattern,
h(t) = ¢(T — t), thenit will functionasa patternmatcherfor ¢, sinceits outputwill be
maximizedby (normalized)signalsmatching¢. Sucha systemis a matdedfilter for ¢.17
Sincethedendritictreeof aneuronis anapproximatelyfinearsystemwe canconclude
thatit’s a matchedfilter for the patternthatis the reverseof its impulseresponse.lf the
thresholdat the axonhillock is a little lessthanthe norm of this pattern,thenthe neuron

16Therequiremenfor normalizationrmight seernto bebiologically unrealistic but Sokolov [36] hasshavn
that in the rhesusmonkey color is codedby constant-lengthvectors; previous work by Sokolov and his
colleaguesndicatesthatin humanscoloris likewise codedby positionon the surfaceof a four-dimensional
hyperspher§7, 2§].

YThetime T, which is measuredrom the time whenthe input signalbegins to add enegy to the filter,
defineghe effective durationof the pattern.

25



Figurel3: Adaptive Recursve Filter in DendriticNet

will generatean action potentialonly whenits spatiotemporainput signalis sufficiently
similarto the pattern.Thereareseveralwaysthata dendriticnetcould self-olganizeinto a
matchedilter for a givenpatternsignal[22]; justonewill be consideredere.

Our goal is a network that self-oiganizesinto a linear filter with impulse response
h(t) = ¢(T —t). To accomplishthis, expand((7T — t) in a generalized~ourier series
in termsof a completeorthonormalketof basisfunctionsg; overtheinterval (0, 7):

T —t) = crok(t),
k=0
Thecoeficientsc, neededo implementthefilter aregivenby theintegral,

T
= [ (T =Dt (5)
0
whichis justthefinal (¢ = T') valueof the convolution:

cr = C(t) * 0k ()| ,—p -

Thatis, coeficient ¢, is theoutputsignal,attime T, of alinearfilter with impulseresponse
ox ().

Figure 13 shaws a possibleneuralimplementationof this self-oganizingfilter. The
inputsignal¢(t) is distributedto a bankof linearfilters h;, eachof which hasanimpulse
responsequalto oneof thebasisfunctions,hy () = gx(t). (Sincetheinputsignalis band-
limited, only a finite numberof the basisfunctionsneedto be represented.)The graded
outputsyy (t) of thesefilters are passedhroughsynapse®nto a commonneuron,which
sumsthe transmittedsignalsto producethe outputsignalw(t). Whenthe input signal
is the patternto be learned,¢(t) = ((t¢), thenthe requiredcoeficientswill be available
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Figurel4: SineFilter

presynapticallyattime 7', ¢, = (7). Thereforejf some“learningsignal” (indicatedby

“learn” in Fig. 13) causeshis presynapti@ctiity to determinethe efficacy of its synapse,
thenthe coeficients ¢, will becomethe connectionweights(asshown in Fig. 13). The

resultis afilter matchedo the pattern¢:

(O = 3 chul) = (T = 1),

Thereareseveral possiblesourcedor thelearningsignal. It could, of course besome
kind of global reinforcementsignal indicating the salienceof recentlyreceved signals.
Another interestingpossibility is that it resultsfrom an antidromic electiotonic pulsein
the postsynapticmeuron. This occurswhenthe postsynaptimeurongeneratesn action
potential for the sudderdepolarizatiorcausesnelectricalpulseto spreadackwardfrom
theaxonhillock outinto the dendriteswhereit is efficiently transferrednto the dendritic
spineq22]. It seem®plausiblethatthis pulseonthepostsynaptisidecouldtriggerchanges
in thesynapsesothatits efficagy reflectsthegradedactivity onthepresynaptiside. There-
fore, if severaladaptve filters of this kind corvergedon a singleneuron thenthefiring of
that neuroncould causethefilters to adaptto the input pattern,thustuning the neuronto
the particularsetof patternghatcausedt to fire.

It remaingto sayafew wordsaboutthefilter bankh,, which mustimplementthe basis
functionsg,. This is not so difficult asit might appear For example,to implementthe
familiar trigonometricbasis:

00(t) =1, po(t) = cos(2mkt/T), oo 1(t) =sin(2nkt/T),
it’ s sufficientto implementthe differentialequations:

. 7 2
Ok = ¢_V2k92ka

O%—1 = @ — V%k—l/@?k—ldtv

wherey, = 27k/T. Thesedifferentialequationsare implementecby the biologically
plausibledendriticnetsshowvn in Figs. 14 and 15. It may seemunlikely that the correct
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Figurel5: CosineFilter
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Figurel6: Initial ImpulseRespons¢RandomCoeficients)

coeficients, v, = 27k/T (k = 0,1,2,...), which determinethe resonantfrequencies,
would occurin a biological system,but the relationshipr, = kv, could resultfrom a
simple growth process. Furthermore simulationexperimentshave shown thatit is not
necessaryo have an accurateorthonormalbasis,andfilter bankswith randomlychosen
coeficientsy, oftendo quitewell.

Figures16—20shaow resultsfrom a simulationof this self-oiganizingfilter. Figure 16
shavstheinitial impulseresponsé(t) with randomlyinitialized coeficientsc,. Thetrain-
ing pattern((t), normalizedfor easeof comparison,s shovn in Fig. 17. The training
patternis inputto thefilter, andthe presynapti@ctvities attime 7 = 500 msec.aretrans-
ferredto thecoeficients,c, = vy, (7). Theresultis thatthefilter hasadaptedo thepattern,
asseenfrom its new impulseresponseshovn in Fig. 18 (normalizedandtime-reversedor
easef comparison)ywhichis very similarto thetraining pattern(Fig. 17). We canalsosee
the self-oganizationof thefilter by comparingits responséo the patternbeforeandafter
adaptation(recall that a matchedfilter producesmaximumpositive outputat time 7" —
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Figure18: Final ImpulseResponséNormalizedandReversed)
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Figurel9: Initial Responséo PatternSignal

ideally animpulse— for the signalto whichit is matched) Figure19 shavs theresponse
to the pattern((¢) beforeadaptationnotethatthe outputattime 77 = 500 msec.is quite
negative. On the otherhand,Fig. 20 shows thatafter adaptatiorthefilter's responséo the
samesignalis positive andapproximatesnimpulseattime 7.

4.4 Nonlinear Correlational Learning

Oneway a systemcanadaptto algebraidnvariancessuchassymmetrygroups,is to learn
anarbitrarynonlinearmapping,givensampleof theinputandcorrespondingargets(im-
agesof correctcompletion).Therefore suppos€ is thespaceof inputimagesandQ is the
spaceof outputandtargetimages;our problemis to learnanarbitraryS : Z — O. This
is easilyaccomplishedf we know a completesetof functionsé, : 7 — O, k = 1,2,.. .,
sincethen,by definition,every suchS canberepresentedin atleastoneway) by alinear
combinatiorof the¢&,. However, therepresentingunctionsneednotbenormalizedor even
orthogonal,so the representatiomay not be uniqueand cannotbe calculatedby simple
innerproducts.(Thesecharacteristicaretypical of somewaveletrepresentationsuchas
Gaborwavelets[15].) Fortunately completesetsof neurally plausiblefunctionsare not
hardto find; varioussortsof radial basisfunctions,which coarse-cod¢he input spaceare
examples.Sincewe requirecompletenesbkut not orthogonalityor normality, thefunctions
canoftenbegeneratedandomly

Therefore supposeve have acompletesetof functionsé, : 7 — O, k = 1,2, .. .; then
ary S : Z — O canbewritten (in atleastoneway) asalinearcombinationS = Y, ¢;&x.-

30



0.251 /
0.2¢
0.15+

0.1+

H
H
H

AV

100, \ 0. NJ 500,

-0.051

-0.1+

Figure20: Final Respons¢o PatternSignal

Our taskis to learnthe coeficient vectorc thatwill give somedesiredbehaior S.18
Supposethe transformationto be learnedis exemplified by the (spatiotemporaljnput-
outputpairs¢’ — (7. For the least-squaresolution, defineas usualthe £, errorasa
functionof thecoeficients: E(c) = ¥, ||67||*, whered’ = ¢7 — S(¢7). To find wherethe
erroris minimized,setthe derivativeto zero:

0=dE/dey = S (¢, v]), (6)

Wherevi = &(¢’). Sincetheerroris quadratidn the coeficientsandthe representatiois
completewe know thatthe globalminimumis E = 0 (possiblydegeneratepndthatthere
areno local minima. Sinced’ = ¢ — S(¢’) we separat¢he summation:

(vl = D (S(¢), vi). (7)

J J

Definethe patternvectorz; = ¢? andthe representatiomatrix Uy; = vi. Thenthe left-
handsideof Eq.7 is givenby:
ar = Y _(zj, Ugj),

J
whichwe abbreviatea = Uz. Theright-handsideof Eq.7 canbeexpandedo Y ;; i (v, vi),
which canbe expressedn termsof the matrix:

B;; = Z<Uik, Ujk)»
k

8Correspondingechniquehave beenusedfor trainingradialbasisfunctionnetworks[1, 27).
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Figure21: Neurallmplementatiorof NonlinearCorrelationalearning

which we abbreviate B = UUT. Now Eq. 7 canbe expressedy the equationa = Bc
andwe cansolve directly for the optimal coeficients,c = B~!a. Of course,sincethe
representatioms only complete,the coeficients may be underdeterminedyecausehere
may be mary equallygoodsolutions.

To avoid the necessityof inverting the B matrix, we canusegradientdescent;since
therearenolocal minimait cannotgettrapped.FromEq. 6 we know

dE/de, = (57, v]),

J

which we abbreviate dE/dc = U4. For gradientdescentwe set¢ = —ndE/dc, for
learningraten, sothatE = (dE/dc)¢ = —p||dE/dc||® < 0.
The effect of the gradientdescentule canbe seenby expandingB—! in a Neumann
series:
B'=1+(0-B)+(0-B)?*+---,

which corvergesprovided||I — B|| < 1. Therefore,
c=a+(I-B)a+ (I-B)’a+---.

To seetherelationto gradientdescentpbsene¢ = —nU(z — cU) = —n(a—UcU). Since
UcU = Be,
¢ = —n(a— Bc). (8)

Therefore,gradientdescenwill computesuccessie approximationdo the Neumannse-
ries, c, = Zfzo(l — B)’a, if we choosec, = a for the initial coeficient vector and
cx+1 = a+ (I — B)cyg, whichis gradientdescentEq. 8).

Fig. 21 shaws a neurally-feasiblemplementatiorof the gradientdescenprocess.The
representatiofunctions¢, arecomputedoy fixed dendriticnetworks on the left; asnoted
previously, completenesss aratherweakproperty andanappropriatesetof functions,such
asradial basisfunctions,canbe computedby randomlygenerateshetworks. Theresulting
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field w is comparedvith animage( of correctcompletionto generatehe differencefield
0. Multiplicative synapsesombinethe differencefields with the intermediatdields vy, to
controlthelong-termefficacy coeficientsGy; = cy.

4.5 Orthogonal Representationof Discrete Categories

Next I'll considerasimplemechanisnby which a systencanself-oganizesothatdiscrete
stimulusclassesrerepresentedrthogonally A basichypothesiss that (approximately)
discretecatgyoriesareaconsequencef theneedfor discreteresponsege.g.fightorflight),
whichin turn areoftendependenotn discreteness the ernvironment,asencounteredfor
example,supposareenlizardsaregoodto eatbut blue lizardsarepoisonousandthatall
lizardsin theenvironmentaredistinctly greenor distinctly blue. Underthesecircumstances
we expectdiscretecatgyories.On the otherhand,if greenisHhizardsarepretty goodto eat
andblue onesare not so good, andif the lizardsin the environmentcomein all shades
betweengreenandblue, thenwe expectgradedcatayories,sincewhetheror not we eata
lizard will dependbnits exactshadeaswell ascontextual factors,suchasour hunger

| will considerthe consequencesf a correlationallearningrule operatingon a simple
kind of three-layenetwork. Theinputfield ¢ is coarse-codely anintermediatdield v ().
Thecoarse-codingeuronu,, respondsnoststronglyto aninput ¢ = . For corveniencd
will assumehatall theseneuronshave areceptve field profile  with radiusof supportr;
thusé(\) = 0 for ||A|| > r. Thereforetheactiity of a coarse-codingieuronis givenby
vk(@) = 8(k — ¢). Theoutputfield w is simply alinearcombinationof the coarse-coded
input,wy = [ G.vdk, Whichis abbreiatedw = Gu.

Next consideitheconsequenceas correlationalearningin theinterconnectioriield G,
whichwill resultfrom acorrelationof the coarse-codin@ield v(¢) andthetargetresponse
field R(¢). Thus,Gx. = Rx(¢)v.(¢), whichis the outerproduct,G = R(¢) A v(e). If
#(t) representthetime sequencef stimuliandR[¢(¢)] thecorrespondingargets thenthe
interconnectioriield aftertime 7" will be:

G(T) = G(0) + [ Rig()] A v(o)dr.

If T" is sufficiently long, thenstimulus¢ will appeawmith its stationaryprobability p(¢)de,
andthelimiting interconnectiorfield is

G = ¢ [ R(8) Ao(@)p(#)ds,

wherec is a scalefactordeterminedy thelearningduration.

Supposeave have n disjointclasse®f stimuliCy, . ..,C, C S andthattheseclassesre
“sufficiently separated{in asensdo bemadeclearshortly). Furthermorelet () bethe
probability densityof ¢ in Cy, thatis, uy is a fuzzy membershigunctionfor C,. Clearly,
then

6= =3 [ 7(6) Av(@)nle)do.
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Now, to seethe effect of discretetarget responsessupposehe tamgetresponsei(¢) is a
constani, for all ¢ € C;. In thiscase,

@@= e oA [ v(8)u(6)dg.

Thatis, G*® = ¢y o A €k, Wheree,, = [s v(¢)uk(¢)do.

It's easyto seethatey, is the corvolution 6 x p; thatis ¢, is the catggory membership
functionyy, “blurred” by thecoarse-codinfunction. Thisblurringhasamaximumradius
r. Therefore,if the original membershigunctionswere separatedby at least2r thenthe
blurredfunctionse;, will still bedisjoint (i.e. have nonoverlappingsupport). Underthese
conditionsit’ s straightforvardto show thatthee, areorthogonafields;thatis, (¢;,ex) = 0
for j # k. In summarycoarse-codingesultsin anorthogonakepresentatioif eachof the
discreteresponsess associateavith stimuli thataresufiiciently unambiguoug?

It's alsoeasyto seethatthe network hasself-oiganizedto behae correctly thatis, to
produceresponsey;, for stimuli in C;. For, supposes € Cy, thenthe outputis Gu(¢) =
¢y ox{ex, v(¢)). Now obserethat (e, v(4)) = (0 * ux, v(¢)) is nonzerosinced spreads
. Corverselyfor all j # k weknow (8 x p, v(¢)) = 0, sincey; is separatedrom 1, by
atleast2r. Thereforethe outputelicitedby ¢ € Cy. is thecorrectresponsey,, scaledby its
“fuzzy” categyory membership.Notethat (¢, v(¢)) amountsto a fuzzy intersectiornof ¢
(theblurredcateggory) anduv(¢) (thesingletong blurredby coarsecoding).

4.6 Metric Correlation and Group Invariances

Someof the mostimportantinvariancesespectedy perceptualind motor systemsare
algebraic invariances especiallygroup invariances. While it is true that someof these
mechanismsireinnateandhave evolvedthrough“blind variationandselectve retention”
[2], othersarelearned andsowe needto considemmoresystematianechanism&y which
suchinvariancesmay emege. One of the attractionsof correlationaland corvolutional
methodgsuchasholography)s thatthey simultaneoushyaccomplishtranslation-iwariant
patternrecognitionin parallelwith patternlocation[31, Ch. 5]. For example,if  is a
patternand¢ is animage,which may containinstance®f ¢, thethe correlation{ ® ¢ will
beanimagewith “bright spots”wherever the patternoccursin theinputimage¢, with the
location of the spotshowving the location of the patterninstance andthe “brightness”of
the spotindicatingthe closenes®f the match(by the Euclideanmetric). Theresultof the
correlationis reminiscenf the so-called‘what” and“where” channelsn primatevision
(the occipitotemporabndoccipitoparietapathways). Thereis no mysteryabouthow the
correlation(or convolution) accomplisheshis: it simply forms,in parallel,innerproducts
betweenp andevery possibletranslationof ¢.

Althoughtranslationinvarianceis important,therearemary othertransformationgor
which we would lik e a systemto respondnvariantly, while simultaneouslyndicatinghow

19 thereis someambiguity asa resultof coarse-codingr noise,thenthe representationvill be corre-
spondinglyonly approximatelyorthogonal.
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the input hasbeentransformed. Therefore,in this sectionl will generalizethe familiar
correlationoperationsothatit workson arbitrarytransformationgndmetrics.

As discussedbove, the speeclstreamis essentiallycontinuousand,to afirst approx-
imation, wordsare sggmentsof the soundstreamthat canbe treatedasdiscreteunits, that
is, relocatedaswholes.Corversely recurrencef thesamesignalin avarietyof contetsis
evidencethatit is ameaningunit, oftenaword. Therefore we suspecthatonecomponent
of languagédearningis thedetectiornof suchrecurrencesHowever, awordwill rarelyrecur
exactly; it will betransformedn duration,pitch, amplitude,etc.,or by the context of sur
roundingsounds.Thissuggestsnetriccorrelationasamechanisnior theself-olganization
of aword-recognitiorsysten18].

The familiar correlationattemptsto matchone signalto all possibletranslationsof
anothersignal,andreturnsa signalshoving how well thesematched.The correlationof
imagesy and1 is defined:

[ ® Yl = /Q<p(t — a)(t)dt.

The structureof this is more apparentwhenwe realizethat (¢ — «) is ¢ translatedo
the right by an amounta. Thereforewe introducethe operator7,, to meana rightward
translatiorby «, andrewrite the correlation:

[ ® Y] = /Q Top () (t)dt.

It is thenapparenthatthe correlationis theinnerproductof thetranslatedmageT, ¢ and
theimagey. Sowe write it thatway:

[90 ® w]a = <Ta90a ¢>

Thesignificanceof theinnerproductis thatit measurethesimilarity of normalizedmages.
Thereforevewrite o (¢, 1) = (p, 1) to emphasizé¢hatits purposds to measureimilarity:

[(P ® w]a = U(Tagp, ¢)

Thus,in generalterms,the valueof thefield y = ¢ ® ¥ atapoint« is the similarity to ¢
of the a-translateof ¢.

Thecommoncorrelationcanbegeneralizedo otherclasse®f transformatior(rotation,
scaling,perspectiedistortion,etc.) aswell asto othermeasuresf similarity or dissimilar
ity. If T is any parameterizedlassof transformsando is ary similarity metric,thendefine
o(¢ <r ), themetriccorrelationwith ¢ of all T-transformsof ¢, by:

[0(0 <7 P)la = o(Tatp, ¥).

Sometimest is easierto work in termsof differenceratherthansimilarity, in which case
we write:

[0(p <z )]0 = 6(Tasp, ¥),
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whereé is a (difference)metric. Whenthe metric or transformis clearfrom context it
will be omitted; thusin generaly < 1 is the metric correlationof all transformsof ¢
with . Sometimest is moreconvenientto considerthe metric correlationof ¢ with all
T-transformsof ¢, sowe write:

[p(QO >r w)]a = p((Pa Taw)a

wherep is eithera similarity or differencemetric. Clearly, ¢ < ¢ = 1 > . Finally we
definethe operatomwhich correlatesall T-transformsof ¢ with all U-transformsof «:

[p(y Oty w)]a,ﬂ = p(Tasp, U/ﬂﬁ)-

Noticethatthe correlationfield resultingfrom this operations indexedovertwo parameter
spacesTheseoperationsatisfymary simpleidentities,mostof which areobvious,andso
omitted.

It is often usefulto considermetric correlationsundermultiple transformations.For
example,if X, for o € £2 (2D Euclidearspace)s atranslatiorby «, andR; for 5 € S* (a
topologicalcircle) is arotationthroughananglegs, thenT,s = X, R is arotationfollowed
by atranslation(the orderdoesnt matter;they commute). Thus (¢ < 9),.s measureshe
correlationbetweeny) andthe a-translation -rotationof ¢.

Oftenthe transformationgppliedto imageshave algebraicstructure;frequentlythey
form a topologicalgroup. In thesecaseghe metric correlationsinherit the structure;for
example,if thetransformationgreanabeliangroup:

(Top <) = (¢ AY)arp = (9 V) pra = (Tpp < Y)a-

The reademay supposéhat metric correlationsare computationallytoo expensve to
have muchsignificanceto cognitive processingbut this neednot be so. First obsene that
they arenot muchmoreexpensve thanthe usual(inner product)correlations.Secondthe
limited precisionof neuralcomputationoneor two digits) will limit the numberof trans-
formsto be computedn parallelto a dozenor so,for eachreal parameterA combination
of two transformamight requireseveralhundredo be computedin parallel).

5 CONCLUSIONS

| have amguedthat the foundationof expertiseand skillful behaior is knowledgerepre-
sentedas a structured continuumas opposedo a discretestructure. The reasonis that
continuousknowledgerepresentatiopermitsmore flexible behaior and avoids failures
dueto brittleness.As a consequenct is crucialthatwe understandhe principlesof con-
tinuousrepresentationothatthey canbeappliedin artificial intelligenceandneuroscience.
To this endl have comparecandcontrastedcontinuoug“analog”) anddiscrete(“digital”)
computationandhave suggestea theoreticalframavork (simulaci) for continuousrep-
resentations.
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This theoreticalframenork was usedto characterizeseveral kinds of invariancethat
occurin naturalandartificial systemsjncluding effectequivalencetransforminvariance
structural invarianceandtransformpreservation Includedas specialcasesare psycho-
logically significantinvariancessuchassymmetrygroupsandotheralgebraidnvariances
involvedin objectperception Severalwaysof quantifyingdegreeof invariancewerenoted
enpassantsincequantificationis anecessarprerequisite¢o understandingheemegence
of algebraicstructurein perceptuaandcognitive processes.

| reviewed severalsimplemechanismdyasedon correlationalearning,thatleadto the
emegenceof invariances.Theseincluded(1) the self-oiganizationof matchedfilters for
spatiotemporasignalsby meanof approximateljlinearprocesses dendriticnets,(2) the
approximatiorof nonlinearfunctionsby baseshatarecompletebut notnecessarilprthog-
onal,and(3) theemegenceof orthogonalkepresentationroughcoarsecoding. Finally,
| proposednetric correlation, a generalizatiorof the familiar correlationandconvolution
operationswhich accomplishesransforminvariantpatternrecognition. The foregoingis
only a hint, however, of whatis needed:a comprehensie theory of the meansby which
(approximately)discreterepresentationmay emege from continuousprocesseso form
thestructuredcontinuathatarethefoundationof skillful, intelligentbehaior in theworld.
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