Gauss’s Law

The beauty of 1/R?

Remember the electric field stream lines?

Arrows signify directions, density of lines the strength.

Cranssian Suface

For sphere, §E-ds=§ c Lli-a’s

4re, R
This is why we g 1 , q \ A
=T 2 PR === Since R L ds, R-ds = ds.

Contomb . | DK

The spheres centered at the point charge are Gaussian surfaces.
A constant flux through all these closed surfaces.



Gauss’s Law

The beauty of 1/R? For a single point charge:

The density of field lines signifies field strength, oc 1/R2.
Surface area oc 1/R?.

Constant flux of field lines through spheres, regardless of R.

This is why we g 1

Coulomb’s law. T @ R

4 \
_ 2 4 . R
put a factor 4in — —y R == Since R L ds, R-ds = ds.

The Gaussian surfaces do not have to be spheres. Constant flux through any closed surface.

“From our derivation you see that Gauss' law follows from the fact that the exponent
in Coulomb's law is exactly two. A 1/73 field, or any 1/ field with n # 2, would not
give Gauss' law. So Gauss' law 1s just an expression, in a different form, of the
Coulomb law...” -- Richard Feynman



For multiple point charges:
The flux of field stream lines is proportional to the net charge
enclosed by a Gaussian surface, due to superposition.

A field line comes out of a positive charge,
and go into a negative charge.

For a continuous chunk of charge,

This is the integral form of Gauss’s law.
We may call it the “big picture” of Gauss’s law.

Next, we look at the differential form of Gauss’s law.
We may call that the “small picture” of the law.




The differential form (or “small picture”) of Gauss’s law

To understand the physics (Gauss’s law), we first talk about the math (Gauss’s theorem).
Flux out of the cube through the left face
F =- é A% 2%

(Flux out of a closed surface is defined as positive)

Flux out of the cube through the right face

(F+ “\r-.t].j)ﬁ:(d

OF.

The net flux of these two faces: F +f, = ——L 2y axa3
° ? 4 J

Considering the other two pairs of faces, the net flux out of the cube:

Y o3
defined as the divergence of E , indicating how much flux
comes out of a small volume AV around a point

a?(&ﬁﬁy

Notice that the divergence is a scalar. ax “,’j -+ (3 =ay



Yy ™
defined as the divergence of E , indicating how much flux
comes out of a small volume A} around a point

a?(aﬁag ésXésj&(}:d\/

Define vector operator ¥/ = 9(“@_7}' T j (7 + 3 33

p— A 9 A 9 /\’9 . N
tae TE= (%o« Jay + 3a7) (55455

- ©9E oE, OF;
T SBx  Toy o I
T N

This 1s just notation.

For a small volume AV AS 1s the closed surface enclosing
AV of any arbitrary shape
24 o5 DE 055 Y Iy shape.
ﬁ E-dS = _5;1 ~+ 2% 4+ “g;_;‘) 4V | AV could be a small cube and A4S
AS then includes its 6 faces.

=(9E) av
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The E here does not have to be an electric

~]  Up to here, just math. "Gauss's theorem."
/ field.
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Equivalently, f

L

=

: dS ﬁ'—f@-?) dV

Gauss's theorem in math.
< ] Ttrelates the integral form (“big picture”)
/ and the differential form (“small picture”)
of Gauss’s law in physics.

holds for any arbitrary S



E‘.d?: (Qf.’f =T %-—-{—%i—)dv

A Gauss's theorem in math.
' e ) E-d It relates the integral form (“big picture”)
" TE = S /

and the differential form (“small picture”)

| of Gauss’s law in physics.

P

Equivalently, f —E: - § == f (V'E) dV Cé( /o o/ |holds for any arbitrary S
S " Vf

(by recalling that Enéi E «dX :-Vf p dV/=Q)
_ Y Here the physics (Gauss’s law) kicks 1n.
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- 67' i ) ) f‘ 4 Gauss's theorem in math.
| i ;f E-dX | TItrelates the integral form (“big picture”)
. *E = 3‘@0’” / and the differential form (“small picture”)
| _. V=>0 PRy

of Gauss’s law in physics.

Equivalently, f E . d3 = f (V‘E) dV Céf /o o1/ |holds for any arbitrary S

e

(by recalling that Enéi E «dX :-Vf p dV/=QR)
- v

Here the physics (Gauss’s law) kicks 1n.

- - E - _ﬁ Differential form (“small picture’) of
So Gauss’s law:
The divergence of electric field at each

point 1s proportional to the local charge
density.
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- 67' i ) AV Gauss's theorem in math.

and the differential form (“small picture”)

= . (44 M 29
/ = ) E-dXx It relates the integral form (“big picture™)
T = Kim £ /
of Gauss’s law in physics.

Equivalently, f E - § == f (V‘E) dV Cé( /o o/ |holds for any arbitrary S

e

(by recalling that Enéi E «dX :-Vf p dV/=QR)
- v

Here the physics (Gauss’s law) kicks 1n.

- 7. [:_—f = Differential form (“small picture’) of
o Gauss’s law:
o — — The divergence of electric field at each
D= EOE ythus | VD = (o point is proportional to the local charge
density.

for any point in space.

Integral form (“big picture”) of

> e o N _ Gauss’s law:
Eﬂf E-ds = C§ - d'5 \?(‘(D d‘/ o Q The flux of electric field out of a
closed surface is proportional to
the charge it encloses.

for any arbitrary closed surface S enclosing volume V.



7 . f — _ﬁ Differential form (“small picture’) of
- o Gauss’s law:
e = —_ The divergence of electric field at each
D= gL thus| 7D = (O point is proportional to the local charge
density.

for any point in space.

Integral form (“big picture™) of

The flux of electric field out of a

FI - — Gauss’s law:
EofE ds ia ds \/f(sdx/ @,

. _ closed surface 1s proportional to
for any arbitrary closed surface S enclosing volume V. {},. charge it encloses.

The above is Gauss’s law in free space (vacuum).

For a dielectric, just replace g, with €= ¢.g,, for now.

We will talk about what the dielectric constant &, really means.
Before that, let's look at some examples in free space (vacuum).

Finish Homework 7. Read Section 4-4 and 3-5 of textbook.
Continue working on Chapter 3.



Example 1: find the field of an infinitely large charge plane

Find the electric field due to an infinitely large sheet of charge with
an areal charge density pq. It is a 2D sheet, with a zero thickness.
If the cylinder is elsewhere,

T

By symmetry, the E fields on the two sides of the sheet the net fluxis 0
must be equal & opposite, and must be perpendicular to b
the sheet. o r [ 3 ( r

Imagine a cylinder (pie) with area 4 and zero height
(thickness).

If the cylinder 1s at the sheet,
28 F A = ﬁ‘ 4 — &= s Treat E as a scalar, since we

>¢ already know the direction.
. W@
Recall our result for the charged disk: E ( 3 >»0) = — 1 _ Ls
L Ta* o5
) 2 “
Actually, 2->0 = A => OO \r’\_g,) - o
&/ ij '

If the cylinder is elsewhere, the net flux is 0:

What goes in comes out; no charge inside the cylinder.



The field of a uniformly charged finite disk 4 %
Recall that we “did not pass the sanity test” for E(z = 0) along z axis:

e ! Q (ﬁr— E
éi Wﬁl_ \l f\"i-l'glz

X
E(;eo)rgo'ﬁz F+ o /7

Then we said what’s important is the ratio z/a.
Everything is relative.

250 &> A= 00 (ﬁ)_-;».g

[‘AL'.;-

S .

E(2»0)= 3% = ° 32

This is the field of an infinitely large sheet of charge.

et |
ST

Field out here = easentilly
From another point of view, this is the field at the 'r essentiaity !"-r'_' ™ -"'I
. . . i of & P infinife pline
center of a finite sheet. The donut is different from UL, e
the pie no matter how small the hole is!

Visualize the field of the donut.

. 2 B e
_I|.-|||_I_' |'| l....”".

https://www.quora.com/Why-can-not-we-evaluate-electric-field-due-to-
a-uniformly-charged-disc-at-any-point-on-its-axis-using-the-Gausss-law



Example 2: field of two infinitely large sheets with equal and opposite charge densities

What if there are two infinitely large sheets, one charged with a surface
density +ps, and the other —p,. Assume ps. 1s positive for convenience.

A A A AAAAAAANAALAADS
0
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Is this a familiar picture?

What circuit element is this picture a model of?



Example 2: field of two infinitely large sheets with equal and opposite charge densities

What if there are two infinitely large sheets, one charged with a surface
density +pq, and the other —p;. Assume ps. 1s positive for convenience.

2,
o {05 Yt
N < E 5= o = @
IR EEEEEEEEEEE
) é—‘E-—-fi..f- “;:‘-i."‘
—Ps ¥ E 25, 28 g,
—fr=_0L 0
24, 2;_:0: o

This a infinitely large parallel-plate capacitor.
It is the simplest model of the capacitor, ignoring the fringe effect.

e

by assuming infinite lateral size



Another look at the parallel-plate capacitor
(Two infinitely large sheets of opposite charges)

+++++FFFFF+++++ ++

l l ' l u The electric field lines starts from a positive
YVYYYY YYVY charge and ends at a negative charge.

Gauss’s law leads to £ = ~Eé

You may use a negative sign to signify the “downward” direction. ~ = -_£ ~
£o

Sign conventions are kind of arbitrary. We just need to be self-consistent within the context.

An example for you to work out on your own:

= Two charged slabs, one with a volume charge density +p,

PO P 1
%’ (‘:g Ef; T d the other —p, where p> 0. Each slab has a thickness d
© e g - f | and infinite area.

£ g S { Find the electric field distribution.

You may define the direction perpendicular to the slabs x,
and set x = 0 for the interface between them.

So far we have limited our discussions to free space.
Now, let’s talk about dielectrics (insulators).



Electric Fields in Insulators (Dielectrics)

Polarization (defined to account for internal charges of media/materials)

1. Electronic polarization

“—E

When E =0, p=0.

Dipole p = qd
pointing from — to +

2. Tonic polarization

® Cl
@ Na'

NaCl
When E = 0, net dipole is 0.

3. Orientational polarization

Again, no net dipole when E = 0.

Define polarization

D p

P=lim -
AV>0 AV

(net dipole per volume;
notice vector summation)

For all three cases, when E =0,
net dipole is 0, therefore P = 0.
A finite E will induce a net
polarization P.




Next, we use a simple model based on the parallel-plate capacitor to illustrate the
behavior of a dielectric in the presence of an applied external electric field.
Big picture first, followed by details.

Eexﬁ (external, applied) Eex; (external, applied)

P

JBBREEEE

SEEEEEEL
BEEBEEEE

+++++++++++++++

+++++++++++++++

—>p

Capacitor with vacuum between plates Capacitor with dielectric between plates

The big picture: _ Eey (external, applied)

» External field induces polarization (net dipoles). ——>¢ (total field)

* Induced polarization is equivalent to a surface charge,

* which gives rise to an internal electric field.

* The internal field is against the external field.

* The net (total) field is what we care about.

* The net, external, and internal fields each follows
Gauss’s law with regard to the net, external, and
internal charges. E— '

BYBYAYAYANANATS

+++++++++++++++




Let’s digress back to the parallel-plate capacitor with free space between plates, for the
manifestation of Gauss’s law at a surface. + 4

+++[FFF ++++ 4+ ++
Recall that the field of a parallel-plate capacitor is Tl l l,,l it l u
the consequence of Gauss’s law appliedtothe 777 7T T
surface charge densities:
§E-ds=[Lav Y
80

or, in the differential form (the “small picture”), A

( P ) > a) F-= =%  for the plate surfaces

= P ’ .
V- L /E; | ) Surface density
Volume density
General forms of Gauss’s law Manifestation at a surface

Let’s define the “electric displacement” D = g E. Then,

gfﬁ-'d&?% (pdvV V-D=p =) D= =p,
s v



Let’s digress back to the parallel-plate capacitor with free space between plates, for the
manifestation of Gauss’s law at a surface.

+ + +FFF + ++ +

+ + + ++
Recall that the field of a parallel-plate capacitor is 1l l lv. VLl l u
the consequence of Gauss’s law appliedtothe 7777 e
surface charge densities:

§E-ds=[Lav \
80
or, in the differential form (the “small picture”), >
( P ) > () F = -Eﬁ\ for the plate surfaces
VL= f—a Surface densi

E < urface density
i | y
Volume density \

%5 -ds = \/ff JV

V:-D=p J
General forms of Gauss’s law Manifestation at a surface

> 4==) D=D|=p,




Let’s digress back to the parallel-plate capacitor with free space between plates, for the

manifestation of Gauss’s law at a surface.

Recall that the field of a parallel-plate capacitor is
the consequence of Gauss’s law applied to the
surface charge densities:

jSE-ds:jﬁdV A
80

or, in the differential form (the “small picture”),

P+ Volume density

E.g J

%5 -ds = \/ff JV

£ =

+ + +FFF + ++ +

—Surface density

> ) F = é for the plate surfaces

> 4==) D=D|=p,

V:-D=p J

General forms of Gauss’s law

At a perfect conductor surface, we can write D =

Manifestation at a surface

Surface normal

ID| = p,as: p,=D-n \ pointing out (i.e.

into the free space

For the perfect conductor plate, D = p,, as a

or vacuum); check
resultof V-D=p signs for both plate
surfaces




Consider a dielectric slab of infinite lateral size (cross section shown in figure). : >E

Assume an electric field E (total field!) is present.

Regardless of the mechanism (electronic, ionic, orientational), E induces P by =23 €3 €3 =—=3
polarizing the dielectric. £ €3 €3 &=
-1 D 3D 1

No net charge in the interior. — ) €1 £ 3

Two sheet charges at surfaces by e &3 & ’-"ﬂ
definition of polarization P: & 39 €3

(lopld)d = P(Ad) =) |p,|=P

thickness

The polarization charge density, or “internal” charge density.

~ . .
We paused here on Thu 10/20/2022. as opposed to external; not interior

What’s the unit of polarization charge density p,,?

What'’s the unit of polarization P?



Consider a dielectric slab of infinite lateral size (cross section shown in figure). : >E

Assume an electric field E (total field!) is present. H S =

Regardless of the mechanism (electronic, ionic, orientational), E induces P by ) 3 3 =-I=3
polarizing the dielectric. &) € € &=
No net charge in the interior. e €39 €39 &3
Two sheet charges at surfaces by - e ED e
definition of polarization P: ="'='-"‘ & 3 '=""3

(lopld)d = P(Ad) =) |p,|=P

thickness

The polarization charge density, or “internal” charge density.

We paused here on Thu 10/20/2022. as opposed to external; not interior

What’s the unit of polarization charge density p,,?

A
n
1 T What'’s the unit of polarization P?

As any P is from — to + (whereas any D is from + to —), we write:

IOSP =—P

Or, more generally, p,p = —P-n G— pp,=-V-P
Manifestation at a surface General form

Local surface normal pointing into the dielectric;
surface does not have to be planar



Now we apply Gauss’s law to the polarization charge

E (external, applied) By Gauss’s law, this polarization (or “internal”) charge
—€ (total field) leads to a polarization (or “internal”) field

Ep=ppley T—p gEp=pp=—P T—) Ep=-Flg

More generally, in the vector form: | &Ep=—P

Pay attention to the sign.

Pay attention to directions.

Now we relate the polarization to the total (net) field

Regardless of the mechanism (electronic, ionic, orientational), E induces P. —
No spontaneous polarization and not too strong E, P o E. ET.'."_-BE: E:BE:
| Sna i Seecy
eI e
P=ygE | (Willexplain why later) DD D
e 3
p 3D €3
| S i Sty

L



Now we apply Gauss’s law to the external charge

Eex; (external, applied) Again, consider a parallel capacitor with vacuum/air
between the two plates.

External surface charge density p, induces external field
E ext ps/ &o-
More generally, p,= & E n

ext

Surface normal pointing into the vacuum between plates;
check signs for both plate surfaces

IR LR RS L EEE R X"



Now we apply Gauss’s law to the external charge

Eex; (external, applied) Again, consider a parallel capacitor with vacuum/air
between the two plates.

External surface charge density p, induces external field

Manifestation at a surface Eew= P&

More generally, p,= & E N a V- L= __Ea
0
General form

Surface normal pointing into the vacuum between plates;
check signs for both plate surfaces

IR LR RS L EEE R X"



Now we apply Gauss’s law to the external charge

Eex; (external, applied) Again, consider a parallel capacitor with vacuum/air
between the two plates.

External surface charge density p, induces external field

Manifestation at a surface Eeu= P&

More generally, p,= & E N a V- fext-: _—[i

General form

IR LR RS L EEE R X"

Surface normal pointing into the vacuum between plates;
' check signs for both plate surfaces

Now, keep the capacitor isolated (so that p, cannot change), and
push a slab of dielectric into the space between the two plates.

E . (external, applied) Recall that the polarization (or internal) field is
— (total field)

. Ep= p.plgy=—Pls,. (also by Gauss’s law)
E More generally, p.p= —P-n ¢am) p,=-V-P

+

E <E_P The total field, also following Gauss’s law, is

T E=E. .t Ep=pje—Pla=ple+ pypl

E More generally, E-n = Eext-ﬁ + Ep-ﬁ =pJ& — P-n 1&y=pJ &+ Pp&

H — (More conveniently seen for the left side, where p, >0 and p,, < 0.

But check this out for both sides/plates)



The total (net) field and the total charge follow Gauss’s law

E.. (external, applied)
— (total field)

N : The total field E=E.,,+ Ep=pJ/g— Plgy= p/ey+ ppl& (1)
+ ]

+ :

M More generally, E-n = Eext-ﬁ + Ep-ﬁ = pJ & — P-n /&= pJ & T Pp &
+ E '

H — : (manifestation at a surface)
+ :

+ : 1 1

I ] E ﬁ V.Ezg_ptotalzg_(p_i_pP)

- | " " (general form)

- > '

Write Eq. (1) again: E = p,/g, — Plg, Notice this 1s the total field
Recall that|P = ygE
:> E=ple—Plgy=plegy— yE

>  (I+nE=p/g

Define ¢.= I+y, then ¢FE=p/¢g,
| egE=p,

Define = gy5.= &(1+y), then | ¢E' = p,




The total (net) field and the total charge follow Gauss’s law

E.; (external, applied)
— (total field)

The total field E=E.,,+ Ep=pJ/g— Plgy= p/ey+ ppl& (1)

* "

+ 1

* ' A A A A

M - More generally, En=E_. n+Ey;n=p/g—Pn/g=ple+ pple
4 E ' ext P s’ <0 0 s’ <0 sP <0
+ 1

H — : (manifestation at a surface)
+ [ ]

+ : 1 1

I : ' ' V.]E:_lototal:_(lo_i_pP)

+ | €y &y

M |: (general form)

+ > '

Write Eq. (1) again: E = p/&, — Plg, Notice this is the total field
Recall that|P = ygE

More generally,

C—> E=ple—Pleg=pley— yE —s En=p/s,— yE-n €= V-E = f—— V- xE
0

Define ¢, = 14y, then ¢E=p/g, €0

:> 8’,80E - pS — ‘c"r‘c"OE:.i’\l = L “ V. (STSOE) =p
Define = gy5.= &(1+y), then | ¢E' = p, — E-n = yo) &) V-(E)=p

manifestation general form
at a surface



+++++++++++++++

E..; (external, applied)
— (total field)

:PZ;(gOE:>

t
BYBYAYAYANANATS

Notice that E is the total field.

Define ¢. = 1+, and we have:

: Define £= g,¢. = g(1+y), and we have: | eE = p,

A Quick Summary
For this simple geometry, we have shown:

(1+Z)E - ps/gO

sE=ple, > | &&E=p,

More generally, ¢E-n=p,

Surface normal pointing into the dielectric;
check signs for both plate surfaces

We lump the polarization effect of a dielectric into a parameter £ and
replace g, (for free space) with ¢ (for the dielectric) in equations,
which otherwise remain the same.

We often write y as y,, thus

s=5,(1+ 1,) = 6,5,

The field distribution of an infinitely large parallel-plate capacitor with a
vacuum gap is the manifestation of Gauss’s law. gEN=p,
The above relations for the capacitor filled with a dielectric result from

Gauss’s law and the properties of
Generalization of these relations |

the dielectric.  ¢E-n = p,
eads to Gauss’s law in dielectrics.



Gauss’s law in free space

Recall that the field of a parallel-
plate capacitor is the consequence
of Gauss’s law applied to the
surface charge densities:

VYVYVYVYYVYY

t+4++++H HFFFH+H 4+ 4+ 44
\ A 4

VYvvYYVYYW

7= L b qEh-p
0

V-D=p 4==) Dn=p

Free (external)
surface charge density

Free (external)
volume charge density

Gauss’s law in dielectrics
On both surfaces of a dielectric slab

B00MB00R

Polarization (internal)
surface charge density

,=—V-P|¢=) pp=—P

P
/ Notice the sign

Polarization (internal)
volume charge density




Gauss’s law in dielectrics
Polarization (internal)
surface charge density

On both surfaces of a dielectric slab

=-P-n

RP\‘V‘Py’

Notice the sign

Polarization (internal)
volume charge density

Free (external)
volume charge density

O

v‘E::_lototal :_(IO+IOP)
0 0 . .
1
(treat external and polarization = V.E - ﬁ——V-P
charges equally) s &
0 0
pp=—V-P
—= &V-E+V-P=p }
P=y,E

V(& +x8)E=V-D=p

(lump polarization effect

Figure 1-6: Polanzation of the atoms of a diclectric
material by a positive charge .

where e =¢,(1+ y,) = g,¢, ,
D=¢,c E=cE

into & consider external
charge only)



Highlight
lg lg y v'(gO+ZegO)EEV'D:p9

where e=¢,(1+ y,) = ¢,¢,,
D=¢,c E=¢E
Take-home message:

We lump the polarization effect of a dielectric material into a parameter &,
and substitute g, (for free space) with ¢ (for the dielectric) in equations.

.. i K. (external, applied)
The polarization charge p,, (or pp in general) works — € (total field)

against the external charge p, (or p in general).

The polarization field E; is always against the externa
field E_,,. Therefore the name dielectric.

g = 1+y> 1, meaning larger D, therefore more charge,
i.e. larger pneeded to get to the same total filed E.

E> ¢

+++++++++++++++

t
BYBYAYAYANANATS

Limitations of our discussion:

* No spontaneous polarization or piezoelectric polarization:
whenever E=0, P =0

* Linearity: P = ygE, D = ¢E

 Isotropy: The proportional constants are the same in all directions,
thus P//E, D//E



|

We consider a dielectric slab of infinite lateral size.

e 3 e

Regardless of the mechanism (electronic, 1onic, orientational), E induces P. e 3 e
For materials without spontaneous polarization and for not too strong E, P o« E. = 3 3
e e ¢

P=ysE e e 4

e E3 e+

e 3 4

—>p

Side notes:

Spontaneous polarization: Some materials exhibit finite P even when E = 0, due to low symmetry of
their structures. Although not covered in this course, this phenomenon (pyroelectricity) is important.
GaN and related semiconductors (AlGaN, InGaN) are such materials. If the spontaneous polarization
can be switched by an external electric field, such a material is ferroelectric.

Related to this, we can mechanically strain some material to break/lower its symmetry thus induce
finite P at E=0. This is called piezoelectricity.

Spontaneous and piezoelectric polarizations are exploited in GaN-based power electronics devices (to
obtain carriers without doping the semiconductors).

P o« E: For a dielectric without spontaneous polarization, each dipole can be

modeled as the positive and negative charges connected by a Hookean spring,

near their equilibrium positions. Electric force F oc E results in displacement d >E
from equilibrium for each dipole, thus p o d and the total dipole moment per

volume P oc d. At steady state, the Hookean force —Kd is balanced by the F, O—’WWW‘—Q

thus F=Kd. Since F c E, F oc d, and P oc d, we have P o E.




Example 3: E and D of a uniformly charged sphere

For a charged dielectric sphere with charge density p,
dielectric constant ¢, (thus €= g, ), and radius R, find
E(r) and D(r) for all r.

The system is spherically symmetric, therefore
E(r) = E(r)t and D(r) = D(r)t.
Ja Discontinuity

3
For y €K, 4&&)’ ek = \&f NN /9) R/ unless £=¢,

~Same 4s point charge

Why 1s E discontinuous and D continuous?

Read textbook Section 4-7 overview & Subsection 4-7.1.



E and D of a uniformly charged sphere

“external”
A charged dielectric sphere with charge density p,
dielectric constant ¢, (thus €= g,¢, ), and radius R.
Why 1s £ discontinuous and D continuous? i
P o E Discontinuity

unless €= g,

,_ﬁ

D(R)= P
(R)"‘& \
l?f’

! E(R)=—~

The quick answer:

There is polarization charge on the sphere surface, (%
accounting for the extra field.

Consider an easier-to-visualize planar case. (&
Can you plot the E field distribution?




You are strongly encouraged to go through the Explanation and Summary offline.

The quick answer: ——
There is polarization charge on the sphere surface, &5 B0 & 8
accounting for the extra field,

AR — Ro Rp Rp . 1\ &-1Rp \F Discontinuity
~ 3g, 3¢ 3¢ ] & 3g Ry unless &= g
KPp A
Expl ' 5
xplanation:
p E (R)= AL
P = y&oE 38
R —1R
=> P(RT) = ye, 3_'0f =5 3p f on the inner side of the sphere surface,
£ &
8 —
or simply P(R) = rg 3 The surface density of polarization charge is
r
R & —1Rp
psp=—P-A=P-F= ’"gr T
Psp

Obviously, | AE = —




The field at the surface due to this surface density of polarization charge is

& —1R , —1R
Epzpipf: r 'Df or simply Engr p.
o & 38 & 3&

(By applying Gauss’s law to a patch of the sphere surface)
& —1Rp

Comparing this to the discontinuity AE =

)

& 3&
you see this field Ep due to the polarization charge
exactly accounts for the discontinuity.

Summary & important comments:

SR
ﬁp-d:s = (pdV V-D=p

: v
D is only about the external charge; ¢ or g, does not enter the equations.

E is due to both the external charge and the internal (polarization) charge.



Additional details

In our simple parallel-plate capacitor model, external charges are located on the plates,
not in the interior of the dielectric. As a result, the polarization charges are only at the
two surfaces of the dielectric.

More generally, there is a relation between the external charge and the polarization

charge.
. P (Er B 1)

pP=—V-P |:> pP=—XgOV.E |:> Pp ——Xg—_r——g p

finsert finsert \\T / r

P = x&kE V-E= p/g Notice the negative sign:

Polarization charge against external charge
The uniformly charge sphere follows this relation.

For the parallel-plate capacitor, =0 = pp=0.

Similarly, a dielectric sphere with all “external” charge / \

concentrated at the center,

=0 |:> Pp = 0 '.\ 5)@% .-’I
for 0 <r<R. @

Exercise: (3 ~_ Y —

Find E and D at arbitrary positions r (0 < r < o) with regard to the center of a dielectric
sphere where a point charge ¢ is located. The dielectric constant is €, and the radius is R.



For simple geometry, consider a parallel-plate capacitor like this:

%!

ey

d;

&1 — &1&)

Imagine a tiny pie, with a zero thickness and an area AS, and with
the bottom and top on opposite sides of the boundary.

Recall Gauss’s law: %ﬁ d; = { = (i‘)m - D, )S = {/’l 4<

\.Dg,,,, - Dq—:——ﬁs
EtE—Eh - EJEH.):/;

1

Subscript n means normal, for general case.
Not needed in this case.

Does not include polarization charge

At interface between two dielectrics with \"/fy?: o,

. =

<4n

D,

&= LE il L3

When external interface charge density p, = 0,
D, 1s continuous.

E 1s discontinuous due to polarization charge
at interface.



#Externalcharge

At interface between two dielectrics with (f;':: 3

Denb-an : «5‘?‘_15 S—?—EEH%E-EP“,

Subscript n means normal, for general case.

The interface need not be planar.
For non-planar interface, let the zero-thickness pie’s area AS = 0,
and you’ll get the same conclusion.

f Do

Similarly, at interface between a perfect conductor and a dielectric or vacuum

(Medium 1 is the conductor)

S ALy
2 = o T A

N\

External charge

These are boundary conditions of the electrostatic field.



Eex; (external, applied)

Summary on Dielectrics

* Gauss’s law in free space

+
H . Parallel-plate capacitor model General
H ' E .. ___— external
+ vacuum fi [ Eobext " = Pg oV *Eext = p
i <—: with Nl defined as pointing to interior. cornal
. _ ex
1o + See figure. Left: +|pg| thus Eqy along 1.
H . Right: +|ps| thus Eqy along .
: Z
+ 1
+lpsl —lpsl * Dielectric in presence of external field
QP
E.. (external, applied) P= AIII/I—{IO AV Vector sum, net!
Parallel-plate capacitor model General
psp = —P-n V-P=—pp
Left: psp = —P - 11 = —|pgp]

++++ttd b+

Right: pgp = —P - 1l = |pgp|

o Polarization charges give rise to internal field Ep

Ep = opii/g &V - Ep = pp }
=—P-mn/g = —P/¢g V-P=—pp
—lpsl for both left and right plates.

— EP = —P/EO



o Polarization P is a linear response to the total field E = Eqy; + Ep, rather than just Eo.

ternal lied . .
Eﬂn,a -applied) Define the proportional constant as y,&g, 1.€., P = y,&oE.

M Parallel-plate capacitor model General
+
+ E = E¢yc + Ep &V - E
H = psti/gy —P/g = &V * Eext + &V - Ep
v =pt+tpp=p—-V-P
H P = x.&E T
+
M _ U U P = xe.&E
+ L]
_ ——>p - =
et ~lose] porl ST ey (14 B = psh V- [(1+ xe)e]E=p
— (This holds for both left and right plates) °
D = psh
or Define 1 + y, = &, and € = ¢€,.&p, then we have Gauss’s law
D-fi =ps considering external charge only:

€E = psn V-(cE)=p
Define D = €E = ¢3E + y,60E = ¢yE + P, then

D = p.n V-D=p
(This holds for both left and right plates)

We finished this slide set on Tue 11/1/2022.
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