
Announcements
• Midterm Exam #2 Wednesday

− Lectures 21‐36
− Homeworks 6‐9
− Quiz 3‐4
− Chapter 17 (17.1‐17.5) and Chapter 14
− Experiment 2 (Review)

• Problems:
1. Inverse Laplace transforms of F(s)
2. Solve circuit transfer function including ICs
3. Inverse Laplace given input and system
4. For a system and input signal, decide if the output is 

bounded









MIDTERM 2 REVIEW
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Fourier Series

https://www.falstad.com/fourier/Fourier.html

𝑓 𝑡 𝑎 𝑎 cos 𝑘𝜔 𝑡 𝑏 sin 𝑘𝜔 𝑡

Assume we have some function 𝑓 𝑡 which is periodic with period 𝑇

𝑓 𝑡 can be expressed this way if
1. 𝑓 𝑡 is single‐valued
2. |𝑓 𝑡 |𝑑𝑡 exists
3. 𝑓 𝑡 had finite discontinuities and 

max/min per period



Fourier Series Representation

𝑓 𝑡 𝑎 𝑎 cos 𝑘𝜔 𝑡 𝑏 sin 𝑘𝜔 𝑡

Assume we have some function 𝑓 𝑡 which is periodic with period 𝑇

𝑓 𝑡 can be expressed this way if
1. 𝑓 𝑡 is single‐valued
2. |𝑓 𝑡 |𝑑𝑡 exists
3. 𝑓 𝑡 had finite discontinuities and 

max/min per period

Alternate forms

𝑓 𝑡 𝑎 𝐴 cos 𝑘𝜔 𝑡 𝜑

𝑓 𝑡 𝑐 𝑒
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Input Spectrum



Alternate View
f	= 100 Hz
T = 10 ms
τ = 2 ms

f	= 10 Hz
T = 100 ms
τ = 2 ms
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Non‐periodic Waveforms: Fourier Transform



The Laplace Transform



Complex Frequency



Impulse, Step, and Ramp Functions
𝛿 𝑡

𝑡

𝛿 𝑡 0 𝑡 0
∞ 𝑡 0

𝛿 𝑡 𝑑𝑡 𝛿 𝑡 𝑑𝑡 1

𝑢 𝑡

𝑡

𝑢 𝑡 0 𝑡 0
1 𝑡 0

𝑟 𝑡

𝑡

𝑟 𝑡 𝑡𝑢 𝑡 0 𝑡 0
𝑡 𝑡 0



Example Signal Laplace Transforms







Circuit Laplace Transform

𝑣 𝑡 𝑖 𝑡 𝑅

𝑣 𝑡 𝐿
𝑑𝑖
𝑑𝑡

𝑖 𝑡 𝐶
𝑑𝑣
𝑑𝑡

𝑽 𝑰𝑅

𝑽 𝑗ω𝐿𝑰

𝑽
𝑗

ω𝐶 𝑰

Time Domain Phasor Domain s‐Domain



Laplace Transform of Diff EQs

𝑏
𝑑
𝑑𝑡 𝑣 𝑡 ⋯ 𝑏

𝑑
𝑑𝑡 𝑣 𝑡 𝑏 𝑣 𝑡        𝑎

𝑑
𝑑𝑡 𝑣 𝑡 ⋯ 𝑎

𝑑
𝑑𝑡 𝑣 𝑡 𝑎 𝑣 𝑡

Nth order circuit with sinusoidal input described by (𝑀 𝑁 for causality) 

𝑏
𝑑
𝑑𝑡

𝑣 𝑡           𝑎
𝑑
𝑑𝑡

𝑣 𝑡

Then the Laplace transform of the circuit, neglecting initial conditions, is

ℒ 𝑏
𝑑
𝑑𝑡

𝑣 𝑡         ℒ 𝑎
𝑑
𝑑𝑡

𝑣 𝑡

𝑏 𝑠 𝑉 𝑠           𝑎 𝑠 𝑉 𝑠

𝑉 𝑠
𝑉 𝑠         𝐻 𝑠          

∑ 𝑎 𝑠
∑ 𝑏 𝑠

Rearranging:



Laplace Circuit Solution Algorithm

1. Transform all sources, signals into Laplace 
Domain

2. Transform circuit components (including 
initial conditions) into Laplace Domain

3. Solve the circuit using 201 techniques

4. Inverse Laplace Transform to get back to time 
domain

𝑉 𝑠      𝐻 𝑠 𝑉 𝑠       
∑ 𝑎 𝑠
∑ 𝑏 𝑠





Inverse Transforms



Transfer Functions
𝐻 𝑠  

∑ 𝑎 𝑠
∑ 𝑏 𝑠

    
𝑠 𝑧 𝑠 𝑧 ⋯ 𝑠 𝑧
𝑠 𝑝 𝑠 𝑝 ⋯ 𝑠 𝑝  



Partial Fraction Expansion / Decomposition
 
∑ 𝑎 𝑠
∑ 𝑏 𝑠

    
𝑠 𝑧 𝑠 𝑧 ⋯ 𝑠 𝑧
𝑠 𝑝 𝑠 𝑝 ⋯ 𝑠 𝑝     

𝑘
𝑠 𝑝

𝑘
𝑠 𝑝 ⋯

𝑘
𝑠 𝑝

𝑠 𝑧 𝑠 𝑧 ⋯ 𝑠 𝑧
𝑠 𝑝 𝑠 𝑝 ⋯ 𝑠 𝑝     

𝑘
𝑠 𝑝

𝑘
𝑠 𝑝 ⋯

𝑘
𝑠 𝑝



PFE: Repeated Roots



Repeated Roots: Equating Coefficients



Repeated Roots: Differentiation



Complex Roots: Complex Math



Complex Roots: General Case



Complex Roots: Table Lookup



Example

mH,   F,   R 2Ω
V,  A



Pole Locations
𝑉 𝑠 𝑉 𝑠 𝐻 𝑠  

∑ 𝑐 𝑠
∑ 𝑑 𝑠

∑ 𝑎 𝑠
∑ 𝑏 𝑠

  
𝑠 𝑧 𝑠 𝑧 ⋯ 𝑠 𝑧
𝑠 𝑝 𝑠 𝑝 ⋯ 𝑠 𝑝

  

  
𝑘

𝑠 𝑝
𝑘

𝑠 𝑝 ⋯
𝑘

𝑠 𝑝

𝑥 𝑁 𝑁



Unbounded Signals & Unstable Systems

𝑓 𝑡 𝑒 sin 𝑡 𝑓 𝑡 𝑒 sin 𝑡



Laplace Explanation
𝐹 𝑠 𝑒 𝑓 𝑡  𝑑𝑡 𝑒 𝑒 𝑓 𝑡 𝑑𝑡

L30L21

L23

L24

𝑓 𝑡
1

2𝜋𝑗 𝑒 𝑒 𝐹 𝑠  𝑑𝑠

L25



The s‐plane

𝐹 𝑠
1

𝑠 2𝑠 2
1

𝑠 1 𝑗 𝑠 1 𝑗



Example R.O.C.
𝐹 𝑠 𝑒 𝑓 𝑡  𝑑𝑡 𝑒 𝑒 𝑓 𝑡 𝑑𝑡

𝑓 𝑡𝑒 𝑓 𝑡 𝑒 𝑓 𝑡
𝜎 1 𝜎 0 𝜎 1

𝑓 𝑡 e sin t

f(t
)

f(t
)

f(t
)

f(t
)

𝑒 . 𝑓 𝑡
𝜎 1.5



Poles‐Zero Plot

https://www.mathworks.com/matlabcentral/fileexchange/94635‐transfer‐function‐analysis‐of‐
dynamic‐systems



System I/O Relationship

H(s)

?

ℒ ℒ

VI (s) Vo (s)

vi (t) vo (t)

ℒ

Circuit



Convolution

LTI 
Circuit

vi (t) vo (t)

t t

LTI 
Circuit

t t

LTI 
Circuit

t t



The Convolution Integral



Graphical Convolution
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t
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