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Design structures
Direct form I (zeros first)
Direct form II (poles first) - Canonic structure
Transposed form (zeros first)

Filter designs
IIR: cascade form, parallel form, coupled form
FIR: direct form, cascade form, parallel form, linear
phase FIR

Metric (why study design structures?)
computational resource
precision
speed
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    where the constant  C  in  (5.17)  is incorporated into the coeffi cients, and each differ-
ent section is represented by  i . For example,  N    =   4 for a fourth order transfer func-
tion, and  (5.18)  becomes
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as can be verifi ed in Figure  5.5 . From a mathematical standpoint, proper ordering 
of the numerator and denominator factors does not affect the output result. However, 
from a practical standpoint, proper ordering of each second order section can mini-
mize quantization noise  [1 – 5] . Note that the output of the fi rst section,  y  1 ( n ), becomes 
the input to the second section. With an intermediate output result stored in one of 
the registers, a premature truncation of the intermediate output becomes negligible. 
A programming example later in this chapter will illustrate the implementation of 
an IIR fi lter cascaded into second order direct form II sections.  

  5.2.5   Parallel Form Structure 

 The transfer function in  (5.5)  can be represented as

    H z C H z H z H zr( ) ( ) ( ) ( )= + + + +1 2 1�     (5.20)  

which can be obtained using a partial fraction expansion (PFE) on  (5.5) . This paral-
lel form structure is shown in Figure  5.6 . Each of the transfer functions  H  1 ( z ), 
 H  2 ( z ),       .      .      .       can be either fi rst or second order functions. As with the cascade structure, 
the parallel form can effi ciently be represented in terms of second order direct form 
II structure sections.  H ( z ) can be expressed as

    H z C
b b z b z

a z a zi

N
i i i

i i

( )
/

= + + +
+ +=

− −

− −∑
1

2
0 1

1
2

2

1
1

2
21

    (5.21)  

x(n) y1(n)

w1(n–1)

w1(n–2)

w1(n)+

+

+

+

++

+ +

b01

z-1

z-1

b11–a11

–a21 b21

y(n)

w2(n–1)

w2(n–2)

w2(n)+

+

+

+

++

+ +

b02

z-1

z-1

b12–a12

–a22 b22

    FIGURE 5.5.     Fourth order IIR fi lter with two direct form II sections in cascade.  
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//iirsos.c iir filter using cascaded second order sections

#include "DSK6713_AIC23.h"           //codec support
Uint32 fs=DSK6713_AIC23_FREQ_8KHZ;   //set sampling rate

#define DSK6713_AIC23_INPUT_MIC 0x0015
#define DSK6713_AIC23_INPUT_LINE 0x0011
Uint16 inputsource=DSK6713_AIC23_INPUT_LINE;
#include "impinv.cof"

float w[NUM_SECTIONS][2] = {0};

interrupt void c_int11()             //interrupt service routine
{
  int section;                       //index for section number
  float input;                       //input to each section
  float wn,yn;                       //intermediate and output
                                     //values in each stage

  input = ((float)input_left_sample());

  for (section=0 ; section< NUM_SECTIONS ; section++)
  {
    wn = input - a[section][0]*w[section][0]
         - a[section][1]*w[section][1];
    yn = b[section][0]*wn + b[section][1]*w[section][0]
         + b[section][2]*w[section][1];
    w[section][1] = w[section][0];
    w[section][0] = wn;
    input = yn;                      //output of current section
                                     //will be input to next
  }
  output_left_sample((short)(yn));   //before writing to codec
  return;                            //return from ISR
}

void main()
{
  comm_intr();                       //init DSK, codec, McBSP
  while(1);                          //infinite loop
}

    FIGURE 5.11.     IIR fi lter program using second order stages in cascade ( iirsos.c ).  

 Build and run the project as   iirsos  . 
 You can use a signal generator and oscilloscope to measure the magnitude fre-

quency response of the fi lter and you will fi nd that the attenuation of frequencies 
above 2500   Hz is not very pronounced. That is due to the low order of the fi lter and 
to inherent shortcomings of the impulse invariant transformation method. A number 
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// impinv.cof
// second order type 1 Chebyshev LPF with 2dB passband ripple
// and cutoff frequency 1500Hz

#define NUM_SECTIONS 1

float b[NUM_SECTIONS][3]={ {0.0, 0.48255, 0.0} };
float a[NUM_SECTIONS][2]={ {-0.71624, 0.387913} }; 

    FIGURE 5.12.     Listing of coeffi cient fi le  impinv.cof .  

of alternative methods of assessing the magnitude frequency response of the fi lter 
will be described in the next few examples.  

  Example 5.2:   Implementation of  IIR  Filter Using Cascaded Second Order 
Transposed Direct Form II Sections ( iirsostr ) 

 A transposed direct form II structure can be implemented using program  iirsos.
c  by replacing the lines that read

  wn = input  -  a[section][0] * w[section][0]  -  
a[section][1] * w[section][1];
 yn = b[section][0] * wn + b[section][1] * w[section][0] + 
b[section][2] * w[section][1];
 w[section][1] = w[section][0];
 w[section][0] = wn; 

with the following:

  yn = b[section][0] * input + w[section][0]; w[section][0] = 
b[section][1] * input + w[section][1]  -  a[section][0] * yn; 
w[section][1] = b[section][2] * input  -  a[section][1] * yn; 

(variable  wn  is not required in the latter case). This substitution has been made in 
program  iirsostr.c , stored in folder  iirsos . You should not notice any difference 
in the fi lter characteristics implemented using program  iirsostr.c .  

  Example 5.3:   Estimating the Frequency Response of an 
 IIR  Filter Using Pseudorandom Noise as Input ( iirsosprn ) 

 Program  iirsosprn.c  is closely related to program  fi rprn.c , described in Chapter 
 4 . In real time, it generates a pseudorandom binary sequence and uses this wideband 
noise signal as the input to an IIR fi lter (Figure  5.13 ). The output of the fi lter is 
written to the DAC in the AIC23 codec and the resulting analog signal (fi ltered 
noise) can be analyzed using an oscilloscope, spectrum analyzer,  Goldwave  (Figure 
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y [n] = ay [n − 1] + x [n]

Coefficient quantization problem: a→ â
Input quantization error: x [n]→ x̂ [n] = x [n] + e[n]

Product quantization error:
v [n] = ay [n − 1]→ v̂ [n] = v [n] + ea[n]

Limit cycles: caused by the nonlinearity by the
quantization of arithmetic operations. When the input is
absent or constant input or sinusoidal input signals are
present, the output is in the form of oscillation
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Need for adaptive filtering

Statistical characteristics of the signals to be filtered are
either unknown a-priori or slowly time-variant
(non-stationary)
Basic adaptive filter structure

y [n] =
M−1∑
k=0

wk [n]x [n − k ], e[n] = d [n]− y [n]

320  Adaptive Filters

desirable to design the fi lter to be self - learning so that it can adapt itself to the situ-
ation at hand. 

 The coeffi cients of an adaptive fi lter are adjusted to compensate for changes in 
input signal, output signal, or system parameters. Instead of being rigid, an adaptive 
system can learn the signal characteristics and track slow changes. An adaptive fi lter 
can be very useful when there is uncertainty about the characteristics of a signal or 
when these characteristics change. 

 Conceptually, the adaptive scheme is fairly simple. Most of the adaptive schemes 
can be described by the structure shown in Figure  7.1 . This is a basic adaptive fi lter 
structure in which the adaptive fi lter ’ s output  y  is compared with a desired signal  d  
to yield an error signal  e , which is fed back to the adaptive fi lter. The error signal is 
input to the adaptive algorithm, which adjusts the variable fi lter to satisfy some 
predetermined criteria or rules. The desired signal is usually the most diffi cult one 
to obtain. One of the fi rst questions that probably comes to mind is: Why are we 
trying to generate the desired signal at  y  if we already know it? Surprisingly, in 
many applications the desired signal does exist somewhere in the system or is 
known  a priori . The challenge in applying adaptive techniques is to fi gure out 
where to get the desired signal, what to make the output  y , and what to make the 
error  e .   

 The coeffi cients of the adaptive fi lter are adjusted, or optimized, using an LMS 
algorithm based on the error signal. Here we discuss only the LMS searching algo-
rithm with a linear combiner (FIR fi lter), although there are several strategies for 
performing adaptive fi ltering. The output of the adaptive fi lter in Figure  7.1  is

    y n w n x n kk
k

N

( ) ( ) ( )= −
=

−

∑
0

1

    (7.1)  

where  w k  ( n ) represent  N  weights or coeffi cients for a specifi c time  n . The convolu-
tion equation  (7.1)  was implemented in Chapter  4  in conjunction with FIR fi ltering. 
It is common practice to use the terminology of weights  w  for the coeffi cients associ-
ated with topics in adaptive fi ltering and neural networks. 

 A performance measure is needed to determine how good the fi lter is. This 
measure is based on the error signal,

    e n d n y n( ) ( ) ( )= −     (7.2)  

    FIGURE 7.1.     Basic adaptive fi lter structure.  



Lecture 11

Review

Recap

Overview

LMS

RLS

Structures

Different techniques

The least-mean-squares (LMS) algorithm
The recursive-least-squares (RLS) algorithm

The direct-form RLS algorithms
The lattice-form RLS algorithms (Fast RLS algorithms)
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The Wiener filter

Criterion: mean-square-error (MSE)

y [n] =

M−1∑
k=0

w [k ]x [n − k ] = wT
M [n]xM [n] (1)

e[n] = d [n]− y [n] = d [n]− wT
M [n]xM [n] (2)

ξM [n] = E{|e[n]|2} = E{|d [n]− wT
M [n]xM [n]|2}

= E{d2[n]} − 2wT
M [n]E{d [n]xM [n]}+ wT

M [n]E{xM [n]xT
M [n]}wM [n]

= σ2
d − 2wT

M [n]γd + wT
M [n]ΓM wM [n] (3)

dξM [n]

dwM [n]
= −2γd + 2ΓM wM = 0⇒ wopt = Γ−1

M γd (4)

wopt is the Wiener filter - optimal in the MSE sense
the objective function is quadratic w.r.t. wM and thus unique
minimum
wopt removes part of the power of d [n] through the
cross-correlation
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Least-mean-squares (LMS) algorithms

Numerical methods that solve wM by iterative search,
all assuming ΓM and γd can be calculated exactly, e.g.,
gradient descent
S[n] = −g[n] = − dξM

dwM
= −2[ΓMwM [n]− γd ]

wM [n + 1] = (I−∆[n]ΓM)wM [n] + ∆[n]γd

Stochastic gradient descent: Using estimated ΓM and
γd

wM [n + 1] = wM [n] + ∆[n]e[n]xM [n] (5)
= wM [n] + ∆e[n]xM [n] (6)
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LMS - Variations

sign-error LMS

wM [n + 1] = wM [n] + ∆[n]sgn[e[n]xM [n]]

sign-data LMS

wM [n + 1] = wM [n] + ∆[n]e[n]sgn[xM [n]]

sign-sign LMS

wM [n + 1] = wM [n] + ∆[n]sgn[e[n]]sgn[xM [n]]
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 Figure  7.11  shows a listing of the program  adaptc.c , which implements the 
LMS algorithm for the adaptive fi lter structure in Figure  7.1 . A desired signal is 
chosen as 2cos(2 n π f / Fs ), and a reference noise input to the adaptive fi lter is chosen 
as sin(2 n π f / Fs ), where  f  is 1   kHz and  Fs    =   8   kHz.The adaptation rate, fi lter order, 
and number of samples are 0.01, 21, and 60, respectively.   

 The overall output is the adaptive fi lter ’ s output  y , which adapts or converges to 
the desired cosine signal  d . 

    FIGURE 7.11.     Adaptive fi lter program( adaptc.c ).  

//adaptc.c - non real-time adaptation demonstration
#include <stdio.h>
#include <math.h>
#define beta 0.01                      //convergence rate
#define N  21                          //order of filter
#define NS  60                         //number of samples
#define Fs  8000                       //sampling frequency
#define pi  3.1415926
#define DESIRED 2*cos(2*pi*T*1000/Fs)  //desired signal
#define NOISE sin(2*pi*T*1000/Fs)      //noise signal

float desired[NS], Y_out[NS], error[NS];

void main()
{
  long I, T;
  float D, Y, E;
  float W[N+1] = {0.0};
  float X[N+1] = {0.0};

  for (T = 0; T < NS; T++)            //start adaptive algorithm
  {
    X[0] = NOISE;                     //new noise sample
    D = DESIRED;                      //desired signal
    Y = 0;                            //filter'output set to zero
    for (I = 0; I <= N; I++)
      Y += (W[I] * X[I]);             //calculate filter output
    E = D - Y;                        //calculate error signal
    for (I = N; I >= 0; I--)
    {
       W[I] = W[I] + (beta*E*X[I]);   //update filter coefficients
       if (I != 0) X[I] = X[I-1];     //update data sample
    }
    desired[T] = D;
    Y_out[T] = Y;
    error[T] = E;
  }
  printf("done!\n");
}
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(a)

(b)

(c)

    FIGURE 7.12.     Plots of adaptive fi lter output, desired output, and error using program 
 adaptc.c .  

 Build the project as   adaptc  . Because the program does not use any real - time 
input or output, it is not necessary to add the fi les  c6713dskinit.c  or  vectors_
intr.asm  to the project. 

 Figure  7.12  shows a plot of the adaptive fi lter output  Y_out , desired output 
 desired , and error  error , plotted using CCS. The fi lter output converges to the 
desired cosine signal. Change the adaptation or convergence rate  beta  to 0.02 and 
verify a faster rate of adaptation.    
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    FIGURE 7.12.     Plots of adaptive fi lter output, desired output, and error using program 
 adaptc.c .  

 Build the project as   adaptc  . Because the program does not use any real - time 
input or output, it is not necessary to add the fi les  c6713dskinit.c  or  vectors_
intr.asm  to the project. 

 Figure  7.12  shows a plot of the adaptive fi lter output  Y_out , desired output 
 desired , and error  error , plotted using CCS. The fi lter output converges to the 
desired cosine signal. Change the adaptation or convergence rate  beta  to 0.02 and 
verify a faster rate of adaptation.    
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Slow convergence
Possible solution: Least-squares instead of statistical
criterion (MSE)
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Direct-form RLS

Criterion: Least squares, ξM =
∑n

l=0 wn−1|eM(l ,n)|2

RM(n)hM(n) = dM(n)⇒ hM(n) = R−1
M (n)dM(n) (7)

RM(n) = wRM(n − 1) + xM(n)xT
M(n) (8)

dM(n) = wdM(n − 1) + d(n)xM(n) (9)
R−1

M (n) = f{R−1
M (n − 1),xM(n)} (10)

kM(n) =
PM(n − 1)xM(n)

w + xT
M(n)PM(n − 1)xM(n)

(11)

PM(n) =
1
2

[PM(n − 1)− kM(n)xT
M(n)PM(n − 1)](12)

hM(n) = hM(n − 1) + kM(n)eM(n) (13)
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Convergence comparison

Figure from Samuel D. Sterns, Donald R. Hush, Digital Signal Processing
with Examples in MATLAB, 2nd., 2002.
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Lattice-form RLS

Complexity of direct-form RLS: O(M2)

Complexity of lattice-form RLS: O(M) by avoiding the
matrix multiplications involved in computing the Kalman
gain vector KM(n)
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Lecture 11

Review

Recap

Overview

LMS

RLS

Structures

FIR - Lattice form conversion algorithms
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    FIGURE 7.2.     Adaptive fi lter structure for noise cancellation.  

where  E ( ) is the expected value. The expected value is generally unknown; 
therefore, it is usually approximated with a running average or with the instan-
taneous function itself. Its signal component,  E ( d  2 ), will be unaffected and only 
its noise component  E [( n     −     y ) 2 ] will be minimized. A more complete discussion 
is found in Widrow and Stearns  [1] . This structure will be further illustrated 
with programming examples using C code.    

  2.      For system identifi cation .   Figure  7.3  shows an adaptive fi lter structure that can 
be used for system identifi cation or modeling. The same input is to an unknown 
system in parallel with an adaptive fi lter. The error signal  e  is the difference 
between the response of the unknown system  d  and the response of the adap-
tive fi lter  y . This error signal is fed back to the adaptive fi lter and is used to 
update the adaptive fi lter ’ s coeffi cients until the overall output  y    =    d . When 
this happens, the adaptation process is fi nished, and  e  approaches zero. If the 
unknown system is linear and not time varying, then after the adaptation is 
complete, the fi lter ’ s characteristics no longer change. In this scheme, the adap-
tive fi lter models the unknown system. This structure is illustrated later with 
three programming examples.    

  3.      Adaptive predictor .   Figure  7.4  shows an adaptive predictor structure that can 
provide an estimate of an input. This structure is illustrated later with a pro-
gramming example.  

  4.     Additional structures have been implemented, such as:  

     (a)      Notch with two weights , which can be used to notch or cancel/reduce a 
sinusoidal noise signal. This structure has only two weights or coeffi cients. 
It is shown in Figure  7.5  and is illustrated in Refs.  1 ,  3 , and  4 .  

    FIGURE 7.3.     Adaptive fi lter structure for system identifi cation.  
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    FIGURE 7.2.     Adaptive fi lter structure for noise cancellation.  

where  E ( ) is the expected value. The expected value is generally unknown; 
therefore, it is usually approximated with a running average or with the instan-
taneous function itself. Its signal component,  E ( d  2 ), will be unaffected and only 
its noise component  E [( n     −     y ) 2 ] will be minimized. A more complete discussion 
is found in Widrow and Stearns  [1] . This structure will be further illustrated 
with programming examples using C code.    

  2.      For system identifi cation .   Figure  7.3  shows an adaptive fi lter structure that can 
be used for system identifi cation or modeling. The same input is to an unknown 
system in parallel with an adaptive fi lter. The error signal  e  is the difference 
between the response of the unknown system  d  and the response of the adap-
tive fi lter  y . This error signal is fed back to the adaptive fi lter and is used to 
update the adaptive fi lter ’ s coeffi cients until the overall output  y    =    d . When 
this happens, the adaptation process is fi nished, and  e  approaches zero. If the 
unknown system is linear and not time varying, then after the adaptation is 
complete, the fi lter ’ s characteristics no longer change. In this scheme, the adap-
tive fi lter models the unknown system. This structure is illustrated later with 
three programming examples.    

  3.      Adaptive predictor .   Figure  7.4  shows an adaptive predictor structure that can 
provide an estimate of an input. This structure is illustrated later with a pro-
gramming example.  

  4.     Additional structures have been implemented, such as:  

     (a)      Notch with two weights , which can be used to notch or cancel/reduce a 
sinusoidal noise signal. This structure has only two weights or coeffi cients. 
It is shown in Figure  7.5  and is illustrated in Refs.  1 ,  3 , and  4 .  

    FIGURE 7.3.     Adaptive fi lter structure for system identifi cation.  


	Review
	Recap
	Overview
	LMS
	RLS
	Structures

