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Overmany yearsI havesearchedfor thepointwheremythandsciencejoin. It
wasclearto mefor a long time thattheoriginsof sciencehadtheir deeproots
in aparticularmyth, thatof invariance.

— Giorgio deSantillana

1 INTR ODUCTON

In thispaperI’ ll addresstheemergenceof thediscretefrom thecontinuous,first in mythol-
ogyandpsychology, thenin cognitivescienceandartificial intelligence.Thiswill providea
context for consideringsomecontinuousneuralprocessesthatcanresultin (approximately)
discretebehavior.

Many traditionalcosmologiesbegin with a separationof theprimordialmassaconfusa
into opposites.For example,Euripedessaid,

And the tale is not mine but from my mother, how Ouranos(Sky) andGaia
(Earth) were one form; and when they had beenseparatedapart from each
otherthey bring forth all things,andgave themup into the light: trees,birds,
beasts,thecreaturesnourishedby thesaltsea,andtheraceof mortals.(fr. 484,
MelanippetheWise)�

Basedon an invited presentation,2nd Appalachian Conferenceon Behavioral Neurodynamics:Pro-
cessingin Biological Neural Networks(October3–6, 1993),RadfordUniversity, Radford,VA. To appear
in Origins: Brain & Self-Organization(tentative title), editedby Karl Pribram,Hillsdale, NJ: Lawrence
Erlbaum.
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This separation,which is often associatedwith the creationof recognizablethings, cor-
respondsto the emergenceinto the world of the faculty of discretecategorization. With
definitepropertiescomedefinite things,andconverselythe definitenessof thingsseems
to dependon definiteoppositions.Early philosophersenumeratedmany oppositions(e.g.,
hot/cold,dry/wet,light/dark,straight/curved,odd/even),but in myththey areoftenequated
to theoppositionmostsalientto all people:male/female.Thustheprimordial separation
createsa godanda goddess,whosesubsequentunioncreatestheworld of things(though
they retaintheir separateidentities). In aneditor’s forward [30] Alan Wattsobservesthat
this processis reflectedin anancientseriesof images:

Theimagesrepresent,respectively, theundifferentiatedmatrix,themaleseedin thecosmic
womb,polarizationinto opposites,andthecosmosasacomplex systemof polarities.

Discretecategoriesareverycomfortable,for they bring asenseof security:everything
either is or isn’t. This is capturedby Aristotle’s Law of the ExcludedMiddle, which ap-
plies to every spacethat is topologicallydiscrete:thereis nothing in themiddle,between
thepointsof thespace,andthereareno mattersof degree;two pointsareeitheridentical
or asdifferentas they canbe. It is significantthat the Greekword chaosoriginally re-
ferredto agapand,specifically, to theprimordialgapbetweenearthandtheheavens[10];
andindeedthecategorizing mind finds only chaosin the grey areasbetweencategories.1

ThePythagoreanswerequiteexplicit abouttherole of thegapin creatingdiscretethings,
includingtheintegers.Stobaeusreportedthatthey said:

Thevoid (kenon) distinguishesthenaturesof things,sinceit is the thing that
separatesanddistinguishesthe successive termsin a series.This happensin
thefirst instancein thecaseof numbers;for thevoid distinguishestheirnature.
(DK 58B30)

Another traditional themein many commonaccountsof creationis the efficacy of the
spokenword in beginningthecreationof things;this perhapsreflectsthecloseconnection
betweenlanguageandtheconceptualfaculty.

Thereis alsoan old tradition thatwisdomcomeswith the transcendingof categories.
Thisis afamiliarthemein many Easterntraditions,suchasTaoism,but wealsofind it in the
West.For example,Heraclitusrecognizedthatcategoriesareoftenrelative andcontextual
(DK 22B 9, 13, 37, 58, 59–61).He alsorecognizedthe importanceof thecontinuumthat
unifiestheopposition:

1In theBabyloniancreationmyth, thecreationof theorganizedworld doesnot begin until Enlil (theair
god) createsa gapbetweenAn (Heaven) andKi (Earth). In onescholar’s readingof the text, the gap is
createdby anactof cognition,for it is effectedby thegodMummu,whosenamemeans“mind,” “reason”or
“consciousness”[29].
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The teacherof most is Hesiod; they are surehe knows most, who did not
recognizeDayandNight — for they areone.(DK 22B57)

That is, HesiodconsideredthegoddessesDay andNight to be different— an archetypal
opposition— andfailed to acknowledgetheir underlyingunity, for they are just the ex-
tremesof a cycle [32]. Heraclitusalsostressedthat theharmonia(structure)of theworld
resultsfrom a flow betweenopposites:2 “through opposingcurrentsexisting things are
madea harmonia” (DiogenesLaertius9.7). Thus,from a deeperperspective, reality is a
structuredflow ratherthana discretestructure.Furthermore,thewiserealizethat this law
governingthemacrocosmappliesequallyto people:

Thosespeakingwith senseneedto rely on whatis commonto all, asa city on
its laws— andwith muchmorereliance.For all humanlawsarenourishedby
one,thedivine.3 (DK 22B114)

Themessageseemsto bethatwe do not have a simpledichotomybetweena chaoticcon-
tinuum anda structureof discreteparts. The third alternative is a structured continuum
(harmonia), which result from a flow betweenopposites.This is the law of the macro-
cosm,but also the law of the microcosm,that is, the principle by which an organism’s
behavior canmove in conformitywith theuniversalprocess.

Similarly, in Jungianpsychologicaltheory, the processof consciousindividuationre-
sults in a personalitythat is “firm in its flexibility” [4]. This processcorrespondsto the
coniunctiooppositorumof spiritual alchemy, which is primarily a union of maleandfe-
male,but symbolicallya reunificationof all the opposites[8]. Thus the evolution from
an initial undifferentiatedstateto an inflexible discretestateis supersededby a flexible
reintegrationof theunitsthatpreservestheirdifferentiation.Specifically, anindividualized
personalityrequirestheunificationof thesubconsciousmind,which is intuitive,synthetic
andflexible, but opaque,with theconsciousmind, which is transparent,rationalandana-
lytic, but rigid. Theresulting“consciousspontaneity”combinesthelight of theconscious
mind with the intuitive flow of the unconscious,andso in alchemyit is symbolizedby
the “fiery water” that resultsfrom a conjunctionof elementalfire (illuminating but rigid
anddisintegrativeconsciousrationalthought)andelementalwater(veiledbut flowing and
integrativesubconsciousintuition).

In artificial intelligence,cognitive scienceandepistemology, we arepresentlyin the
progressof recapitulatingthis evolution. Thehalf centurythatendedabout1980wasthe
heydayof discreteknowledgerepresentation;it showedthecapabilitiesof symboliccog-
nitive models,but alsotheir limitations. Connectionistknowledgerepresentation,asem-
bodiedin neurocomputation,promisesto fill in thegapsof discreteknowledgestructures,

2‘Harmony’ is not theprimarysenseof ancientGreekharmonia, which refersto a continuousstructure
obtainedby joining discreteparts.

3Thereis a threeway pun in theGreekbetween“with sense”(xunnoōi), “what is common”(tōi xunōi)
and“laws” (toi nom̄oi) [9]. Thenominalizedadjectivesin this translationreflectthe(apparently)intentional
ambiguitiesof Heraclitus’maxim.
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providing flexibility while retainingdifferentiationandstructure.Thatis, by allowing (ap-
proximately)discretesymbolicrepresentationsto emergefrom continuousneurocomputa-
tionalprocesses,connectionismwill provideabasisfor flexible symbolicprocessing.

In this paperI will discussseveral simple, neurallyplausiblemechanismsby which
approximatelydiscretestructurescan emerge from continuouscomputationalprocesses.
Thegoalis to betterunderstandhow brainsmanipulateapproximatelydiscretesymbols,as
in languageandlogic, without losingtheflexibility of theunderlyingneuralprocesses.

2 CONTINUOUS COMPUTATION

2.1 What is Computation?

Onemight supposethattheanswerto this questionis obvious,but it becomesproblematic
whenonelooks for computationin placesotherthanmanufacturedcomputers,suchasin
thebrain,andoneconsiderskindsof computationthatarelessfamiliar thandigital compu-
tation,suchasanalogcomputation.Indeed,a forthcomingissueof thejournalMindsand
Machinesis devotedto thequestion“What is Computing?” in thecontext of psychology
andphilosophy, andexhibitsavarietyof opinionson thematter. I’ ll briefly summarizemy
position,which is presentedin moredetailelsewhere[21, 26].

Themeaningof “computation”is moreapparentif we considertheuseof thetermbe-
fore it becamewidely recognizedthatcomputerscanmanipulatenonnumericaldata.Then,
computationmeantdoing arithmeticby meansof physicalprocedures.Theseprocedures
includedthearrangementof written figuresin tableaux(asin long division), theposition
of beadsin anabacusor similar “digital” device,andthepositionof scalesin a sliderule,
nomographor similar“analog”device. Herealreadywecanseetheessentialcharacteristics
of computation,whichstill hold.

First, thepurposeof computingis to operateon abstract objects. Originally numbers
werethe only objectsmanipulated,but onceit becameapparentthat computerscould be
usedfor nonnumericalcomputation,themanipulableabstractobjectswereextendedto sets,
sequences,tuples,Boolean(truth) values,formulas,andmany othertypesof data.In spite
of the fact that many of thesedatatypesarenonnumerical,they aremathematicalin the
sensethat they arepreciselydefinedandabstract (i.e., “formal” in thesensethat they are
nonmaterial).

Second,becauseabstractionsdo not exist physically, computationmust be accom-
plishedby the manipulationof physicalsurrogates.Examplesof thesesurrogatesarethe
written digits of manualarithmetic, the beadsof an abacus,and physicalposition on a
slide rule or nomograph.Even“mental computation”(e.g.,mentalarithmeticor algebra)
displaysthis characteristic,thoughlessobviously, sincethe digits or othersignsarerep-
resentedby physicalstatesin the brain that are manipulatedwith little regard for their
meaning(seefollowing).

Third, computationis amechanicalprocedure,whichdependsonreliablydeterminable
physicalpropertiesof thesurrogates(i.e. computationis “formal” in thesensethat it de-
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pendson the form but not the meaningof the surrogateobjects). For example,manual
arithmeticcanbecarriedoutwithoutconcernfor themeaningof thedigits. This,of course,
is thepropertythatpermitsautomaticcomputation,but evenin thedaysbeforecomputing
machinery, it allowedsophisticatedcalculationsto becarriedoutby skilled,but mathemat-
ically ignorant,human“computers,” who wereorganizedin largescaleparallelarraysfor
scientificcomputationsandsimulations.

Finally, we observe that throughoutmostof the history of computation,both discrete
(“digital”) andcontinuous(“analog”) surrogateshave beenused.For example,in ancient
Greecewe find both theabacus(discrete)andtheuseof geometricdevicesandconstruc-
tions(continuous).Therecenthistoryof computers,whichhasbeendominatedby discrete
computation,biasesusagainstcontinuouscomputation,but thatis a seriousmistake if our
concernis computationin thebrain(andprobablyevenif our interestis limited to computer
technology[12, 16,17]).

I havearguedelsewhere[26] thatthedifferencebetweenanaloganddigital computation
hasnothing to do with a supposedanalogy, possessedby the former but not the latter,
betweenthe physicalandabstractsystems.On the contrary, both kinds of computation
dependon a systematiccorrelation— ananalogy— betweenthestatesandprocessesof
thephysicalandabstractsystems,asis explainedbelow. For thisreasonI will usetheterms
discreteandcontinuouscomputationinsteadof “digital” and“analog”computation,which
mightbemisleading.

In summary: Computationis the physicalrealizationof an abstract processfor the
purposeof manipulatingabstractobjects.

2.2 Computation in General

Sincecomputationaccomplishesan abstractprocessthroughthe mediumof a surrogate
physicalprocess,it’ s necessaryto saypreciselywhat is meantby process. To stressthe
parallelsbetweendiscreteand continuouscomputation,the definitionswill be statedas
far aspossiblein “topology-neutralterms,” that is, in termsinclusive of bothdiscreteand
continuouscomputation.

Thefuturebehavior of aprocessis completelydeterminedby its input (theindependent
variables)andits state(thedependentvariables).4 In thecaseof adiscreteprocessthestate
comprisesoneor morevariableswith valueschosenfrom discretespaces(e.g., integers,
Booleansor floating-pointnumbers).In thecaseof a continuousprocess,thestatemight
be a discretesetof continuous-valuedvariablesor a continuumof continuousvalues,as
in a physicalfield (the latter actuallybeinga specialcaseof the former). The input to a
processmaybediscreteor continuousin thesamewayasthestate.5

The moment-to-momentbehavior of a processis determinedby a law that relatesits
4For simplicity I’m restrictingattentionto deterministicprocesses;thoughnondeterministicprocessesare

alsoimportant,they arenot relevantto thepresentdiscussion.
5In principle,hybriddiscrete/continuoussystemsarepossible,but they aresubjectto restrictionsimposed

by otherproperties,suchascontinuity.
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Figure1: A Process

statechangesto thepresentstateandinput; this law is itself permittedto changein time.
Specifically, let

�������
bethestateand 	 ����� betheinput,bothat time

�
. Then

��
������
, thenew

stateat time
�
, is givenby

��
����������� ������������� 	 ������� , wherethestatetransitionfunction
�

is
thelaw determiningtheprocess(Fig. 1). For adiscrete-timeprocess,thenew stateis given
at thenext timestep

��
�������������������
; for acontinuous-timeprocess,thenew stateis given

at thenext instant,
��
������������� �"!����

. A consequenceof this is thatthelaw
�

takestheform
of (generalized)differenceequationsfor a discreteprocessand(generalized)differential
equationsfor acontinuousprocess.6

Having saidwhataprocessis, weconsiderwhatit meansfor aphysicalprocessto real-
izeanabstractprocess.In brief a realizationis ahomomorphismfrom thephysicalsystem
to theabstractsystem.Roughly, a realizationis a systematiccorrespondencebetweenthe
statesof thetwo systemsandbetweenthestatechangesof thetwo systems,suchthat the
behavior of theabstractsystemis recoverablefrom thatof thephysicalsystem.I’ ll explain
this morecarefully(Fig. 2).

Let # be an abstract(mathematical,formal) systemwith a transitionoperator
�%$

&('*)+'-,/. )
, where

)
is thestatespace,

,
is theinput space,and

&
is thetime contin-

uum.Similarly thephysicalsystem0 hasthetransitionoperator1 $ &2'43)+'53,6. 3)
. Then

we saythat 0 is a realizationof # if thereis a homomorphism7 $ 0 . # ; a homomor-
phismis a mappingthatpreservessome,thoughnot necessarilyall, of themappedsystem
(seebelow for specifics).This is becauseanabstractsystemis anabstractionof reality, and
sotheabstractobjectswill in generalhave many fewer propertiesthanreal (physical)ob-
jects.Thusa homomorphism7 $ 0 . # mapssomeof thephysicalpropertiesof 0 into
abstractpropertiesin # , but others,irrelevant to thecomputation,areignored.To specify
thehomomorphismmorepreciselywemustconsidertheequationsof thetwo systems:

� 
 �����89�:� ������������� 	 �����;�<�= 
 ������ 1 � ��� = ��������>*�������@?
Thehomomorphism7 $ 0 . # actuallycomprisesfour homomorphisms,7BA $ )C. 3)
on the statespaces,7BD $ ,E. ,

on the input spaces,7BF on the transitionmaps,and 7HG
betweentime in thetwo systems,thoughusuallythedistinctionis clearandthesubscripts

6This applieseven for statescontainingnonnumericalvariables,sincegeneralizeddifferenceequations
canbedefinedoverany discretespace,andin this senseany digital computerprogramis asetof generalized
differenceequations[13]. GeneralizeddifferentialequationscanbedefinedoverBanachspaces.
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Figure2: PhysicalRealizationof anAbstractProcess

areomitted.Thuswe write
�6 75L =NM

, 	  75L > M and
�O 75LP1 M

. Figures3 and4 show
two simpleexamplesof realizations.

We can now statethe condition that must be satisfiedfor the physicalsystem 0 to
realizetheabstractsystem# . Sinceahomomorphismpreservesstructure,

� 
  75L = 
 M  75LP1 ����� = �Q>R� M  75LP1 M � 75L � M � 75L � M � 75LS	 M �T���� 75L � M � 75L =UM � 75L > M ��?
Thatis, themappingis ahomomorphismif

75L = 
 M ���� 75L � M � 75L =UM � 75L > M ��? (1)

Notice that in Eq. 1 time in the abstractsystem75L � M neednot correspondto time in
thephysicalsystem

�
; if they do,

�V 75L � M , thenwehavea realtimesystem.If they arenot
thesame,thenwe mustdistinguishthe “simulatedtime” of # from the time requiredfor
its realizationin 0 . (However, westill require7WG to bemonotonicsothattimeproceedsin
thesamedirectionin theabstractsystemandits realization.)

2.3 Computation in Brains

I’ve suggesteddefiningcomputationasthe physicalrealizationof anabstractprocessfor
thepurposeof manipulatingabstractobjects.Thephrase“for thepurposeof manipulating
abstractobjects”is essential,sinceeveryphysicalprocessis therealizationof someabstract
process— in fact,of many, sinceany mathematicalmodelof aphysicalprocessis realized
by it. Thereforeit is critical that the purposeof the physicalmanipulationsbe to realize
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anabstractprocess.We mayusea desktopcomputerfor a spaceheater, a slide rule for a
straightedge,or anabacusfor a rattle,but thesephysicalprocessesarenotcomputation.7

By referringto purpose,theproposeddefinitionof computationhasbeenmadeinher-
ently teleological. This is perhapsnot a problemwhenwe’re dealingwith manufactured
devices,suchassliderulesanddesktopcomputers,for their purposesareoftenstatedex-
plicitly. Ontheotherhand,if weareinterestedin natural computation, thatis, computation
in naturallyoccurringsystems,suchasthebrain, thenthe teleologicalconditionbecomes
problematic;certainlyteleologicaldefinitionsaresuspectin thenaturalsciences.

Sincemy concernhereis thebrain,I canevadethegeneralproblemof teleologicaldef-
initionsandadoptapragmaticsolution,for in thecontext of biology thepurposeandfunc-
tion of systemsis oftenidentifiable.Wecanobjectively attributepurposesto hearts,lungs,
stomachs,eyeswithout runningtherisk of inviting toomany ghostsinto our machines.So
alsofor systemsin the brain, andif a brain systemcanbe shown to be accomplishinga
basicallymathematicaltask(i.e., an abstractprocess),thenwe may call it computational
(contraSearle[26, 34]). While identifying computationalbrain systemsis importantto
cognitiveneuroscience,it is alsocentralto psychologicalandphilosophicaldebatesabout
whethercognitionis computation;for example,Searlehasstressedthathis ChineseRoom
Argumentappliesonly to computationalsystems,andHarnadoftenremindsusthatarobot
cannotbepurelycomputational,sinceit mustinteractwith thephysicalworld [5].

In fact I doubttherearemany purelycomputationalmodulesin thebrainor elsewhere
in organisms. Natureis far too opportunistic,it seems,to miss the chanceof makinga
biologicalsystemservemultiple purposes.

2.4 Simulacra

A centraltheoreticalconstructunderliesboth the theoryof (digital) computationandthe
useof symbolic(i.e. discrete)knowledgerepresentationin artificial intelligenceandcog-
nitive science;it is the ideaof a calculus, which is an idealizedmodelof discreteformal
systems. By isolating the essentialcharacteristicsof discreteinformation representation
andprocessingsystems,the ideaof a calculusunifiesinvestigationsin all of thesefields.
I’ve arguedelsewhere[19, 23, 24, 25] that connectionismlacksan analogousconstruct,
andthatthis lackhindersourunderstandingof therange,limits andpossibilitiesof connec-
tionist knowledgerepresentation.In anattemptto remedythis situation,I’ve proposedthe
simulacrumasatheoreticalconstructembodyingtheessentialcharacteristicsof continuous
informationrepresentationandprocessing.

Justasacalculuscomprisesformulas, madeof tokens, thataremanipulatedby discrete
processesthat canbe definedby rules, so alsoa simulacrumcomprisesa state, madeof
images, that is transformedby continuousprocessesthat canbe definedby graphs. By
“image” I mean,roughly, any elementof a continuum,sofor example,a singlerealnum-

7This mayseema frivolouspoint,but thequestionof whether, for example,thejostling moleculesin my
wall couldbe saidto be computing,arisesin the context of philosophicaldebate,suchasSearle’s Chinese
RoomArgument[34, 35]. Putnamhasusedasimilar argument[33].
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ber is an image,asis a vectorof numbers,or a field (a spatiallycontinuousdistribution of
numbers)[11, 14], suchasa visual image.(I do not intend,however, that this termbere-
strictedto perceptualimages;it includesmotorimagesandvariousinternalrepresentations,
of arbitraryabstractnessandcomplexity, solongasthey aredrawn from acontinuum.)

In mathematics,the graph of a function is the setof all its input-outputpairs; in the
simplestcaseit definesa curve in two dimensions,but it could alsobe a morecomplex
surfaceor shape.It is analogousto arule in that,in its mostbasicform, it definesaninput-
outputrelationby ostension,by showing the outputresultingfrom eachinput. However,
justasdiscretecomputationsystemsallow rulesto beabbreviatedandcombinedin various
ways,soalsowemayabbreviateandcombinegraphsfor continuouscomputation.

Wehave identifiedanumberof postulatessatisfiedby all simulacra,whichwe list here
for completeness(detaileddiscussionsandjustificationscanbefoundelsewhere[19, 24]):

Postulate1 All imagespacesarepath-connectedmetricspaces.

Postulate2 All imagespacesareseparableandcomplete.

Postulate3 Mapsbetweenimagespacesarecontinuous.

Postulate4 Formal processesin simulacra are continuousfunctionsof time andprocess
state.

Postulate5 Interpretationsof simulacra arecontinuous.

For thepurposesof this paper, anintuitiveunderstandingof simulacrais sufficient.

3 INVARIANCES

3.1 Behavioral Invariances

As suggestedby deSantillana’s remark,which headsthis paper, theconceptof invariance
is fundamentalto science.8 It is also the basisfor our perceptionof a world of stable
objects[31, Ch. 5], sincethepartsof anobjectretainan invariantrelationto oneanother
undertransformations,suchasrotationandtranslation,but theirrelationsto thebackground
arenot invariant. Invariancealsounderliescategory or conceptformation,sincewe can
saythatanorganismrecognizesa category whenit respondsinvariantly to all individuals
belongingto thatcategory.9 For example,if a monkey, whenhungry, alwaysrespondsto a
bananaby eatingit, thenwe cansaythatit recognizesthecategory banana(in thecontext

8As alsosuggestedby his remark,invarianceis a myth: that is, althoughit’s not literally true,it contains
animportanttruth.

9Mathematiciansmay be confusedby my useof the term category, which, throughoutthis paper, will
referto a psychologicalconstructalsoknown asa conceptor universal. Someof theobjectsdiscussedhere
will bemathematicalcategories,but that’s coincidental.
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of beinghungry). Becausethe notion of invarianceis so important,in this sectionI will
characterizeit in generalterms,appropriateto continuousknowledgerepresentation,andin
thenext sectionI’ ll considerseveralsimple,biologically plausiblemechanismsby which
organismscanextractinvariancesfrom their environments.

I will bedefining“invariance”in termsof the input-outputbehavior of a system.The
goalof thesedefinitionswill bequestionssuchas: In whatwayscanI transformtheinput
to thesystem,but leave its outputinvariant?If I transformtheinput to a systemin certain
ways,is therea correspondingtransformationof theoutput?Theresultingdefinitionsare
behavioral, but they arenotbehavioristic. First, thesystemwhoseinput-outputbehavior is
in questionneednotbeanentireorganism.For example,wemightconsiderthetranslation
or scaleinvarianceof a particularmodulein thevisual system.Nevertheless,I think it is
importantto groundcognitive terms,suchascategory or concept, in the behavior of the
wholeorganismin its naturalenvironment(i.e. anecologicalapproach),andmany of my
exampleswill relateto anorganism’s behavior, sincethey areeasierto understand.Thus
I may take asanexampleof invariantbehavior: “if a hungrymonkey seesa banana(any
banana)at location X in its visualfield, thenit respondsby grabbingthebananaat X .”

The precedingexampleillustratesthat invariancemaydependon the history, or prior
state,of thesystem.(If themonkey isn’t hungry, it maynotgrabthebanana.)In thecontext
of ourgeneralmodelof processes(Fig.1),wemusttakeaccountof invariancein thefaceof
variationof theinternalstateaswell asvariationof theinput. In thesecases,thetransition
function of the process(

�
in Fig. 1) will be treatedasa systemwithout memory(state),

sincethis simplifies the analysis,but doesnot limit its applicability to the moregeneral
case.Sincein suchacasethe“input” to thetransitionfunction Y ���Z� 	 � comprisesboththe
internalstateof thesystem

�
andthe input proper 	 , I will usethe termcauseto refer to

thecurrentstate/inputpair
���Z� 	 � , sincethis comprises(by hypothesis)everythingthatcan

affect thefuturestateof thesystem.Similarly, I will call the“output” of Y ���[� 	 � its effect,
sinceit comprisesthenew stateaswell aswhatever externalbehavior (outputproper)the
systemexhibits. Thuswe will beconsideringinvariancesin mapsY $]\ ._^

from a space\
of causesto aspacê of effects.

An invariancerarely holdsover the entirespaceof causesto a system.For example,
a hungrymonkey may in generalrespondto a bananain a way that is invariantwith the
sizeof thebananaimage,but theremustbe limits to this scaleinvariance,sincetoo small
an imagewill not bevisible, andtoo largean imagewill not berecognizableasa banana
(thevisualfield will befilled with yellow). Thuswe mustin generalspecifysomerange`

of causesover which an invarianceholds. In actualpracticeit maybevery difficult to
describetherangeof aninvariance,but for theoreticalpurposesall weneedto know is that
theinvarianceholdsoversomè

ba \
.10

10Furthermore,continuity requiresthat c have an indefinite boundary;that is, althoughthe invariance
holdsabsolutelywithin c , it mustalsohold approximatelyfor causesarbitrarily nearto c but outsideof it.
This topic is addressedlater.
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3.2 Effect Equivalence

The simplestinvarianceis whencertainchangesto thecauseleave theeffect unchanged.
For example,we might supposethata mousefleeswhenever it seesa cat,but thatchanges
in thecolor or sizeof thecatdo not alter its response.In formal terms,thecausemaybe
changedfrom g to g 
 but theeffect

�
remainsthesame,Y � g �*h�i Y � g 
j� . Lookedat

the otherway, we canaskwhat classof causesresultsin a given effect. Thus, for each
effect

�
thereis a classof causesg suchthat Y � g �kl�

(in mathematicalterms,this class
in the inverseimageof theeffect, Ynmpo �q�8� ), andsoeacheffect (in therangeunderconsider-
ation)hasanassociatedeffect-equivalenceclassof causes.Thusthereis a basiccategory
structureobservablein thebehavior of everysystem(thoughsomeof thecategoriesmight
besingleton,i.e., containonly onecause).Theeffect-equivalenceclassesrepresentcate-
goriesof causesthat differ only in behaviorally irrelevant properties(in the rangeunder
consideration).

By a well-known theoremin mathematics,any function Y $r\ . ^
canbe“f actored”

into a compositionof two functions, Y EsEt�u
(Fig. 5). Thefirst function,

uv$�\ . w
,

mapscausesinto their effect-equivalentclasses,or into any otherspacein a one-to-one
relationwith theseclasses(e.g.,a spaceof “symbols” for theclasses11). This intermediate
spaceis called the quotientspace,

w
. The secondmap,

s $ wx. ^
, takesan effect-

equivalenceclass(or its surrogate)into the correspondingeffect, so Y � g �" sy�zuW� g ��� .
Becausetheequivalencemap

u
eliminatesall effect-irrelevantdifferences,theeffect-maps

establishesaone-to-onerelationbetweenequivalenceclassesandtheireffects(since,by
construction,no two effect-equivalenceclasseshave thesameeffect).

The effect-equivalenceclassesconstitutethe mostbasicinvariancein the behavior of
a system. It can, in principle, be determinedby observingthe cause-effect relationships
of the system,thoughin practicewe can get only an approximation,sincedetermining
theentireinvariancewould requireobservingan infinite numberof cause-effect pairs. In
principle, however, we do not have to look insidethe systemto discover this invariance.
The quotientspacewould seemto be an ideal locusfor understandingthe emergenceof

11Note,however, that this spaceof “symbols” mustbea continuum(if it hasmorethanonepoint), since
it is the continuousimageof a continuum(by the simulacrapostulates).Thusany suchsurrogatesfor the
effect-equivalenceclassesarenot symbolsin thefamiliar, discretesense.
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invariancesthroughself-organization.
By definition,all causeswithin aeffect-equivalenceclassleadto thesameeffect. How-

ever, sinceall mapson simulacraarerequiredto be continuous(by postulates3 and4),
weknow thattherearecausesoutsideof theequivalenceclasswhoseeffectsarearbitrarily
closeto thoseinside(Fig.6). Thusit is moreaccurateto think of effect-equivalenceclasses
ashaving indefiniteboundaries,andto think of invarianceasamatterof degreeratherthan
anabsoluteproperty. Thus:

Definition The indefiniteequivalenceclassof a causeg~} is:

���]�p�P� � g �V���� Y � g } ��� Y � g ���@�
where

�
is themetric(distancemeasure)on theeffect-space.

Thus
���]�:�S�

will be 0 for all membersof the (definite)effect-equivalenceclassof g } , for
which the invarianceis absolute,andwill increasegraduallyasbehavior becomesnon-
invariantoutsidethe effect-equivalenceclass.12 Quantifying the degreeof invarianceis
importantwhen addressingthe emergenceof invariantbehavior throughadaptationand
learning,sincethe invariancesappeargradually.13 Nevertheless,the following discussion
is couchedin termsof absoluteinvariance,sincetheextensionto degreesof invarianceis
straight-forward.

12Notethat �����P��� is analogousto a fuzzyset,thoughfor theusualfuzzysetsthemembershipfunctionis 1
for full membersanddecreasesto 0 astheir membershipdecreases.Therearea severalsimpleways,which
aredescribedelsewhere[25], for convertingour indefiniteequivalenceclassinto a standardfuzzyset.

13Othertraditionally absolutemathematicalproperties,suchasbeinga groupor beingorthogonal,must
alsoberedefinedasmattersof degree,sothatwemay, for example,discussthegradualemergenceof orthog-
onalityor groupstructure.
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3.3 Transform Invarianceand Object Perception

An especiallyimportantkind of invarianceoccurswhena systemrespondsthesameto a
stimulusin spiteof it beingtransformedin somesystematicway. For example,a banana
may be recognizedasa bananain spiteof its imagebeingrotated,translatedandscaled.
Also a melodymayberecognizedeventhoughit hasbeenchangedin absolutepitch. In-
varianceundervariouskindsof transformsis thebasisfor our perceptionof stableobjects
in theworld [31, Ch. 5]. For example,contextual informationmayallow a monkey to re-
liably selectthelargerof two objectsregardlessof their relative placement,andhencethe
relative sizeof their retinal images[38]. Suchan instanceof sizeconstancyshows that
theanimalis perceiving absolutesize,which is a propertyof theobjectitself asopposed
to its appearance(sensoryimage).A complex of propertiesinvariantundertransformation
is what constitutesa collectionof phenomenaasa perceptualentity. Dif ferentclassesof
transformationsleadto differentkindsof entities.For example,invarianceunderrigid body
transformations,suchastranslations,rotationsandscalings,leadsto perceptionof physical
objects.Invarianceunderabsolutepitchtransformationleadsto perceptionof melodies,for
a melody(asopposedto an absolutepitch sequence)canbe definedasthat entity that is
invariantunderchangein absolutepitch.

We will considertransformationsmappingcausesinto causes,which depend,in most
cases,on a parameterthat controlsthechangeeffectedby the transform.For example,a
rotationhasa scalarparameterdeterminingthe angleof rotation,anda translationhasa
vectorparameterdeterminingthedirectionanddistanceof translation.I’ ll write ��� � g � for
atransformation,of type � (e.g.translation)andparameter� , appliedto causeg . In accord
with postulate3 of simulacra,��� � g � is requiredto becontinuousin both � and g . Observe
thattheparameteroftenvariesin time, �  � ����� , astheorganismmoves,thusgeneratinga
continuoustrajectory� ������� � g � , which is a rich sourceof informationfor separatingentities
from theenvironment[31, pp.93–98].Variation is necessaryto detectinvariance.

My presentgoalis to characterizetransforminvariantbehavior, withoutany discussion
of mechanismsfor achieving it or by which it mayemerge.Possiblemechanismsby which
asystemcoulddeveloptransforminvariances,andthuscometo perceiveaclassof entities,
will bepresentedlater(“Self-organization”).

Definition A systemY is invariant with respectto transformation� , or � -
invariant, whenever, for eachallowablecauseg , thesetof all allowabletrans-
formsof it, ��� � g � , areeffect-equivalentfor Y (Fig. 7).

Therefore,for all allowable g and � ,

Y � ��� � g �;�� Y � g ��?
(As usual,invariancescannotin generalbe expectedto be universal,so we mustspecify
somerangeover which the invarianceholds. Also, althougha systemmaybesimultane-
ously invariantunderseveral kinds of transforms��� , ��� , . . . , for simplicity I’ ll consider
just one.)

14
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We can get additional insight into transforminvarianceby factoring Y in the same
way we did before(Fig. 8). The effect-equivalenceclasses�  uW� g � captureall aspects
of the causesthat are relevant to behavior, and discardall aspectsthat are not. This is
accomplishedby theequivalencemap

u
whichidentifiesall behaviorally-indistinguishable

causes,thus abstractingonly what is relevant to behavior, which is representedby the
membersof

w
. It remainsfor the secondpart of the systemto map,onefor one, these

behaviorally relevantabstractionsto theireffects,
s5� � �V��( Y � g � .

When this analysisis appliedto a transforminvariant system(Fig. 8), we seethat,
within theallowablerange,

u
“projectsout” all of theeffectsof thetransforms,andpasses

ontheconstantentityrepresentingall transformedcauses.Thatis, if � �uB� g � , thenfor all
allowable � ,

uW� ��� � g �;�¡ � . Thustheelements�H¢ w
representtheentitiesrecognizedby

thesystem:thoseandjust thoseaspectsof thecausesthatareconstantunderthetransfor-
mationsandaffect thebehavior of thesystem.For example,supposea moderatelyhungry
monkey respondsto ripefruit by smackingits lips, to unripefruit by wrinkling its nose,and
to otherthingsby ignoring them. Then,for stimuli in theappropriaterange,thespace

w
will representonly thefruitnessandripenessof thestimuli, sinceall othercharacteristics,
includingthelocation,size,orientation,andkind of thefruit, arediscardedby theequiva-
lencemap

u
. As aresult,anentity �U¢ w

is anabstractionrepresentingaparticulardegree
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of fruitnessandripeness.
Sincethe“entity space”

w
is thenexusof thesystem’s behavior, we might expectthat

this behavior canbedescribedby rulesexpressedin termsof theentities �B¢ w
. This can

be done,but only to a limited degree. To seethe method,pick an abstractentity �£¢ w
.

We know that the effect-map
s

yields a uniqueeffect
� ¤sy� � � for this entity andfor

just this entity. Furthersupposethat,over somerange,Y is � -invariant; thus,if g is any
causecorrespondingto � , thenwe know that all of its allowabletransforms,��� � g � , also
correspondto � . As a consequence,the following rule expressesthebehavior of Y on all
thetransformsof g :

��� � g �V¥_�Z?
Wecaninterprettheruleasfollows: “If thecausematches��� � g � for some� (in theappro-
priaterange),thenproducetheeffect

�
.”

We cannotassumethat theabove rule expressesthebehavior of thesystemY over the
entireequivalenceclassleadingto

�
, sinceY maybeinvariantwith respectotherproperties

besides� . However, if it is invariantto only � , or, equivalently, if all themembersof the
effect-equivalenceclassaremutuallytransformablevia � , thentheabove rule completely
capturesthebehavior of Y on thatequivalenceclass,andwe call it therule corresponding
to � . In thiscasethecauseg is saidto generatetheentireequivalenceclass.

Rulesarenormallyexpectedto befinite in size,andthis will bethecaseprovidedthat
the transform� andapplicablerangeof parameters� areunderstood.Thenthe rule can
becompletelyspecifiedby exhibiting theparticularconcreteimage g , a generative cause,
and

�
, the correspondingeffect. For example, if we understand¦¨§�©«ª�©;¬� � g � to rotate g

counterclockwiseby ® , then the behavior of mappinga square,in any orientation,to a
circle, is completelyandfinitely specifiedby therule:

¦¨§�©«ª�©;¬¯ �«°R��¥ ±4?
The questionnow arisesof whetherthe behavior of a systemthat is only � -invariant

canbecompletelyspecifiedby a finite sequenceof rulesof theform ��� � g³² �R¥ � ² . Each
suchrule completelyexpressesthe behavior of the systemover an equivalenceclass,but
it’ seasyto seethattheserulescannotcaptureall of thesystem’sbehavior. This is because
thequotientspace

w
is acontinuum(sinceit is thecontinuousimageof theimagespace

\
,

which is acontinuumby postulates1 and2), andsothereis anuncountablenumberof �U¢w
. Sinceall these� arenecessaryto thebehavior of Y , no finite numberof rules,nor even

acountablyinfinite numberof rules,correspondingto these� cansuffice to expressY . The
rulesaccuratelydescribethebehavior of thesystemover their correspondingequivalence
classes,but they saynothingaboutits behavior on therestof thespace.On theotherhand,
just asan irrational numbercanbe approximatedarbitrarily closelyby fractions,so also
(by postulate2) the behavior of Y canbe approximatedarbitrarily closelyby longerand
longerlists of rules.

Thisresult,whichshowstheirreducibility of acontinuousprocessto rules,corresponds
to observationsof expert behavior, which cannotbe completelycapturedby finite rules;
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situationsfalling in the“cracksbetweentherules” areeitherunspecified,or mustbefilled
in by somearbitrary— andultimatelyinexpert— interpolationrule [3].

3.4 Structural Invariance

Our analysisso far hastreatedcausesandeffectsaswholes.Therefore,theentitiesin the
quotientspacearelikewiseabstractionsof theentirecause,whichreflectbehavior invariant
with respectto any changein the cause. For example, if we think of the systemas an
animal, thena causeg comprisesall of the stimulusandthe animal’s internalstate,and
thecorrespondingentity � 4uW� g � is treatedasanindivisibleabstractionof thestimulus+
state,which is theuniqueabstractioncorrespondingto its effect.

Although this approachcapturesthe holistic characterof an animal’s responseto the
currentsituation,it’ s oftenilluminating to analyzebehavior in termsof oneor morecom-
ponentsof thecause.For example,we might take thestimulusto comprisetwo figures,a
bananaanda tree,andthegroundon which they appear. Thenwe would considerinvari-
anceswith respectto changesin theparticularsof thebananaasanindependentcomponent
of the cause. Likewise, we might analyzethe internal stateasa feeling of hungeron a
backgroundof otherinternalperceptions,andconsiderinvarianceswith respectto just this
componentof thestate.We would expectsuchbehavior to bedescribablein termsof ab-
stractions,suchasbananaandhunger correspondingto thecomponentsof thecause,and
abstractrelationsamongthesecomponents.In otherwords, the causemay be analyzed
into anumberof componentsin somerelationto oneanother, in whichcasetheentitiesand
effectsmight be similarly analyzed.In this section,I’ ll considerthe generalapproachto
thesestructural invariances.

Supposé�¢¶µ is concreteimage,say, a bananaimage,and · $ µ . \
is a map

that puts a figure on a specificground,so · � ´ � is a completecause,which includes ´
as a component. Factor the systemmap as before, Y  s¸t+u

, where
u $*\ . w

and
s $ w¹. ^

. Now define
ukº%$ µ . w

, a mapfrom figuresto entities,by
uRºE

u»t · . Eachentity
ukºR� ´ � abstractsall and just the characteristicsof the figure ´ that,

in thecontext providedby · , influencetheeffect; thecorrespondingequivalenceclassof
particularfiguresis

u mpoº � � � (Fig. 9).
Notice that the samespace

w
accommodatesthe abstractionsof the figuresin µ and

the causesin
\

. This is because,for a fixed groundor context, the 1-1 relationbetween
abstractfiguresand effects correspondsto the 1-1 relation betweenabstractcausesand
effects.Sincetheentitiesin

w
arecompletelyabstract,they maybethoughtof asabstract

figuresor abstractcauses,aswe like, thoughthe figure equivalencemap
uRº

may not be
capableof generatingall theentitiesin

w
. For example,supposethat, in a givencontext,

a certainmonkey will smackits lips at a bananabut wrinkle its noseat a mango.Then,if
· � ´ � is theoperationof puttingaparticularpieceof fruit in thiscontext, thentheentitiesinw

generatedby thefigureequivalencemap
uRº

correspondto theabstractionsbananaand
mango(andall theborderlinecasesin between),andthecorrespondingeffect-equivalence
classes

u mpoº � � � in µ are classesof particularpiecesof fruit. Thesesameentities in
w
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maybeviewedasabstractionsof completecausesincludingthefruit asa component,and
thecorrespondingeffect-equivalenceclasses

u mpo � � � in
\

areclassesof completeparticular
causes.Theremayalsobeentities �"¢ w

with correspondingequivalenceclasses
u mpo � � �

of causesthatarenot resultsof · � ´ � , andsodo nothavecorrespondingclassesof figures.
Commonly, structuralinvariancesinvolve two or morecomponentsof the cause,for

example,behavior maybeinvariantto changesin severalfigures,or to changesin theback-
groundaswell asthe figures. We’ll considerthe caseof structuralinvariancesinvolving
two components,andthegeneralcasewill beclear.

Supposethat ´Á¢�µ and Â(¢(Ã aretwo images,which might correspondto two com-
ponentsof a cause,or to a figureandgroundwithin a cause.Next considerany function
· $ µ ' Ã . \

, whichassemblesthecomponentś and Â into acause· � ´ � Â � . For exam-
ple, if ´ is aparticularbananaimageand Â is aparticularbackgroundimage,then · � ´ � Â �
mightplacethemin aparticularcontext (e.g.,relativeposition)to yield acompositeimage
of thatbananaon thatbackground.

Ourgoalthenis to characterizetheinvariantbehavior of asystemY $�\ ._^
in termsof

equivalenceclassesof imagesin µ and Ã . To accomplishthis,definetwo quotientclassesw º
and

wZÄ
as follows: definetwo images ´ � ´ 
 ¢Åµ to be effect-equivalent provided

that they always yield the sameeffect, that is, for all allowable Âv¢vÃ , Y � · � ´ � Â �;�+
Y � · � ´ 
�� Â �;� . Then,asbefore,let

w º
be thespaceof all suchequivalenceclasses(or any

surrogatesin a 1-1 relationto them),andlet
ukº9$ µ . w º

betheequivalencemapfrom
aparticularfigure ´ to theabstraction

ukºk� ´ � representingall andjust thosepropertiesthat
caninfluencethe effect Y � · � ´ � Â ��� . Thus, if Y is a monkey who respondsinvariantly to
bananaimagesin any context, thenthe equivalenceclasscorrespondingto this response
will beanabstractionof all bananaimages,independentof their context. Exactlythesame
constructioncanbeappliedto Ã , yieldingacorrespondingeffect-equivalencespace

wZÄ
and

equivalencemap
u Ä $ Ã . wZÄ

.
Onemight supposethat the abstractcausesin

w
correspondone-to-onewith pairsof

abstractionin
w º 'Ww�Ä

, but this is not to case.To seewhy, supposethata monkey grabsa
bananaif it’ s eitheron a treeor a dish,but grabsa mangoonly if it’ s on a tree. Sincethe
responseto bananasis sometimesdifferentfrom that for mangos,both abstractionsmust

18



Æ ÇX
È È

E Ç

Ĉ
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Figure10: StructuralInvariancewith Two Components

bein
w º

; likewise,sincetheresponseto thingsin treesandin dishesdiffer, they mustbe
distinct membersof

wZÄ
. Therefore,theabstractspace

w º 'BwZÄ
mustrepresent(at least)

thefour possibilities:banana/tree,banana/dish,mango/treeandmango/dish.Nevertheless,
threeof thesecombinationsmapto the sameeffect. Therefore,to describethe behavior
of the systemin termsof the abstractionsin

w º
and

wZÄ
it’ s necessaryto have a second

map Í· $ w º 'BwZÄÎ. w
which mapspairsof abstractcomponentsinto thecorresponding

abstractcauses(Fig.10). It turnsoutthatsuchamapalwaysexists;theeffectof Í· � � ��Ï�� , forÐ ¢ w º
and

Ï ¢ w�Ä
, is equivalentto (1) replacingtheabstractions

Ð
and

Ï
by any concrete

instanceś and Â , suchthat
ukº-� ´ �5 Ð

and
u Ä � Â �5 Ï

, (2) composingtheseinto a
concretecauseg  · � ´ � Â � , and(3) findingthecorrespondingabstractcause,� �uB� g � .14

In summary, if someor all of thecausesin
\

arearesultof amappingontheimagesof
componentspacesµ o

��?¯?�?Ñ� µZÒ , thentherearecorrespondingabstractspaces
w
o
��?�?�?Ñ� w Ò ,

which representall and just the distinctionsof the componentspacesthat can influence
the effect. Thereis also an operation Í· which takes Ó -tuplesof theseentities into the
correspondingeffect-equivalenceclasses,which determinethe system’s behavior. Thus
the behavior canbe describedat the abstractlevel (provided we know the corresponding
equivalenceclasses).

3.5 Transformation-Preserving Systems

Next weconsiderinvariancesin whichthereis asystematicrelationshipbetweenvariations
in the causesandeffects. For example,a monkey may respondto a bananaat a particu-
lar location in its visual field by reachingtoward a correspondinglocation in its motor
field. Moreprecisely, in transformation-preservingsystemstheeffect is not invariantunder
changesto the cause;ratherthe effect variessystematicallywith variationof the cause.

14Mathematically, ÔÕhÖ»×WØÙÕÚØ[Û�Ü�Ý-Þ~Ü�ß�à
, where

Ü�Ý¶áRâ�Ýlãxä
is any right-inverseof å Ý , andÜ�ß*áSâ³ß-ãiæ

is any right-inverseof å ß . By definitionof
â

, thechoiceof right-inversesdoesnot alter ÔÕ .
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What is invariant is the relationshipbetweenbetweentransformationsof the causeand
transformationsof thecorrespondingeffect. In this senseit is a higherorderof invariance
thanthosehithertoconsidered.For example,if � is avectorin space,then ��� mightbethe
scalingandtranslationof avisualimagethatresultsfrom moving thecorrespondingobject.
Likewise �³� mightbethecorrespondingchangein joint positionsto reachanobjectwhose
positionhasbeenchangedby � .

Definition Suppose,asusual,that Y $³\ . ^
is the systemunderconsid-

eration. Furthersupposethat for ��¢l0 a parameterspace,��� $~\ . \
is

a transformationon thecausespace,and �³� $ ^�. ^
is a transformationon

theeffectspace.Wesay Y is
� ��� � �³� � -transformationpreserving, or

� ��� � �³� � -
preserving, provided,for all allowableparameters��¢é0 andcausesgê¢ \

,

Y � ��� � g �;�� �³� � Y � g �;�<? (2)

SeeFig. 11,whichdepicts
� ��� � �³� � -preservingbehavior.

Thetransformations��� areanalgebraundercomposition,thatis, they areasethaving
somealgebraicstructurewhentheiractionsarecombined.For example,translationsform a
commutativegroup,since(1) translationscanbedonein any order( ��� t ���  ��� t ��� ), (2)
thereis an identity translation( ��ë � g �R g ), (3) eachtranslationhasaninversetranslation
( ��� t � m �

 ��ë ), and(4) translationis associative( ��� tÙ� ��� t �íì �íE� ��� t ��� �Ñt �rì ). (Indeed,
any setof transformationsclosedundercompositionis amonoid,i.e.,satisfiesproperties2
and4.) Similarly, rotationandscalingarecommutativegroups,themostcommonalgebraic
structure.Fromthis perspective we caninterpretEq. 2 in a differentway, sinceit implies
a relation betweenthe algebraicstructuresof the causeandeffect transformations.For
example,from the commutativity of the causetransformation( ��� t �í�  ��� t ��� ) and
Eq.2 wecanconclude

�³� t ��� t Y  ��� t �³� t Y ? (3)

We cannotconcludefrom this that the effect transformationis commutative ( �³� t ��� 
��� t �³� ), but Eq. 3 tells us that theeffect transformationis commutative on thoseeffects
that canbe producedby the system.This is reasonable,sinceEq. 2 doesnot in any way
constrainthebehavior of �³� on elementsof

^
not generatedby Y . This is anexampleof

thedirectlyinducedalgebraic structureof theeffect transformations.
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Conversely, if theeffect transformationscommute( �~� t ���  ��� t �³� ), thenwe can
concludethat

Y t ��� t �í�  Y t ��� t ��� �
whichdoesnotsaythatthecausetransformationscommute,but thatthesystem’sbehavior
is invariantunderany differencesthat result from commutingthe causetransformations
��� and �í� . This is an exampleof the inversely inducedalgebraic structure of the cause
transformations.Analogousresultsholdfor otheralgebraicproperties,suchasassociativity
andtheexistenceof identity andinversetransformations.

In theprecedingcaseswe defined,for givencausetransformations��� andeffect trans-
formations �³� , what it meansfor a systemto be

� ��� � �³� � -transformationpreserving,and
wesaw theconditionsunderwhichalgebraicpropertiesof thecausetransformationsarein-
ducedin theeffect transformations,andvice versa.Now we considertheconditionsunder
which a causetransformation��� inducesan effect transformation�³� suchthat a system
is
� ��� � �~� � -preserving,andconverselytheconditionsunderwhichaneffect transformation

�³� inducesa causetransformation��� suchthat a systemis
� ��� � �³� � -preserving.To this

endwewill needthefollowing definition:

Definition (Equivalencepreserving) For a systemY $~\ . ^
, a transfor-

mation ��� $~\ . \
is Y -equivalencepreservingif, for all allowablecauses

g � g 
 ¢ \
andall allowabletransformationparameters�9¢�0 , Y � g �- Y � g 
î�

implies Y � ��� � g ���í Y � ��� � g 
 ��� .
In otherwords,if two causesareindistinguishableto thesystem,thentheir transformations
mustalsobe indistinguishable(Fig. 12). For example,a transformationthatmagnifiesan
unnoticeabledifferenceinto anoticeabledifferencewouldnotbepreservedby thesystem,
which losesessentialinformation.

It will alsobeusefulto definea generalizednotionof aninversemapping:

Definition (Effective Inverse) Let Y $r\ . ^
beany mapping,andfactorit

asusualinto a surjection(onto-map)
u¤$�\ . w

andan injection (1-1 map)sv$ w�.x^
suchthat Y 4s9t8u

. Let · $ ^Ú. w
beany left-inverseof

s
and

let ï $ w¶. \
beany right-inverseof

u
; that is, · t�s¸ið

and
u4t ï ¶ð

);
theseareguaranteedto exist. Thentheeffectiveinverseof Y (relative to · and
ï ) is Y�ñ  ï t · .
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An effectiveinversesatisfiesthefollowing properties(readersmaynoticesomesimilarities
to theMoore-Penrosepseudoinverse):

Y t Y ñ t Y  Y �
Y ñ t Y t Y ñ  Y ñ ?

Thatis, Y ñ t Y is an“effectiveidentity” for domainelementsof Y , and Y t Y ñ is an“effective
identity” for therangeelementsof Y .

Proposition(Forward-induced Transformation) Forany systemY $S\ . ^
,

if the causetransformation��� $ò\ . \
is Y -equivalencepreserving,then Y

is
� ��� � �³� � -transformationpreservingfor �³�  Y t ��� t Y�ñ , where Y�ñ is any

effective inverseof Y .

Proof: It is necessaryto show that for all allowable g and � , Y � ��� � g �;�Ù �³� � Y � g ��� . By
hypothesis,

�~� � Y � g �;�� Y � ����LSY ñ � Y � g �;� M �� Y � ��� � g 
 ���@�
where g 
  Y�ñ � Y � g ��� is some g 
 suchthat Y � g 
 �5 Y � g � . Therefore,since ��� is Y -
equivalencepreserving,Y � ��� � g 
��;�r Y � ��� � g �;� . Hence,�~� � Y � g ���í Y � ��� � g �;� . °
Thus,“well behaved” transformationsof the causespaceinducecorrespondingtransfor-
mationson theeffect space.

Proposition (Backward-induced Transformation) For any systemY $ \ .
^

andeffecttransformation�³� $ ^£._^
, thesystemY is

� ��� � �³� � -transformation
preservingfor ���  Y ñ t �³� t Y , whereY ñ is any effectiveinverseof Y . Further,
��� is Y -equivalencepreserving.

Proof: It is is requiredto show Y � ��� � g ���H �³� � Y � g �;� for all allowable g and � . By
hypothesis,

Y � ��� � g �;�� Y � Y ñ Ló�~� � Y � g ��� M �í?
Let

�h �³� � Y � g ��� , so Y � ��� � g �;�Z Y � Y ñ ���Ù�;� . By definition Y ñ ���Ù� is some g 
 suchthat
Y � g 
 �V��

. Therefore,

Y � ��� � g �;�� Y � g 
 ��9�6 �³� � Y � g �;�<?
Next it is requiredto show that ��� is Y -equivalencepreserving.ThereforesupposeY � g �V
Y � g 
j� . Observe:

Y � ��� � g �;�Å Y � Y ñ Ló�³� � Y � g �;� M � Y � Y ñ Ló�³� � Y � g 
 ��� M � Y � g 
 
 ���
where g 
 
  Y ñ Ló�³� � Y � g 
 ��� M is someg 
 
 suchthat Y � g 
 
 �� �~� � Y � g 
 �;� . Hence,

Y � ��� � g ���� �³� � Y � g 
 ���� Y � ��� � g 
 ���@�
since Y is

� ��� � �³� � -transformationpreserving.
°

Thusany transformationon the effect spacewill inducea corresponding“well behaved”
transformationon thecausespace.
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4 SELF-ORGANIZA TION

4.1 Emergenceof Discretefr om Continuous

Discreteknowledgerepresentationandprocessingsystemsare(superficially, at least)very
goodat manipulatingmathematicalandlogical formulas,andsimilar discretestructures,
accordingto preciserules; they have beenlesssuccessfulat subsymbolicprocesses,such
as perception,recognition,association,control and sensorimotorcoordination. In con-
trast, connectionistapproachesare well-suitedto subsymbolictasks,but therehasbeen
doubtabouthow well they canoperateat thesymboliclevel. This naturallysuggestshy-
brid architectures,with symbolictasksaccomplishedby discrete(digital) computationand
subsymbolictasksby continuous(analog)computation.

This is not theway thebrainworks,however, for in thebraindiscrete,symbolicpro-
cessesemerge from underlyingcontinuous,subsymbolicprocesses.Thereis reasonto
believe that this is not just an accidentof biological intelligence,but that this underlying
continuity impartsto theemergentsymbolicprocessestheflexibility characteristicof hu-
mansymboluse[16, 17]. Theproblemis thento understandhow approximatelydiscrete
representationsandprocessescanemergefrom continuousrepresentationsandprocesses.

It is anoversimplificationto treatlanguageasadiscretesystem.For example,although
we acceptthespacebetweenwritten wordswithout question,anyonewho hasdonecon-
tinuousspeechrecognitionknows that we cannotdependon spacesin the soundstream.
Furthermore,in ancientGreek,whenwritten languagewasnot consideredanautonomous
meansof expression,but wasviewedasavisualrepresentationof thesoundstream,wefind
wordsrun togetherwithout interveningspaces,just thewaywespeak.Senecaclaimedthat
Latin writerssometimesseparatedwordsbecausetherewasa differencein speech rhythm
betweenGreekandLatin speakers,namely, thatLatin speakersleft apauseaftereachword
[37]. Havelock [6] pointsout that thealphabetwasin usein Greecefor 300yearsbefore
Greekhada word for ‘word’. Apparentlytheconceptof a word, asa discrete,indivisible
unit of thesoundstreamis notsoobviousaswenow take it.

In summary, thephenomenologicalsalienceof theword is partially a resultof our use
of an alphabeticwriting that separateswords,andof the cultural practicesthat go along
with it, suchasdictionaries,indices,andword-orientedreadinginstruction[37]. Never-
theless,the conceptof a word is neitherillusory nor arbitrary, sinceasa matterof fact
speakerstendto treatcertainsegmentsof thesoundstreamasunits,andit is therecurrence
andsemi-independenceof thesesegmentsthat form the basisof the ‘word’ idea. There-
fore, it seemsthat theemergenceof approximately-discrete,symbolicprocessesfrom the
underlyingcontinuous,subsymbolicprocesseswill beilluminatedby consideringtheself-
organizationof processesfor recognizingrecurringpartsof images(suchaswordsin the
soundstream).
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4.2 The Dendritic Net asa Linear System

In theremainderof this paperI will considerseveralsimpleexamplesof self-organization
basedon so-calledHebbianlearningrules,whicharemoreaccuratelytermedcorrelational
learningrules. I have concentratedon correlationalmechanismsbecause(1) thereis more
biologicalevidencefor correlationallearningthanfor otherprocesses,and(2) correlational
learningtendsto befast,andsomaybetteraccountfor rapid learningin peopleandother
animals.

My first exampleshows how correlationallearningin thedendriticnetcanleadto the
self-organizationof recursive,matchedfilters for spatiotemporalpatterns.Theendresultis
thatdendriticnetscan“resonate”whenpresentedwith signalsthatmatchthosethathave
previously triggereda learningsignal.This canbeshown throughlinearsystemsanalysis,
which, I have arguedelsewhere[22], is a goodmodelof dendriticinteractions;hereI will
take themodelfor grantedandsummarizetheanalysis.

Weanalyzetheelectrochemicaldynamicsof dendriticnetsin termsof threespatiotem-
poral fields of time-varying electrochemicalquantitiesdistributedover the synapsesand
ephapsesof thedendriticnet.Theinputfield 	 at times

�
, 	 ����� , representscomputationally

relevantvariablesdeterminedexternallyto thenet; it comprisesthevariables	 ��ô��õ��� at in-
teractionsites

ô
(typically synapsesandephapses).15 Theoutputfield ö  ö ����� represents

computationallyrelevantvariablesö ��÷¡�õ��� thataffectprocessesexternalto thedendriticnet,
but not internalto it. The statefield

�E �������
representsthosecomputationallyrelevant

variables
����ø��õ���

thataredeterminedinternallyto thenetandwhosedirecteffectsarecon-
fined to the net. Someof thesevariableswill correspondto physicalquantities,suchas
ion currentsandneurotransmitterconcentrations;othersareintroducedfor mathematical
convenienceandrepresent,for example,derivativesof physicalquantities.Since,we have
argued,dendriticinformationprocessingapproximatesa linearprocess[22], thedendritic
processcanbedescribedby theequations:

ö �����ù u 	 �����ò�2úû���������
ü�������ý s 	 �����ò� ï ��������?

Thematrices
s

,
u

, ï and
ú

areessentiallyfixedfieldsrepresentingthe(linear)coupling
strengthsbetweenthe computationallyrelevant quantities. For example,

uRþõÿ
represents

thecouplingstrengthfrom input variable 	 �<ô��õ��� to statevariable
����ø��õ���

; that is, if 	 ��ô��õ���
variesby

�
andeverythingelseis heldconstant,then

����ø��õ���
will varyby

uRþõÿ��
.

To analyzethesystemwe take theLaplacetransformof thestateevolutionequation:� = � � ���������]���s >*� � �ò� ï = � � ���
where

= � � �H�� L ������� M and
>*� � �+�� LS	 ����� M (

� L M beingthe Laplacetransform). This
15I will be systematicallyvagueaboutwhetherthe interactionsitesform a continuumor a discreteset,

andso, for the mostpart, the analysiswill be independentof the densenessof the setof interactionsites.
Integrationovera setof sitesreducesto summationif thesitesareadiscreteset.
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equationcanbesolvedfor
= � � � , theLaplacetransformof thestate:

= � � �� 1 � � �Ñ�zs >*� � �ò�6�����]���@�
wherethe transformedtransitionmatrix is givenby 1 � � �Où� � ð�� ï � mpo . To find out the
forcedresponseof thesystem(its responsewith noenergy in theinitial state),set

�����]��	�
.

ThentheLaplacetransformof thesystem’soutputis thengivenby:
 � � �8�uN>*� � �ò�6ú 1 � � �«s >*� � ��?
If wedefinethetransferfunctionmatrix,� � � �V�u9�6ú 1 � � ��sé�
thenwecanseetherelationbetweentheinputandoutputin thetransformdomain:


 � � �8� � � �õ>*� � � . Whenthis matrix productis expandedandtransferredbackto thespace-time
domain,it becomesasuperpositionof convolutions(� ), whichwemaywrite:

ö ��÷¡�õ���V� ÿ���� ÿP����� �O	 ��ô��õ����?

That is, thesignal ö ��÷¡�õ��� at outputsite
÷

is givenby thesumof eachinput signal 	 ��ô��õ���
convolvedwith ��� ÿP����� , wheretheimpulseresponse��� ÿP����� is thesignalweseeatoutputsite÷

whenanimpulseis injectedinto input site
ô

(all otherinput sitesbeingclampedto 0).

4.3 Self-organizationof RecursiveMatched Filters

It’ s well known thatfor normalizedsignals
Ð

and 	 , theinnerproduct � Ðr� 	�� is maximized
when

ÐÎ 	 ; this makesit a simplebasisfor neuralnetwork patternmatching.16 It’ s also
well-known thattheinnerproductis thefinal valueof reverseconvolution:

� Ðp� 	��  Ðí� � � ��� �û	 ������� ����� ? (4)

Therefore,if a linearsystemhasanimpulseresponsethatis thetime-reverseof thepattern,� �����û Ðí� � �2���
, thenit will functionasa patternmatcherfor

Ð
, sinceits outputwill be

maximizedby (normalized)signalsmatching
Ð
. Suchasystemis amatchedfilter for

Ð
.17

Sincethedendritictreeof aneuronis anapproximatelylinearsystem,wecanconclude
that it’ s a matchedfilter for the patternthat is the reverseof its impulseresponse.If the
thresholdat theaxonhillock is a little lessthanthe normof this pattern,thentheneuron

16Therequirementfor normalizationmightseemto bebiologicallyunrealistic,but Sokolov [36] hasshown
that in the rhesusmonkey color is codedby constant-lengthvectors;previous work by Sokolov and his
colleaguesindicatesthat in humanscolor is likewisecodedby positionon thesurfaceof a four-dimensional
hypersphere[7, 28].

17The time � , which is measuredfrom the time whenthe input signalbegins to addenergy to the filter,
definestheeffectivedurationof thepattern.
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Figure13: AdaptiveRecursiveFilter in DendriticNet

will generatean actionpotentialonly whenits spatiotemporalinput signal is sufficiently
similar to thepattern.Thereareseveralwaysthatadendriticnetcouldself-organizeinto a
matchedfilter for a givenpatternsignal[22]; just onewill beconsideredhere.

Our goal is a network that self-organizesinto a linear filter with impulse response� �����Î Ð�� � � ���
. To accomplishthis, expand

Ðí� � �����
in a generalizedFourier series

in termsof a completeorthonormalsetof basisfunctions ��² over theinterval
����� � � :

Ðí� � � ���� �
²��:ë! ²"��² �������

Thecoefficients  ² neededto implementthefilter aregivenby theintegral,

 ² 	#
�
ë

Ð�� � �Ú��� ��² �����«!���� (5)

which is just thefinal (
�V � ) valueof theconvolution:

 ² ÅÐí����� �$��² �����%� ����� ?
Thatis, coefficient  ² is theoutputsignal,at time � , of a linearfilter with impulseresponse��² ����� .

Figure13 shows a possibleneuralimplementationof this self-organizingfilter. The
input signal 	 ����� is distributedto a bankof linearfilters � ² , eachof which hasanimpulse
responseequalto oneof thebasisfunctions,� ² �����8 ��² ����� . (Sincetheinputsignalis band-
limited, only a finite numberof the basisfunctionsneedto be represented.)The graded
outputs

� ² ����� of thesefilters arepassedthroughsynapsesonto a commonneuron,which
sumsthe transmittedsignalsto producethe output signal ö ����� . When the input signal
is the patternto be learned,	 �����+¹Ðí�����

, thenthe requiredcoefficientswill be available
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presynapticallyat time � ,  ² i� ² � � � . Therefore,if some“learningsignal” (indicatedby
“learn” in Fig. 13) causesthis presynapticactivity to determinetheefficacy of its synapse,
then the coefficients  ² will becomethe connectionweights(asshown in Fig. 13). The
resultis a filter matchedto thepattern

Ð
:

� ������ Ò
²��:ë  ² � ² �������Ðí� � �������

Thereareseveralpossiblesourcesfor thelearningsignal. It could,of course,besome
kind of global reinforcementsignal indicating the salienceof recentlyreceived signals.
Another interestingpossibility is that it resultsfrom an antidromic electrotonic pulse in
the postsynapticneuron. This occurswhen the postsynapticneurongeneratesan action
potential,for thesuddendepolarizationcausesanelectricalpulseto spreadbackwardfrom
theaxonhillock out into thedendrites,whereit is efficiently transferredinto thedendritic
spines[22]. It seemsplausiblethatthispulseonthepostsynapticsidecouldtriggerchanges
in thesynapsesothatits efficacy reflectsthegradedactivity onthepresynapticside.There-
fore, if severaladaptivefilters of this kind convergedon a singleneuron,thenthefiring of
thatneuroncouldcausethefilters to adaptto the input pattern,thustuning theneuronto
theparticularsetof patternsthatcausedit to fire.

It remainsto saya few wordsaboutthefilter bank � ² , which mustimplementthebasis
functions ��² . This is not so difficult as it might appear. For example,to implementthe
familiar trigonometricbasis:

��ë ������¶�ó� �%&�² �����V	')(+*���,.-0/ �21 � ��� �%&�² mpo ������3* ��� �4,�-0/ �21 � ���
it’ s sufficient to implementthedifferentialequations:5�%&�²  ü	 �76 &&�² �%&�² �ü�%&�² mpo  	 �76 &&�² mpo # �%&�² mpo !����
where

6 ² 8,.-9/:1 � . Thesedifferentialequationsare implementedby the biologically
plausibledendriticnetsshown in Figs.14 and15. It may seemunlikely that the correct
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Figure16: Initial ImpulseResponse(RandomCoefficients)

coefficients,
6 ²  ,.-0/�1 � (

/C �����ó�;,��¯?�?�?
), which determinethe resonantfrequencies,

would occur in a biological system,but the relationship
6 ²  /:6

o could result from a
simple growth process. Furthermore,simulationexperimentshave shown that it is not
necessaryto have an accurateorthonormalbasis,andfilter bankswith randomlychosen
coefficients

6 ² oftendoquitewell.
Figures16–20show resultsfrom a simulationof this self-organizingfilter. Figure16

showstheinitial impulseresponse� ����� with randomlyinitializedcoefficients  ² . Thetrain-
ing pattern

Ð������
, normalizedfor easeof comparison,is shown in Fig. 17. The training

patternis input to thefilter, andthepresynapticactivitiesat time � =<>�+�
msec.aretrans-

ferredto thecoefficients,  ² �� ² � � � . Theresultis thatthefilter hasadaptedto thepattern,
asseenfrom its new impulseresponseshown in Fig. 18 (normalizedandtime-reversedfor
easeof comparison),which is verysimilar to thetrainingpattern(Fig. 17). Wecanalsosee
theself-organizationof thefilter by comparingits responseto thepatternbeforeandafter
adaptation(recall that a matchedfilter producesmaximumpositive outputat time � —
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Figure18: Final ImpulseResponse(NormalizedandReversed)
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Figure19: Initial Responseto PatternSignal

ideally animpulse— for thesignalto which it is matched).Figure19 shows theresponse
to thepattern

Ðí�����
beforeadaptation;notethat theoutputat time � ?<>�+�

msec.is quite
negative. On theotherhand,Fig. 20 shows thatafteradaptationthefilter’s responseto the
samesignalis positiveandapproximatesanimpulseat time � .

4.4 Nonlinear Corr elational Learning

Onewayasystemcanadaptto algebraicinvariances,suchassymmetrygroups,is to learn
anarbitrarynonlinearmapping,givensamplesof theinput andcorrespondingtargets(im-
agesof correctcompletion).Therefore,suppose

,
is thespaceof input imagesand @ is the

spaceof outputandtarget images;our problemis to learnanarbitrary Y $ ,i. @ . This
is easilyaccomplishedif we know a completesetof functions A�² $ ,4. @ ,

/y �ó��,���?�?�?
,

sincethen,by definition,every such Y canberepresented(in at leastoneway) by a linear
combinationof the A¯² . However, therepresentingfunctionsneednotbenormalizedor even
orthogonal,so the representationmay not be uniqueandcannotbe calculatedby simple
innerproducts.(Thesecharacteristicsaretypical of somewaveletrepresentations,suchas
Gaborwavelets[15].) Fortunately, completesetsof neurallyplausiblefunctionsarenot
hardto find; varioussortsof radialbasisfunctions,which coarse-codetheinput space,are
examples.Sincewerequirecompletenessbut notorthogonalityor normality, thefunctions
canoftenbegeneratedrandomly.

Therefore,supposewehaveacompletesetof functionsA�² $ ,(. @ ,
/+»�ó�;,��¯?�?�?

; then
any Y $ ,2. @ canbewritten (in at leastoneway)asa linearcombinationY �B ²  ²CA¯² .
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Figure20: Final Responseto PatternSignal

Our taskis to learnthe coefficient vector D that will give somedesiredbehavior Y .18

Supposethe transformationto be learnedis exemplified by the (spatiotemporal)input-
output pairs 	�EGF. Ð E . For the least-squaressolution, defineas usualthe

� & error as a
functionof thecoefficients:

uB� D �k B E�H � E H & , where
� E iÐ E � Y � 	�E � . To find wherethe

erroris minimized,setthederivativeto zero:�O�!puI1S!  ² �
E �

� E �KJ E² � � (6)

where
J E²  A¯² � 	 E � . Sincetheerroris quadraticin thecoefficientsandtherepresentationis

completewe know thattheglobalminimumis
u L�

(possiblydegenerate)andthatthere
areno localminima.Since

� E 4Ð E � Y � 	 E � weseparatethesummation:
E �

Ð E �MJ E² � 	 E � Y
� 	 E ���MJ E ² � ? (7)

Definethepatternvector
ô E %Ð E andtherepresentationmatrix �³² E NJ E ² . Thenthe left-

handsideof Eq.7 is givenby: O
² �

E �
ô E � �³² E � �

whichweabbreviate P  �RQ . Theright-handsideof Eq.7canbeexpandedto
B ETS  ²>� J ES �KJ E² � ,whichcanbeexpressedin termsof thematrix:U SVE  

² �;� S ² � � E ²W� �
18Correspondingtechniqueshavebeenusedfor trainingradialbasisfunctionnetworks[1, 27].
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Figure21: NeuralImplementationof NonlinearCorrelationalLearning

which we abbreviate
U  �û�YX . Now Eq. 7 canbe expressedby the equationP  U D

andwe cansolve directly for the optimal coefficients, D  U mpoZP . Of course,sincethe
representationis only complete,the coefficientsmay be underdetermined,becausethere
maybemany equallygoodsolutions.

To avoid the necessityof inverting the
U

matrix, we canusegradientdescent;since
thereareno local minimait cannotgettrapped.FromEq.6 weknow

!puI1S!  ² �
E �

� E �KJ E² � �
which we abbreviate

!pu[1S! D  �]\ . For gradientdescentwe set
üD  �ZÏ !puI1S! D , for

learningrate
Ï
, sothat

üui ��!pu[1P! D � üD ^�[Ï H !puI1S! D H &Y_ � .
The effect of the gradientdescentrule canbe seenby expanding

U mpo in a Neumann
series: U mpo  ð ����ð0� U �ò�4��ð`� U � & �ba%a%aÑ�
whichconvergesprovided H ð`� U H _ �

. Therefore,

D  P �4��ð`� U � P ����ð0� U � & P �3a%a%aÑ?
To seetherelationto gradientdescent,observe

üD ^�ZÏ � � Q � D�� �nL�ZÏ�� P � �cD�� � . Since
�cD��  U D , üD ^�ZÏ�� P � U D ��? (8)

Therefore,gradientdescentwill computesuccessive approximationsto the Neumannse-
ries, Dó²  B ²E �:ë ��ðR� U � E;P , if we chooseDóë  P for the initial coefficient vector, andDó²�d o  P ����ð�� U � Dó² , which is gradientdescent(Eq.8).

Fig. 21 shows a neurally-feasibleimplementationof thegradientdescentprocess.The
representationfunctions A�² arecomputedby fixeddendriticnetworkson the left; asnoted
previously, completenessis aratherweakproperty, andanappropriatesetof functions,such
asradialbasisfunctions,canbecomputedby randomlygeneratednetworks.Theresulting

32



field ö is comparedwith animage
Ð

of correctcompletionto generatethedifferencefield�
. Multiplicativesynapsescombinethedifferencefieldswith the intermediatefields

J ² to
controlthelong-termefficacy coefficients

ú ² S   ² .
4.5 Orthogonal Representationof DiscreteCategories

Next I’ ll considerasimplemechanismby whichasystemcanself-organizesothatdiscrete
stimulusclassesarerepresentedorthogonally. A basichypothesisis that (approximately)
discretecategoriesareaconsequenceof theneedfor discreteresponses(e.g.,fightorflight),
which in turn areoftendependenton discretenessin theenvironment,asencountered.For
example,supposegreenlizardsaregoodto eatbut bluelizardsarepoisonous,andthatall
lizardsin theenvironmentaredistinctlygreenor distinctlyblue.Underthesecircumstances
we expectdiscretecategories.On theotherhand,if greenishlizardsareprettygoodto eat
andblue onesarenot so good,and if the lizards in the environmentcomein all shades
betweengreenandblue, thenwe expectgradedcategories,sincewhetheror not we eata
lizard will dependon its exactshadeaswell ascontextual factors,suchasour hunger.

I will considertheconsequencesof a correlationallearningrule operatingon a simple
kind of three-layernetwork. Theinputfield e is coarse-codedbyanintermediatefield f�g4eih .
Thecoarse-codingneuronf�j respondsmoststronglyto aninput elk�m . For convenienceI
will assumethatall theseneuronshave a receptive field profile n with radiusof supporto ;
thus n�g4pqhRksr for t)putwvLo . Therefore,theactivity of a coarse-codingneuronis givenbyf�jxg4eihYkyn�g4m{z|e�h . Theoutputfield } is simply a linearcombinationof thecoarse-coded
input, }`~]k=�R��~;j%f�j���m , which is abbreviated }�k=��f .

Next considertheconsequencesof correlationallearningin theinterconnectionfield � ,
whichwill resultfrom acorrelationof thecoarse-codingfield f�g�e�h andthetargetresponse
field �$g4eih . Thus, ���~;jlkN�c~�g4eihTf�j�g4e�h , which is theouterproduct, ���k��$g�e�h��Gf�g�e�h . Ife`g��2h representsthetimesequenceof stimuli and �$��e`g��2hZ� thecorrespondingtargets,thenthe
interconnectionfield aftertime � will be:

�{g��chuk	��g�r�h����w�� �$��e`g��2h��x��f�g�e�h����;�
If � is sufficiently long, thenstimulus e will appearwith its stationaryprobability �0g�e�h�� e ,
andthelimiting interconnectionfield is

��¡�k	¢ ��£ �$g4eih���f�g�e�h��0g4eihT� e9¤
where¢ is ascalefactordeterminedby thelearningduration.

Supposewehave ¥ disjoint classesof stimuli ¦i§C¤W�����W¤T¦�¨w©«ª andthattheseclassesare
“sufficiently separated”(in asenseto bemadeclearshortly).Furthermore,let ¬®+g�e�h bethe
probabilitydensityof e in ¦� , that is, ¬® is a fuzzy membershipfunction for ¦: . Clearly,
then � ¡ k	¢ ¨¯M°i§ � £ �$g�e�h��±f�g�e�hT¬�>g�e�h�� e0�
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Now, to seethe effect of discretetarget responses,supposethe target response�$g4e�h is a
constant²% for all e´³�¦� . In thiscase,

� ¡ k	¢ ¯ ²%��´� £ f�g4e�h�¬®"g4eihT� e9�
Thatis, � ¡ k	¢�µ^²%��±¶" , where¶.Yk=� £ f�g4e�h�¬®>g4e�h�� e .

It’ s easyto seethat ¶. is theconvolution n¸·�¬® ; that is ¶" is thecategory membership
function ¬® “blurred” by thecoarse-codingfunction n . Thisblurringhasamaximumradiuso . Therefore,if theoriginal membershipfunctionswereseparatedby at least ¹"o thenthe
blurredfunctions ¶. will still bedisjoint (i.e. have nonoverlappingsupport).Underthese
conditionsit’ sstraightforwardto show thatthe ¶. areorthogonalfields;thatis, º�¶)»�¤2¶"W¼½k=r
for ¾´¿k	À . In summary, coarse-codingresultsin anorthogonalrepresentationif eachof the
discreteresponsesis associatedwith stimuli thataresufficiently unambiguous.19

It’ s alsoeasyto seethat thenetwork hasself-organizedto behave correctly, that is, to
produceresponse²% for stimuli in ¦: . For, supposee«³|¦� , thentheoutputis ��f�g4e�hÁk¢ µ ²%�º�¶..¤Mf�g�e�h2¼ . Now observe that º�¶."¤Mf�g4eihK¼uk^º4n�·c¬®.¤Mf�g4eihK¼ is nonzero,sincen spreads¬® . Conversely, for all ¾´¿k	À weknow º4n�·Â¬®>¤Mf�g4eihK¼�k	r , since¬:» is separatedfrom ¬® by
at least ¹"o . Thereforetheoutputelicitedby e´³Ã¦: is thecorrectresponse²% , scaledby its
“fuzzy” category membership.Note that º�¶..¤Mf�g�e�h2¼ amountsto a fuzzy intersectionof ¶.
(theblurredcategory) and f�g4e�h (thesingletone blurredby coarsecoding).

4.6 Metric Corr elation and Group Invariances

Someof the most importantinvariancesrespectedby perceptualandmotor systemsare
algebraic invariances, especiallygroup invariances.While it is true that someof these
mechanismsareinnateandhave evolvedthrough“blind variationandselective retention”
[2], othersarelearned,andsowe needto considermoresystematicmechanismsby which
suchinvariancesmay emerge. Oneof the attractionsof correlationalandconvolutional
methods(suchasholography)is thatthey simultaneouslyaccomplishtranslation-invariant
patternrecognitionin parallel with patternlocation [31, Ch. 5]. For example, if Ä is a
patternand e is animage,which maycontaininstancesof Ä , thethecorrelationÄRÅ«e will
beanimagewith “bright spots”wherever thepatternoccursin theinput image e , with the
locationof the spotshowing the locationof the patterninstance,andthe “brightness”of
thespotindicatingtheclosenessof thematch(by theEuclideanmetric). Theresultof the
correlationis reminiscentof theso-called“what” and“where” channelsin primatevision
(theoccipitotemporalandoccipitoparietalpathways). Thereis no mysteryabouthow the
correlation(or convolution) accomplishesthis: it simply forms,in parallel,innerproducts
betweene andeverypossibletranslationof Ä .

Althoughtranslationinvarianceis important,therearemany othertransformationsfor
whichwewould likeasystemto respondinvariantly, while simultaneouslyindicatinghow

19If thereis someambiguity, asa resultof coarse-codingor noise,thenthe representationwill be corre-
spondinglyonly approximatelyorthogonal.
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the input hasbeentransformed.Therefore,in this sectionI will generalizethe familiar
correlationoperationsothatit workson arbitrarytransformationsandmetrics.

As discussedabove, thespeechstreamis essentiallycontinuous,and,to a first approx-
imation,wordsaresegmentsof thesoundstreamthatcanbetreatedasdiscreteunits,that
is, relocatedaswholes.Conversely, recurrenceof thesamesignalin avarietyof contextsis
evidencethatit is ameaningunit, oftenaword. Therefore,wesuspectthatonecomponent
of languagelearningis thedetectionof suchrecurrences.However, awordwill rarelyrecur
exactly; it will betransformedin duration,pitch, amplitude,etc.,or by thecontext of sur-
roundingsounds.Thissuggestsmetriccorrelationasamechanismfor theself-organization
of aword-recognitionsystem[18].

The familiar correlationattemptsto matchone signal to all possibletranslationsof
anothersignal,andreturnsa signalshowing how well thesematched.The correlationof
imagesÆ and Ç is defined:

�ÈÆ±Å|Ç��ÊÉ[k �%Ë ÆÌg���z�Í�hTÇcg��2h����;�
The structureof this is moreapparentwhenwe realizethat ÆÌg��Îz�Í�h is Æ translatedto
the right by an amount Í . Thereforewe introducethe operator��É to meana rightward
translationby Í , andrewrite thecorrelation:

�ÈÆ±Å|Ç��ÊÉIk ��Ë �iÉ!ÆÌg��2hTÇcg��2hT���;�
It is thenapparentthatthecorrelationis theinnerproductof thetranslatedimage�iÉ!Æ and
theimage Ç . Sowewrite it thatway:

��Æ±Å|Ç½�ÏÉIkyº��iÉxÆÐ¤MÇ¸¼)�
Thesignificanceof theinnerproductis thatit measuresthesimilarity of normalizedimages.
Thereforewewrite Ñ½g�ÆÐ¤MÇ¸hukyºÒÆÐ¤MÇ¸¼ to emphasizethatits purposeis to measuresimilarity:

�ÈÆÓÅ�Ç��ÊÉIk	Ñ½g��iÉ!ÆÐ¤MÇ¸hC�
Thus,in generalterms,thevalueof thefield Ô�kÕÆÃÅÖÇ at a point Í is thesimilarity to Ç
of the Í -translateof Æ .

Thecommoncorrelationcanbegeneralizedto otherclassesof transformation(rotation,
scaling,perspectivedistortion,etc.)aswell asto othermeasuresof similarity or dissimilar-
ity. If � is any parameterizedclassof transformsand Ñ is any similarity metric,thendefineÑ½g�Æ´× � ÇÌh , themetriccorrelationwith Ç of all � -transformsof Æ , by:

�ØÑ½g�ÆG× � Ç¸h��ÊÉIk	Ñ½g��iÉ!ÆÐ¤MÇ¸hC�
Sometimesit is easierto work in termsof differenceratherthansimilarity, in which case
wewrite: �ÈÙ�g4Æ´× � Ç¸h��ÊÉIk=Ù�g���É�ÆÐ¤MÇ¸hC¤
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where Ù is a (difference)metric. When the metric or transformis clear from context it
will be omitted; thus in general ÆÖ×�Ç is the metric correlationof all transformsof Æ
with Ç . Sometimesit is moreconvenientto considerthe metric correlationof Æ with all� -transformsof Ç , sowewrite:

�VÚqg�ÆGÛ � Ç¸h��ÊÉIk	Úqg4ÆÐ¤2��É+Ç¸hC¤
where Ú is eithera similarity or differencemetric. Clearly, ÆÜ×|ÇÝk�Ç|ÛbÆ . Finally we
definetheoperatorwhichcorrelatesall � -transformsof Æ with all Þ -transformsof Ç :

�ØÚqg4Æàß �!á â Ç¸h��ÊÉ á ã k3Úqg���É!ÆÐ¤CÞ ã Ç¸hC�
Noticethatthecorrelationfield resultingfrom thisoperationis indexedovertwo parameter
spaces.Theseoperationssatisfymany simpleidentities,mostof whichareobvious,andso
omitted.

It is often useful to considermetric correlationsundermultiple transformations.For
example,if äåÉ for Í�³Ãæ`ç (2D Euclideanspace)is a translationby Í , and � ã for èÜ³Gé § (a
topologicalcircle) is arotationthroughanangleè , then �iÉ ã k3äåÉ�� ã is arotationfollowed
by a translation(theorderdoesn’t matter;they commute).Thus g�ÆÜ×|Ç¸hTÉ ã measuresthe
correlationbetweenÇ andthe Í -translation,è -rotationof Æ .

Often the transformationsappliedto imageshave algebraicstructure;frequentlythey
form a topologicalgroup. In thesecasesthe metric correlationsinherit the structure;for
example,if thetransformationsareanabeliangroup:

g��iÉ!Æ´×êÇ¸h ã kyg�Æà×ÜÇÌh�É�d ã kyg4Æ´×êÇ¸h ã d:É[kyg�� ã Æ´×�ÇÌh�É:�
Thereadermaysupposethatmetriccorrelationsarecomputationallytoo expensive to

have muchsignificanceto cognitiveprocessing,but this neednot beso. First observe that
they arenot muchmoreexpensive thantheusual(innerproduct)correlations.Second,the
limited precisionof neuralcomputation(oneor two digits) will limit thenumberof trans-
formsto becomputedin parallelto a dozenor so,for eachrealparameter. A combination
of two transformsmight requireseveralhundredto becomputed(in parallel).

5 CONCLUSIONS

I have arguedthat the foundationof expertiseandskillful behavior is knowledgerepre-
sentedasa structured continuumasopposedto a discretestructure. The reasonis that
continuousknowledgerepresentationpermitsmore flexible behavior andavoids failures
dueto brittleness.As a consequenceit is crucial thatwe understandtheprinciplesof con-
tinuousrepresentationsothatthey canbeappliedin artificial intelligenceandneuroscience.
To this endI have comparedandcontrastedcontinuous(“analog”) anddiscrete(“digital”)
computation,andhave suggesteda theoreticalframework (simulacra) for continuousrep-
resentations.
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This theoreticalframework wasusedto characterizeseveral kinds of invariancethat
occurin naturalandartificial systems,includingeffectequivalence, transforminvariance,
structural invarianceand transformpreservation. Includedasspecialcasesarepsycho-
logically significantinvariances,suchassymmetrygroupsandotheralgebraicinvariances
involvedin objectperception.Severalwaysof quantifyingdegreeof invariancewerenoted
enpassant, sincequantificationis anecessaryprerequisiteto understandingtheemergence
of algebraicstructurein perceptualandcognitiveprocesses.

I reviewedseveralsimplemechanisms,basedon correlationallearning,thatleadto the
emergenceof invariances.Theseincluded(1) the self-organizationof matchedfilters for
spatiotemporalsignalsby meansof approximatelylinearprocessesin dendriticnets,(2) the
approximationof nonlinearfunctionsby basesthatarecompletebut notnecessarilyorthog-
onal,and(3) theemergenceof orthogonalrepresentationsthroughcoarsecoding.Finally,
I proposedmetriccorrelation, a generalizationof thefamiliar correlationandconvolution
operations,which accomplishestransforminvariantpatternrecognition.The foregoing is
only a hint, however, of what is needed:a comprehensive theoryof the meansby which
(approximately)discreterepresentationsmay emerge from continuousprocessesto form
thestructuredcontinuathatarethefoundationof skillful, intelligentbehavior in theworld.
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