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e Power flow (load flow) analysis

— Steady-state analysis of an interconnected power system

— To solve the power flow equations for V. (i.e. |V;| and J) and S,(i.e.
P, and Q)

— Basis of power system analysis and design

e Assumptions for a power system to be studied

— Balanced conditions
— Represented by a single-phase network
— Modeled by nodes (buses) and branches

— All impedances/admittances are in per unit on a common MVA base
(typically 100MVA)



.

e Branch admittance y. = 1 1
ij

Z; L+ )%

e Apply KCL to nodes (buses)1-4
I, = Y1V + Yoo (Vl _Vz) T Y3 (Vl _Vs)
I, = YoVy + Vi (V, =V1) + Vs (V, —V5)
0=Y, (Vs _Vz) + Vis (V3 _V1) + Va4 (V3 _V4)
0= Y3 (V4 _Vs)

| : current injected by an equivalent current source - E—

4
Iy = (Yo + Vi + Yz Vi — YioVo = VisVs A
L, ==Y,V + (Yoo + Yo + Yas )V — VooV lor = (B =V)%h0 = Eadig + (0 -V0)¥ =1, +(0-0)
0=—y13Vi = ¥osVo +(Yis+ Yoz + Yau)Vs — VaiV, T T T T
0 n n YaiVs + YoV W@ 3-i 1253 (D
i =V Z Yij — Z YiiV I
j=0, j=i j=1, j=i Y12
Yoo = Yio + Yio + Vi Yo =Y ==Y Y, =Y, =0 | _ . ’
Yo =Yoo+ Y+ Yos  Yiz3 =Yg =~V Y, =Y, =0 BN /jS
Vs = Yis+ Yos+Ya Yy =Yg, ==Y ]
Via| —)12.5

Yaa = Yau Y3, =Y43 ==Yy —


Presenter
Presentation Notes
(E1-V1)/Z10=E1/Z10-V1/Z10=
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|1 = Y11V1 +Y12V2 +Y13V3 +Y14V4 I, Yii Yoo Yy Y, Vi
B 1, Yy, Yoo Yoooo Yoo | |V,
Iz = Y21V1 "'Yzzvz +Y23V3 +Y24V4 : : : : : :
I, =Y,V + YV, + Y.V, +Y,,V, 1, Yo Yioeee Yieo Yo | |V
I4 — Y41\/1 +Y42V2 +Y43V3 +Y44V4 1, | _\'(nl \'(nz___ ;(in___ \'(nn ] _Vn |
n n n
. =V. = V. =) VYV —

* |, currents injected by external current sources
* Vs : bus voltages relative to a reference (not included), usually the ground
* Y, : bus admittance matrix (symmetric and sparse)

— Diagonal elements: called or

n
Y, = Z Yij
j=0, j=i
— Off-diagonal elements: called or

Yi=Yi==Y; j=i

V-1 . . .
o Z,,~Y 'y - busimpedance matrix

_ wv-l _
Vbus _ busI =Z Ibus

bus bus



bus

How many non-zero elements for a system with N buses
(not including the ground) and M branches?

[j0.50
| jo.40
| j0.45
| j0.45

—j8.50
j2.50
j5.00

0

j2.50
~j8.75
j5.00
0

j0.40
j0.48
j0.44
j0.44

j5.00

j5.00
—j22.50

j12.50

j0.45
j0.44
j0.545
j0.545

0
0
j12.50
~j12.50

j0.45
j0.44
j0.545

j0.625

e If it is known that E;=1.1.20° pu and
E,=1.0£0° pu

=< .<

~ “bus

it
~j1.25

2M+N

1.050 |
1.040
1.045

)

1.045

£
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Y12

~i1252

~j12.5

Why are they 4
same?
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A more general power flow study

Z30=]1 Z50=20.8
2, 0.4 75
V,|=1 P,=0.5pu
| 2 |V,|=1.05pu
2,3=10.2 Z,5=j0.2

2,,%i0.08

Ty
l_P4+jQ4:1+jO.2 pu

e How to solve all bus voltages and line real and
reactive power flows?




e Consider a typical bus of an n-bus system ' Yin

— All lines represented by equivalent m models

— Admittances are in pu on a common MVA base Yio i,_T,VW_,WT_i
" . , ,

e Apply KCL

L= YV + Y (Vi = V) + Y, (V- Vo) + Yii \"/ _Vj)+"'+ Yin Vi =V,)

= (Yio TYatYit "'yin)Vi - yilvl - yi2V2

Ii:ViJZ:(;Yij_JZ:;,yijVj j#i |:>

Pi B JQ.
A

S =R+jQ =Vl &=

=YV ==YV, j#i

P—-]Q. . . .
'—3Q'=Vizyu R\
Vi j=0 =1

@
P-iQ
SR avizs V,| 26,
AP V, Zy., Zy.,l |

* Solve V|, g, P;, Q; and then calculate Py, Q;

— n complex nonlinear algebraic equations (2xn real equations) with 4xn real quantities

— can be solved by iterative techniques

J#I
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Power Flow Solution

e Determining:
— |V;| and 6, (magnitude and phase angle of each bus voltage)
— P;and Q;(real and reactive power flows in each line)

e The system is assumed to be operating under balanced conditions and a
single-phase model is used

e 4 quantities, i.e. | V.|, &, P,and Q,, are associated with each bus
e System buses are usually classified into three types

Slack bus
(swing bus or V- bus)

Selected as the reference having | V.| and o, fixed
P, and Q, are usually unlimited and can take any values to
make up the gap between system generation and load

Load buses P.and Q, are specified
(P-Q buses)

Regulated buses P.and V. are specified.

(generator buses or Limits of Q, are also specified
P-V buses)
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More Thinking on Types of Buses

* Need to know two of | V|, &; P;and Q; (either constant or observed)
e Relax the other two within upper and lower limits
e May assume more types of buses for a variety of natures of buses

I T N N L -
V-0 X X

P-Q X X
P-V X X
Q-V X X
P-0 X X

Q-0 X X
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A more general power flow study

Z50=4]0.8
21,= 04 i
P,=0.5pu
6120 1 2 |V2|:1O5pu
(slack bus)
213:.102 223:j02
3

2,,%i0.08

T
rp4+jQ4:1+jo-2 pu

10



HEUNIVERSITYof TENNESSEE I knoxviLLE

Solution of Nonlinear Algebraic Equations

eGauss-Seidel Method

eNewton-Raphson Method

11



mEJNIVERSITYof TENNESSEE BI xvoxviLLe

f(x)=x*—6x2+9x—4=0  3roots: X, ,=1 and x,=4

1, 6 , 4
X=—=X"+=X"+—=g(x

5 5 5 g(x)
X =2

1 6 4
oy_ _+ 3, Y 2, T _
XV = Q0T =—0 @+ (@ +5=22222 ) 01202222

x@= g(xM) =2.5173 [x@-x(| =0.2951
x®)= g(x@) = 2.8966 [x®-x(@)| = 0.3793
x@W= g(x®) = 3.3376 [x®)-x@)| =0.4410
x®)= g(x®) = 3.7398 [x®)-x®)| = 0.4022
x®)= g(x®) = 3.9568 [x(®)-x()| =0.2170
x(N=g(x©®) = 3.9988 [x(N-x®)| = 0.0420
x®)= g(x(M) = 4.0000 [x®-x(N| =0.0012

xO)= g(x®) = 4.0000 [x®-x@)] = <0.0001

12
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 To solve nonlinear equation f(x)=0

e Re-write x=g(x)

e Start iteration from an initial estimate x©
xM=g(x®)
x=g(xD)

x(k+D=g(x)

o Stop when |x&+D-x®)|<g, Solution: x=x&+1)

13
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4!5 IR | SN 1 i I 1

4.0F X=g(x)
|
s 1, 6, 4 I
_ _ |
3.0l y_g(x)_—§x3+§x2+§ y=x| |
g(x®) |
Wlge) % |
2.0t i |
. !
1.5 ( |
|
1.0+ !
[ |
0.0k | = L
; | X{0) (1) MO

0 05 10 15 20 25 30 35 40 45
XL

e “Zigzag” graphical illustration
— Can the iteration be faster?
— How to find all roots?

— Does the iteration always converge to a root?

14
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Faster iteration?

X = g(x™) = x® H[g(x™) = x™7| Adjustment on x

e Using an acceleration factor when updating x®

(kt1) _ (k) ] a[g(x(k)) _ X(k)]

X

0 05 L0 15 20 25 30 35 40 45

£ 15
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All roots? Always convergent?

10
\ g0 =-1/9%+6/9C+4/9

0 \" conv mpnf\
convergent

}.)fr

convergent
-2
-4
-6
\ divergent
-8 Initial value x© is important! \ |
-10

-10 -8 -6 -4 -2 0 2 4 6 8 10

16
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L . L T

6
X=—=X+=x"+—=0g(X) x:—x3+6X2—8X—|—4=h(X)

9 9 9
10
o \ h(X) =-X+6x°-8x44
5 \ A / h(x) is harder
g(x) =-1/9%+ 5/9><2+4/9\ \ / to converge

2 \ \ N\
N

. A U

. el

=
o

01-1?—-5 =
 —

10
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A system of n equations in n variables

.]Fl(x]?x"?xi*}?"'x}r):o
fz(xl,xz,xq xn):O
f?:(xlﬂxz.&x?s.&"'xn):o %
Uf+1) (k) (k) (k) (k)
_gl( s Xy 5 X3 e X )
fulx, x5, 5,0, )= 0 xghl) =g, (xl(“” 9 ,xff))
(k+1) (kD) (kD) 0 ()
x3 = &3 3 (x] xZ x“ -’xn )
x ) = (k+1)  (k+1) _(k+1) (k+1) (k)
gu(‘xl x" -’x3 -"”-’xn—l "xn )
e Using an acceleration factor when updating x;
(k+1) (k) (k+1) (k) (k+1) _ (k) (k)
Xi _X +a(x|cal i ) Xical _gi(xl "“’Xn )

18
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G-S Power Flow Solution

he JQ =V Zyu Z ViV Y=Y L, :jz—c;yij

| J=1, j#i -
:ViYii + Z YijVj
j=1, j=i (k) (k) n
- JQ, (k)
} Y.V,
Z ijoj |:> V-(k+l) _ Vi “ —1ZJ:¢|

: Y.

Qk+1) Im[\/ Z U J(k)]

P~ JQ VZY., ,

(k+1) *(k) (k)
P*Y = Re[V, Z Vi

19
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* |Vi| and & are unknown
* P, and Q; are scheduled (generation or load), denoted by P and

Q_sch
i

Psch . jQ-SCh n
i * i Y V (k)
Kk =g (x0) e Y&

Y..

e Under normal operating conditions:

— Slack bus: |V,| £, (typically 1.£0°)
— Other buses: |V;| is close to 1pu or |V,|. For most of cases, there are:

e Generator buses: |Vi|>|V,|, 6> 9,
e Load buses: |Vi|<|V,|, 6 < &

e Initial guess could be V;) =1/0° without a better estimation

20
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e P.=Pshand |V| are specified
e Starting from an initial estimate of 5© — V,9=|V.|£ 6,0

sch s\ (k+1)
R -1 N
k+1 *(k k *(k) =]
QM =—Im[Vv,™ )ZY., ) yen_ Vi L
ci -

e Since |V;| is specified, only V, **U=Im[V ;1] is retained

k k +1)— +1) i +
V( ) = \/|V ° (V|( )2 Update V(<D= (k+D4j. v/ (D)

: : : . (k1) _y/ (k k+1 k
e Continue the iterations until |V ) (,i) <e |V( ) V|(,i) <e
or, the power mismatch, i.e. the largest element in AP and AQ <¢

e Using acceleration factor a=1.3~1.7

PSCh jQ|(k+l) . i Y_v_(k)

(k+1) _ 7 (k) i =L j=i (k)
V. 7 =V ol v -V.*)

21



Slack Bus
R - JQ =V, ZYIJ j

Line Flows and Losses

e At bus i:

Iij =l +1,= yij(Vi _Vj)+ YioVi

Sij :Vili?

e At bus J:
Iji ==l + Ijo = yij(Vj —-V;) + ijVj
S VJIJI

e Power loss in line j —:

tHE(UNIVERSITYof TENNESSEE B xnoxviLLE

,, L.’_
I, i
/I L
lio Vi Lo
Yo Yjo
SLij = Sij T Sji

22



Vi

. Vit
Tap Changing Transformers | I 3 g"

e ais the per unit off-nominal tap position (usually, |a| = 0.9~1.1)

— Complex number for phase shifting transformers

[; j
=3

* * 1
Sr=V,l"= -V |, vx=gvj — | ——a 1,
| = —V)) = vV _LV_ Equivalent circuit if a is real
=Y ViV = q ! (ignoring phase shifting)
| P = _i |i —LV n Yi V Non-tap side Tap side
* - * | 2 J
a a |a | yl/a
= = 1
Yi
y _
¥ Ve Yo ||V,
j _Jt t j
* -1y,
a” |af | (G [] [] ( )
Y, is not symmetrical with a phase shifting 1 1

transformer

23



Example 6.7
(V-6 and P-Q buses)

Using the G-S method to find the power flow solution:

(a) Determine the voltage phasors at P-Q buses 2 and 3
accurate to 4 decimal places

(b) Find the slack bus real and reactive power

(c) Determine the line flows and losses. Show line flow
directions in a power-flow diagram

(Solve Py, Qq, [V5|, &, V4|, &5, S and Syy)

Pl’ Ql

On

Step 1. Check what are given

(a) Line impedances are converted to admittances
1

i e e Y, B
Y12 = 0,02 + j0.04 J
Similarly, Y13 = 10 —Jd{) and Yoz = 16 -—-_j32.

At the P-Q buses, the complex loads expressed m per units are
(256.6 +4110.2)

Ssch _ T ~2.566 — j1.102 pu
ggeh = (138'61?]‘6?45'2} = —1.386 — j0.452 pu

Step 2. Set initial estimates and |terate

Starting from an mmal estimate of V( ) = 1.0 + 70.0

and V¥ = 1.0 + j0.0,

: 0.02 + j0.04 2
—10-i 256.6
Y23=10-J20 MW
y13:10—j30 y23:16_j32
0.01 + 570.03 0.0125 4+ j0.025 —— 110.2
Mvar
Slack Bus 3 |V |
V7 = 1.0520° ,
1 ) |V3|, @ 2 52
138.6 45.2
MW Mvar

FIGURE 6.9
One-line diagram of Example 6.7 (impedances in pu on 100-MVA base).

Pisch _ jQisch B i Y__V_(k)
")

V-(k+1) — Vi*(k) j=1, j=i
| Yi
Psr:h ach
) V—ju?‘z + EJIBVI + ?;'va( )
i) —
- 2 + Y23

| SREOLIIOZ . (10 — 120)(1.05 + j0) + (16 - j32)(1.0+ j0)
(26— 452)

= (.9825 — 50.0310

Rsch_ijsch 1
-‘jW]}—“— + 4131 + "JEBVQ( )
3

L -+ Yo3
~LIOHO0A52 4+ (10 - 130)(1.05 + j0) + (16 — 732)(0.9825 — j0.0310)
(26— 762)

= 1.0011 - 50.0353



ng — 0.9816 — 70.0520 V® _ 1.0008 — 50.0459 e[ JNIVERSITYof TENNESSEE U knoxviLLE

V¥ = 0.9808 — 50.0578 Vi® = 1.0004 — j0.0488
v = 0.9803 — j0.0594 v = 1.0002 — j0.0497
VZ}(S) — 0.9801 — 50.0598 L%(E} = 1.0001 — 50.0499
V% = 0.9801 — j0.0599 V4% = 1.0000 — 50.0500
v? = 0.9800 — 50.0600 vi" = 1.0000 — j0.0500

The final solution 1s

Vo = 0.9800 — 50.0600 = 0.98183/-3.5035" pu
Vs = 1.0000 — 50.0500 = 1.00125/-2.8624° pu

Step 3. Calculate P and Q of the slack bus

(b) With the knowledge of all bus voltages, the slack bus power is

P — Q1 = Vi [Vi(y1a + 113) — (p12Va + 113V3)) P-jQ =V"YYV,
= 1.05[1.05(20 — 750) — (10 — 520) (0.98 — 4.06) — 1=
(10 — 730)(1.0 — 50.05)]
— 4.095 — §1.890

the slack bus real and reactive powers are P; = 4.095 pu = 409.5 MW
and Q1 = 1.890 pu = 189 Mvar.

25



e[ UNIVERSITYof TENNESSEE

Step 4. Calculate line flows and losses KNOXVILLE
(c) To find the line flows, first the line currents are computed. With line charging
capacitors neglected, the line currents are
Iz = y12(Vi — Vo) = (10 — 520)[(1.05 + 50) — (0.98 — 50.06)] = 1.9 — j0.8
Iy = =y = —1.9+ 50.8
Iiz = y13(Vi — V3) = (10 — 430)[(1.05 + 50) — (1.0 — j0.05)] = 2.0 — §1.0
I31 = -3 = —2.0 4+ 51.0
Ing = yo3(Vo — V3) = (16 — 732)[(0.98 — j0.06) — (1 — 50.05)] = —.64 + 5.48
Isp = —Ip3 = 0.64 — §0.48
The line flows are
S12 = Vil{y = (1.05+ j0.0)(1.9 + 70.8) = 1.995 + j0.84 pu = 199.5 MW + j84.0 Mvar
So1 = Vol = (0.98 — j0.06)(~1.9 — j0.8) = —1.91 — j0.67 pu = —191.0 MW — j67.0 Mvar
S13 = Viljs = (1.05 4 70.0)(2.0 + j1.0) = 2.1 + j1.05 pu =210.0 MW + j105.0 Mvar
Sz = VaI3 = (1.0 — j0.05)(—2.0 — j1.0) = —2.05 - 50.90 pu = —205.0 MW — 790.0 Mvar
Sy = Vol = (0.98 — 50.06)(—0.656 + j0.48) = —0.656 — j0.432 pu = —65.6 MW — j43.2 Mvar
S35 = Va3, = (1.0 — 50.05)(0.64 + 70.48) = 0.664 + j0.448 pu =66.4 MW 4 j44.8 Mvar
and the line losses are 1199.5 (8.5) 191 2
409.5 :
1 - | 17.0 ] eE
St 12 = S12 + Sz = 8.5 MW +717.0 Mvar 84.0 (ar0) 67.0 | 256.6
= S35 + 931 = 5.0 MW + j15.0 Mvar O— .
HLAS= P8 7 S Mvas o LRI s o 308 664 g 656, |
Sy 95 = So3 + Sz = 0.8 MW + j1.60 Mvar ; (5) Rt = 0:4048)
189 T3 15) — —>  (1.6) ——> | 1102
105.0 90.0 44.8 43.2
3
138.6 45.2
FIGURE 6.11

Power flow diagram of Example 6.7 (powers in MW and Mvar).
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Example 6.8 P, Q, 0-[;? + i%ié O "
23— +Y" T
(V-8, P-Q and P-V buses) () vmtoa0 e MW
Line charging susceptances are neglected. 0.01 + 70.03 0.{2)325 10.025 |— 250
Obtain the power flow solution by the G-S Mvar
. . . . Slack Bus 3
method including line flows and line losses Vi = 1.05£0° V|, &,
(SOIVe Pl' Ql’ |V2|’ 52' QS’ 53’ SIj and Slij) Q3’ 6‘3 200 |V‘3 |= 1.04
MW

Step 1. Check what are given

(400 + 5250)
100

= 2.0 pu

S5ch = = —4.0 — 52.5 pu

sl ?‘j@
o 100

Step 2. Set initial estimates and iterate

Starting from an 1n1t1al estimate of V{ — + j‘U 0
and V% = 1.04 + 50.0,

-Pfi“:h _lesch

o Tyt 9231”3(0)
2

Vg(lj "
Y12 + 3

SIS+ (10 — §20)(1.05 + §O) + (16 — 532)(1.04 + 50)
(26 — 552)

= 0.97462 — 50.042307

Q4 = -S{V” [V (413 + yas) — s - sV}
= —${(1.04 - j0)[(1.04 + 50)(26 — 562)
— (10 — 730)(1.05 + j0) — (16 — j32)(0.97462 — 50.042307)]}

=1.16

FIGURE 6.12
One-line diagram of Example 6.8 (impedances in pu on 100-MVA base).

Psch JQ (1}

0 + 313V + Jzﬂ’fo,( ;

1
V-

113 + Y23
S + (10 = j30)(1.05 + j0) + (16 — 732)(0.97462 — 50.042307)
(26 — j62)
= 103783 = JO.005170 Njote: |V ,0]=1.0378 # 1.04=|V,|

Since |V is held constant at 1.04 pu,
only the imaginary part of V( ) is retained,

and 1ts real part is obtained from

Vi = 4/(1.04)2 — (0.005170)2 = 1.039987

Vat) = 1.039987 — 50.005170

27



Bus 2 (P-Q): Solve |V,|, &, Bus 3 (P-V): Solve Q3, &,
Psch _ JQsch n © ‘ Psch _ jQ‘(kﬂ) n l
YV, k+1 *(k k R I AVAY
s S e emmye Sy e WY ey - od —(m T TF
I g | | " /_t\
Vi® = 0.971057 — j0.043432 || O = 1.38796 v = 1.03908 — 50.00730 v = 1.039974 — 50.00730
3 . 3 ;
V.z( ) = 0.97073 — j0.04479 Qg: = 1.42904 V¥ =1.03954 - j0.00833 v = 1.03996 — 50.00833
v = 0.97065 — j0.04533 || Q" = 1.44833 V) =1.03978- j0.00873 v — 1.03996 — j0.00873
v = 0.97062 — j0.04555 || QY = 1.45621 V.© =1.03989 - j0.00893 v = 1.03996 — j0.00893
v = 0.97061 — j0.04565 | Q) = 1.45047 V) =1.03993- j0.00900 V% = 1.03996 — j0.00900
VQ(T") — 0.97061 — §0.04569 Qé"') — 1.46082 V) =1.03995- j0.00903 Vf) = 1.03996 — j0.00903
The final solution is . 179.362 (3.393) 170.968
o AL, ] (16.787) :
Vo = 0.97168£-2.6948" pu 118.734 101.947 | 400
S3 = 2.0+ §1.4617 pu : 39061 | 1gg) 38878 28878 (g g7 220032
V3 = 1.04/—.498° pu 140852 T (548) —— —— (19.693)—— ! 250
S, — 2.1842 + j1.4085 pu 92118 21;3)069 167.746 148.053
A
Sig =179.36 + j118.734 Sy = ~170.97 — j101.947 Sp19 = 8.39 + j16.79 T J[
S13=39.06+ j22.118 83 = -38.88 -7 21.569 Sp13="0.18 +70.543 200 146.177

Sy = ~229.03 — j148.05 Sy = 23888+ j167.746 Sy =9.85 + j10.69

28
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e Based on Taylor’s series expansion at an initial estimate
of the solution

F(X)=c
f(x?+Ax?)=c

df 1 d?f
f (X)) + (m) O AX? ) . = C
( )+(dx) 21" dx?

Comparison: G-S method ignores

e |gnore all terms with orders >2 . .
& all differential terms (orders >1)

df | 0) v (0 01\ 2 A ~(0)
(d—) AX" =c— f(X*)=Ac
X
Ac®

df )
(o)

29
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e [teration 1: (0)—(1)

(0)

A c— f(x®

o af o
(dX) (dx)
e [teration k+1: (k) —>(k+1)
y (k+1) é x O Ax () — y(K) Ack) . c— f (X(k)) ) — Ac
(d_f)(k) (d_f)(k) (i)(k)
dX dX dX

e Until | (KD _ 5 (k) <
o c=f(X) is actually approximated by the tangent line on the

curve at x®.,

_ (k)

C f(X ) It is straight line function
(ﬂ)(k) c=kx+b
dx

x = x®) +
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e[ UNIVERSITYof TENNESSEE

Let x(0=6
df (x)
dx

KNOXVILLE

=3x>-12x+9

(ﬂ)“’) =3(6)>—12(6) +9 =45
dx

Ac =¢— § (X(O)) —0- [(6)3 B 6(6)2 L

_—0

9(6)-4] = -

O _

A =-1.1111

(df O

x@

=x9 4+ Ax® =6-1.1111=4.8889

13.4431

x® = x® 4+ AxY = 4.8889 —
22.037

=4.2789

2.9981
12.5797

e

=x? + Ax® = 4.2789 — =4.0405

_ 4.0405— 0.3748
9.4914

x )

=x® + Ax® =4.0011

x®) = 4.0011— 0.0095
9.0126

x® + Ax® = = 4.0000
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df .. 1"
f(x)=c [< 5 }

Ack) =c— f(x®)

1:1()(1’)(2""’)(n) =G

(k+1) _ y (k) (k+1) _ y (k) k) (k)
f(x % x)=c, X=X OaxE =X +[3% ] AC

fn(xl’XZ’”"Xn) = C, _Axl(k)_
- ~ Ax(®
Jacobian Matrix: LN LN L AING. AX) = L
(—)" () (=) :
OX, OX, OX, e
(a_fZ)(k) (a_f2)('<) (a_f2)(k) -
(k) _ _ _
J¥ =] 0x 8x? axr; ¢ (£)¥
) | . . (k) _ C, _(fz)(k)
(%)('0 (a_fn)('O (8_fn)(k) ACT= :
i 8X1 8X2 Gxn | c, _(fn)(k)_

faYaY
Vo



Example 6.5
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e Use the N-R method to find the intersections of the curves

2 2
X, +X, =4

et +x,=1

J tells the fastest direction (gradient)

toward a solution

If x,0=2, x,0=-2:

k

AC

J

(2% 2x

Xi

€

AX X

1

-4.0000
-4.3891

4.0000
7.3891

-4.0000

1.0000

-0.6424 1.3576

0.3576 -1.6424

-0.5406
-1.2445

2.7152
3.8869

-3.2848

1.0000

-0.2989 1.0587
-0.0825 -1.7249

-0.0962
-0.1576

2.1173
2.8825

-3.4499

1.0000

-0.0530 1.0056
-0.0047 -1.7296

-0.0028
-0.0040

2.0112
2.7336

-3.4592

1.0000

-0.0014 1.0042
-0.0000 -1.7296

-0.0000
-0.0000

2.0083
2.7296

-3.4593

1.0000

-0.0000 1.0042
-0.0000 -1.7296

1
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eSince higher-order terms are ignored, the N-R method also
needs the initial estimation to be sufficiently close to the
actual solution

e The N-R method converges much faster

— N-R method: quadratic convergence (ignoring the 2" and
higher orders)

— G-S method: linear convergence (ignoring the 1%t and
higher orders)

e The N-R method has some computational issues:

— Needs [JI¥]1 during each iteration, which is
computationally intense

34
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AX k) — |:J (k):| AC )

e Try not to update Jk) so often (at least not in every iteration)

e Apply LU decomposition (triangular factorization)

JEAX k) — AC ()
In MATLAB, the solution of

JAX= AC can be obtained by
| () OAX K+ — AC k) AX= J\ AC

35
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L Newton-Raphson Power Flow Solution
I - |
| [ Kk . k \
Pi+jQ; < | i L/ Z Y,V
V)
V-(k+l) _ i j=1 j#i
Yio G-S method i Y.
VEE0 (k+1) (k+1) :(k) (k)
= P JQ _V ZYIJVJ
\ =
=0y 3 vy 4 )
[y N-R method
—ZY F(X)=C V. Z iV =R -1Q
i JXAX=AC
{Jl Jz} {Aﬁ }_{AP}
Use polar forms: J3 J4 AV AQ
B JQ V ZY” J Vi =V | £4, Y; :lYij |4‘9ij k /

=|V, | £~ 5Z|Y IV, 1£6,+6,

36



R =1(A]V]A9)

eq.(1)

:lej % ||Yij |COS(Hij -0, +5j)
J:

Q =0;(A[V]A9)

=21V, V11, Isin(@, -5, +5)
J:

Rk

AP
AQ

3,7 [AS
J, | AV

eq.(2)

|

[Algorithm:
e For the slack bus (say bus 1) :
— No need to include bus 1inJ
— calculate P, and Q, by (1) and (2) at the end
e For m voltage-controlled (P-V) buses:
— solve ¢, by (1)
— calculate Q; by (2)
e For the n-1-m load (P-Q) buses left:
— solve |V, and & by (1) and (2)
There are 2n-2-m independent (1)’s and (2)’s

@ P-V bus
i P, (k) oP, (k) 2 (k) P, (k)|
06, a5, | o IEZ | o[V, |
CAR ] : : : Lo Asy ]

: oP (k) oP (k) P (k) oP (k) :

“ n n I n ) _ Jl,(n—l)x(n—l) J2,(n—1)X(n—1—m) Ad
AP® | | 86, o5, | oIV, | o[V, | AYO N J AV
An®) [T K A~ (K) N T N IVIGY 3.(n-Lmmx(n1) - T4 (n-L=m)x(n-1-m)

55 09y 03, 03, — 0%, ARy
: 05, 85, | 0|V, | o1V, | : .
AQ® : | . AV J: (2n-2-m)x(2n-2-m)
0, Y o 0"
05, 06, | oV, | OVl | 7

|

|t




Jacobian Matrix
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MEEEIR

 Diagonal and off-diagonal elements of J;~J, (i = slack bus)

‘]1 (n-1)x(n-1) I = slack bus
— =D Vi IV, |Y; Isin(6; — 5, + 6,
55 él IV 1Yy [sin(6; — 6 + 6))
P

=V, IV, [IY, |sin(8, -6, +6) | =i

i

JZ (n-1)%(n-1-m) I ¢ PV and slack buses

ﬂ—zw |Y; |cosé,
oV, |
+Z|Vj ||Yij |COS(9ij _é‘i +§j)
J#
oP,
———=|V; ||Y; [cos(8; =6, +0,) j=i
ARSI

J3 (n-1-m)x(n-1) i ¢ PV and slack buses

Vi IV [IY; [cos(8; — o, + o,
o= VIV, I leos(d, -5 +5)
0
B = VIV leos(0, =46

J4 (n-1-m)x(n-1-m) I ¢ PV and slack buses

9 _ vy, [sing,
o|V; |

= 2 Vi 1Y Isin(,

j#i

~6,+0))

R _ vy, Jsin(,

—0.+0.
a|V| . +9;)

[EX
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1.

2.

3.

4.

o.

Initial values
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Load buses: P and Q;3" specified, |V,0]£8,0=1_-0 or equal to the slack bus
Voltage-regulated buses: |V;| and P;5" specified, 5,(%=0 or the slack bus angle

Calculate P,, AP0, Q. and AQ,
Load buses: calculate P;® and Q, by eq. (1) and (2) and then

AP(k) — PSCh

—p®
|

AQi(k) _ QSCh Q(k)

Voltage-controlled buses: calculate P,® by eq. (1) and AP = P*" —

Calculate J;, J,, J; and J, and solve A|V;®| and A5,® from

klcj ] E H BTV J

Calculate |V HV. |+A V0|

Iterate Steps 2~5 until

AP [< &

(applying triangular factorization and
Gaussian elimination)

é‘i(k+1) _ é‘i(k) _|_A5i(k)

AQY < &

p k)

39



How to accelerate the N-R method?

Original N-R method
— )& js computed at each iteration
— Computing [J¥]1 is expensive

ldeas: approximate J
— Constant matrix

— Block-diagonal matrix (ignoring
small off-diagonal elements)

50

30

20

:
N S A N N Y S
| : |
v f)=ad —6x2+9x—4
O RISt SN SRR RPI RUPSPIPI Ny A AR
| | | j
| 1 1
: : :
_________ P [ (I Y SRR | S —
| 1 1
' | | |
/’_i : x@ x® x(0)
0 1 2 3 4 3 6
X
4 T
3_
4
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PR

e Some elements of J may be close to 0

e Transmission lines usually have a high X/R ratio (close to lossless lines),

B Q%Sin(@—@) i “I::_:J[NJ_’VJ‘COS(@_@)]

— AP is less sensitive to A|V| than it is to A0 — J, =0P/0|V| =0
— AQ is less sensitive to Ad than it is to A|V| = J;= 0Q/6d =0
e F-D method:

oP
{AP]{% O}FS } AP =J,A8 =[]

AQ 0 J,| |[A|V] AQ:J4A|V|={%(\D/JA|V|

41



Jacobian Matrix

)

J, 0

o 3L

Vo=V, [£8, Y, Y, | 26,

‘Jl (n-1)x(n-1) i # slack bus J4 (n-1-m)x(n-1-m) i ¢ PV and slack buses
j#i
~ . e :
_J.Z:;‘Ni ”Vj ||Yij |Sm(‘9ij 0, "'51') Vi [1Y; [sin g, ~-2|V.|B.+|V, |B.
= _|Vi |2 Bii
—|Vi | B;
~ = |Vi | Bii (Qu << Bii, |Vi |2z|vi ~1)
oP o Q- o
— ==V IV, [IY; [sin(6;, -5, +6;)  j=#i AR —IV 1Y, sin(g, -5, +5;)  T#i
j
Vi IV, Y [sin 6,
~ [V IV; 1Y B,
~ _|Vi | Bij
AP B” ~(n-1)x(n-1) about AQ _ g\ V| B”~ (n-1-m)x(n-1-m)

m =-B Ao P-Q & P-V buses

Ad =B

1 AP

— Dot division ( ./)
|V]

/|V|
AlVI=-[BT

1 AQ
V]

about P-Q buses
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Q, << B;

\/.
0, =gy e

Q z|Vi|zYij[|Vi|_|VJ"CO~':’(5i _51')]
zZ)’ij ’[1_COS(5i _51')]

<< Z y; -1~B;
j

In Example 6.7, Q, =0.02B,

tHE(JNIVERSITYof TENNESSEE UF knoxviLLE

Vi

Vil II 1
| Va
]‘- .".52 I
e
I:)l-I-JQI .1.m l ii
|
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AP
{ AO } B' 0 m B’ ~(n-1)x(n-1) about P-Q & P-V buses
AlV| B 0 B £ B~ (n-1-m)x(n-1-m) about P-Q buses

[V

¢ F-D method deals with constant Jacobian matrix: no need to
update in every iteration

e |t requires more iterations than the N-R method, but each
iteration requires considerably less time

e Overall, the F-D method is much faster

eThe F-D method is very useful in fast contingency screening
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P, Q h 0.02 + j0.04

y23:10'j20 ——— ﬁ/[[]{]v
 Obtain the powerflow solution (V,, 6,, ¢ 5, & Uxéllgjl_g-é:o 3/6313}6'j-§%2r -
P,, Q, and Q) by the N-R method and the s ae ek ST T Mvar
ack Bus 3
F-D method o roni | VI
Ssch:_(400+j250):_40_j25|Ou Qs Al | V3 |= 1.04
2 100 | . FIGURE 6,12
200 One-line diagram of Example 6.8 (impedances in pu on 100-MVA basc).
Psch — — 200U
© T100 P

20— j50 -10+j20 —10+j30] [53.85165.-1.9029 22.36068.,2.0344  31.62278./1.8925
Y, =|-10+j20 [[26— j52 | 16+ j32|| =| 22:36068,2.0344 58.13777/-11071 35.77709./2.0344

~10+ j30 |-16+ j32 26— j62 31.62278.,1.8925 35.777092.0344 67.23095/ —-1.1737
For F-D Method: /
- [-52 32 )
= B" =[-52]
32 -62

B - ~0.028182 —0.014545
| —0.014545 —0.023636
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e 2n-2-m=3 independent equations:

B, =V, [V, [ Y, |cos(8,, — 6, + &)+ |V22 IY,, |cos6,, + V2 Vs Y25 | COS(0 = 5, + 65)

Eq (1)

P3 :|V3 ”V1 ”Y31 |COS(‘931 - 53 + 51)+ |V3 ”Vz ”Y32 |COS(932 - 53 + 52) + |V32 ”Y33 |COS(933)

Qz - |V2 ||V1 ”Y21 |5in(921 _52 + 51)_ |V22 ”Yzz |5in 922 - |V2 ||V3 ||Y33 |Sin(‘923 _52 +53) Eq (2)

¢ J has 3x3 elements

AP,
AP,
AQ,

0P, P, P
66, 95, 0|V,]
P, P, P,
06, 095, 0|V,
00, 0Q, dQ,
05, 05, oV,|

A,
A,

AV, |

oP. . .
—= :lvz ”V1 ||Y21 |S|n(921 _52 + 51)"‘ |V2 ||V3 ”Y23 |S|n(023 - 52 + 53)

85,

oP. .

—2=- IVz ||V3 ”st |sm(6’23 - 52 + 53)

853

oP

5 |V2 | =V, ||Y, [cos(6, — S, +6,) + 2|V, ||Y,, | C0SE,,+ |V, [|Y,5 | COS(O,; — S, + 55)
2

oP. .

—3=- |V3 ”Vz “st |S|n(032 - 53 + 52)

652

oP. : i
8_53 =|V3 IVy [[Ysy [SIN(G5; = 65 + 6)+ V5 [V, [ Y, [SIN(Ey, — 65+ 6)

3
oP,

3 |V2 | :|V3 ||Y32 |COS(932 _53 + 52)

0
522 =V, [IV1 Y21 [€08(6yy = 6, + )+ [V, [[V; [ Yo5 | €OS(O5 — 5, + &)
2

0
D _ v, IV, [1V,s | c0S(6,, — 8, + 63)
03,

0 . . .
% == |V1 ”Yzl |Sm(921 - 52 + 51) -2 |V2 ”Yzz |SII’1 922_ |V3 ”st |Sln(923 - 52 + 63)
2
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1. Initial values:
V,=1.0520 pu  V,|=104pu V0 ]=1.0 &7 =00 & =00
2. Calculate P,®, P,® and Q,™ by eq. (1) and (2) and then AP,, AP, &, and AQ,®,
e.g.. AP =P P = _4,0-(~1.14) = —2.8600
AP =P — (% =2.0-(0.5616) =1.4384
AQY = Q" - Q¥ = -2.5—(-2.28) = -0.2200

3. Calculate J, solve A|V,®)], A5, and A8,® and then |V,&*1)|, 5,(+1) and 8,1 | e.g.:

—2.8600] [ 54.28000 —33.28000 24.86000 ]| AS” AS® =-0.045263 & = (0)+(~0.045263) = -0.0452653
1.4384 |=|-33.28000 66.04000 -16.64000 || A5 ASY =-0.007718 6 =(0)+(-0.007718) =-0.007718
-0.2200| | -27.1400  16.64000  49.72000 || A|V,” | AIV,9 |=-0.026548  |V,” |=1+(~0.026548) = 0.97345
0099218 [ 51724675 -31.765618  21.302567 | A%’ A6 =-0001795 5P =-0.045263+(~0.001795) = ~0.04706
0.021715 |=|-32.981642 65.656383 ~—15.379086 || AG;’ ASY =-0.000985 & =0.007718+ (~0.000985) = ~0.00870
|-0050914] | -28.538577  17.402838  48.103589 J A|V," | AV [£-0.001767 |V, |=0.973451+(-0.001767) = 0.971684

4.  Stop after 3 iterations: Vv, =0.97168/-2.696° V,=1.04,-0.4988° ¢=25x10"

5. Calculate: _ _ ) _
Q; =— V5 IV, [[ Yy [SIN(Oy;, — 55 +0)— |V, IV, || Yay [SIN(Gy, — 03 +5,)— |V, || Yag [ SING,, =1.4617 pu

P =V, | Yy, |cos 6+ |V, ||V, || Yy, | €OS(8, — 8, + &,)+ |V, ||V || Yys | COS(O, — 6, + 5,) =2.1842 pu
== |V1 |2|Y11 |Sin 911_ |V1 ”Vz ||Y12 |Sin(012 _51 +5z)_ |V1 ||V3 ||Y13 |Sin(913 _51 +53) =1.4085 pu
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Procedure of the F-D Method
1. Initial values:

V;=1.0520 pu  |V,|=1.04 pu
Calculate P,®, P,® and Q,® by eq. (1) and (2) and then AP,®), AP, and AQ,", e.g.:

VO =10 62=00 6&”=00

2.
AP =" — P9 =—4.0—(-1.14) = -2.8600
AP =P —P[” =2.0-(0.5616) =1.4384
AQW = Q5" —Q® = —2.5—(~2.28) =—0.2200
3. Use B’ and B” to solve A|V,®)|, A5, and A3, and then |V,&+1)|, §,&+1 and §,+D |
e.g.:
—-2.8600
ASP]  [-0.028182 -0.014545]| 1g | [-0.060483 8;” =0+ (—0.060483) = —0.060483
Aéé‘”] ! {—0-014545 —0-023636} 14384 | {—0-008909} Ei> 5" =0+ (—0.008989) = —0.008989
| 1.04
AN = _[ —_11 l —0.22 ] — 0.0042308 V, | =1+ (~0.0042308) = 0.995769

52]| 1.0

4. Stop after 14 iterations: v, =0.971682-2.696° V, =1.04/ —0.4988°

5. Calculate:
Q, =1.4617 pu

P, =2.1842 pu
Q, =1.4085 pu
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