ECE 422/522

Power System Operations & Planning/
Power Systems Analysis Il

2 — Synchronous Machine Modeling

Spring 2014
Instructor: Kal Sun



Outline

« Synchronous Machine Modeling

* Per Unit Representation

« Simplified Models for Stablility Studies



Synchronous Generators
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Types of Rotors

Salient pole rotors

— Concentrated windings on poles and non-
uniform air gap

— Short axial length and large diameter

— Hydraulic turbines operated at low speeds
(large number of poles)

— Have damper/amortisseur windings to help
damp out speed oscillations

 Round rotors

— 70% of large synchronous generators
(150~1500MVA)

— Distributed winding and uniform air gap

— Large axial length and small diameter to limit
the centrifugal forces

— Steam and gas turbines, operated at high
speeds, typically 3600 or 1800rpm (2 or 4-pole)

— No special damper windings but eddy in the

solid steal rotor gives damping effects Round rotor generator under construction
4 (Source: )
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Generator Model .
Flux linkage with coil a (leading the axis of a by «t)
v, = N¢cos wt
Axis of coil
Induced voltage: | (Lo AT a
d W . . (reference)
e, = _d—ta =wNgsinot = E__ sin ot

(reaches the maximum at the current position)

¢ _P 1 (n:synchronous speed in rpm; "
2 60 P: the number of poles)

Assume: i, is lagging e, by (i, reaches the :
maximum when mn aligns with aa’)

=1 sSin(ot—y) i,=1_. Sin(a)t—y—%ﬁ) =1 Sin(a)t—j/—%ﬂ)

Magnetic motive forces (MMF’s) of three phases:

F, = Ki, = F;sin(ot -y) 3 F. is orthogonal to mn and
i e e 2 F=-"F revolving synchronously with MMF
R = Ky = Fysinet = =31) » 20" F. due to the rotor

F.=Ki,=F, Sin(a)t—y—%ir)



Under Steady-State Conditions o
* F, + F, gives MMF F in air gap
* F, induces EMF E_,
* F,, results air gap flux ¢, to induce EMF /féii? Zf
Es=EatEar (reference)

For a round rotor, define the reactance of the
armature reaction

Xar: 'Ear/(jla)
Terminal voltage V, resistance R, and leakage and
reactance X, satisfy

E, =V +[R, + j(X, + X )II, =V +(R, + jX)I Fot

. n
rd

X=X+X,, is known as the synchronous reactance
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Stator and Rotor Windings

Armature windings: Axis of phase b\ i

e a-a, b-b’ and c-c’ windings 5

Armature winding \ Field winding
. . L]
Rotor windings: \ »
» Field windings A
Damper windings é)—[\
d-axis

— Field winding F-F’ produces a flux on

] 3
the d-axis. Y6
C @\ Yo, Rotor
Damper windings " T SSncd 8
. Alr gap . R
— Two damper windings D-D’ and Q-Q’ - oD 2 b
respectively on d- and g-axes P Axisiof phase:d
) : ,,f tato
— For a round-rotor machine, consider a -
second damper winding G-G’ on the Axis of phase ¢

g-axis (two windings on each axis)

foialnumber of windings: ANSI/IEEE standard 100-1977: the

* Salient pole: 3+3 (discussed here) quadrature (q) axis is defined to lead the
* Round-rotor: 3+4 d-axis by 90°




Rotation

Winding Circuits G B,

* Equations on the EMF g-axis
(electromotive force) and flux
of each winding

e, =dy,/dt — R, i,

Vo = —laala = lapiy — laclc + lapip + lgpip + laQiQ

e-=d yi/dt + Rexic

Vr = —lpala = lpplp — lpcic + lppip + lppip + lpgig Rotor
Vg iaa Eab Eac : iaF iaD iaQ —ig] « Stator self-inductances (I, I, I.)
b —1 -

A @ bbb be R | I « Stator mutual inductances (I, |, |..)
Ve leca lev lec | ler lep lcQ —l¢

—l=1- - - | - — — « Stator-to-rotor mutual inductances (I g, lyp, 1,0)

aP 'bD’ *aQ

VF [ [ [ [ [ [ Ip
v Fa e lre | ler lep o leg * Rotor self-inductances (I Ipp, log)

b lba lop e | lpr lpp lIpg l_D _
| Vol lQa lQb ch | lQF lQD lQQ | ig | Rotor mutual inductances (Igp, Ipo, Irg)

v Lec Leol[—i Most of the efforts in synchronous machine
W“bcl = LSS LSR] li “bcl modeling is to find constants and make the EMF
Fbe Rs “RRILTFDQ and flux equations be simpler



U8 laa lab lac |
Yp lba lbb lbc |
Ve lea lep lee |
“=t- - - |
WVr lra lep lrc |
¥p lDa lDb ch |
o lQa lQb ch |

— — — | Wb-Turns

e The matrix is symmetric because the mutual inductance by definition is the flux
linkage with one winding per unit current in the other winding, i.e.

Ly = Nyx @y /0, = NexNy <Py, =1,

Xy —

N, ~ turns of winding x

@,,, ~ mutual flux linking windings x and y due to current in winding y

P,, ~ permeance of the mutual flux path

« Asalient pole machine has significantly different permeances in d and g axes,
such that the P,, involving a stator winding (e.g. P,, and P,¢) is a function of
the rotor position o and reaches the maximum twice during 0°~360°

P, =~ PytP,C0s2a,

It is advisable to consider d- and g-axis
components of P, individually



Stator self-inductances (I, ., I..)

* |, Is equal to the ratio of flux linking phase a

A i ) _ Axis of phase b\ g-axis
winding to current i, with zero currents in all
other circuits, and an be approximated as
Armature windi ke Field windi
Iaa: I-aaO + I—aaZCOSze == AN

» Detailed calculation:

— MMPF, has a sinusoidal distribution in space with
its peak centered on phase a axis. Resolve
MMF, into two MMFs centered on d and g axes

MMF,4 has peak = N,i,cos6

d-axis

MMF,, has peak = -N,i,sin6 Axis of phase ¢
— Air-gap fluxes
Dgag = (N,1,C080)Py - Add the leakage inductance:

Daq = (N, SINO)P, oo = by + 1

D o= PypgCOSO - D, SINO= N, i, (P €0s%0 + P sinZ0) =Ly + Ly + L, cOS20
_ =L, + L, cos26 L,>L, >0
= Naia(Pd;Pq + sz Pq C0s26)
|.=L. + L. c0s20
Igaa = Naq)gaa/ia: Nza(Pd-lz-Pq + szpq €0s20)

l,,=L + L, cos2(6-2n/3)
= Lgo + Ly cOS26 l.=Ls + L, c0s2(6+21/3)
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Stator Mutual Inductances (I, |, |..)

* |, <O since windings a and b have120°
(>90°) displacement

 Has the maximum absolute value when
0 = -30°9 or 1500,

 Detailed calculation:
Dy = Dyyq€COS(0-27/3) - Dy SIN(O-271/3)
=N,I,[P4c0s0c0s(6-27/3)+P,sinOsin(0-27/3)]

= Nial - 29+ PoPagos(26-2n/3)]

lyna = Na@ o/, = -Lyo/2 + L;,08(26-27/3)

— Add leakage flux:
= Ly - Lyo/2 + L;,c05(20-27/3)
= -M, + L, c0s(20-27/3)

Iab — Iba

M, ~ L /2 =-M; - L c0os2(0+m/6)

11

6= -30°

(p)
+

n

6=150°

q

c

l.p = -M; - L,,cos2(0+n/6)
e = -M - L,,c082(0-n/2)
l., = -M - L,,c0S2(6+57/6)




Stator to Rotor Mutual Inductances

(lies e Lees laps lops leps IaQ’ IbQ’ ICQ)

» The rotor sees a constant permeance if neglecting
variations in the air gap due to stator slots

* When the flux linking a stator winding and a rotor
winding reaches the maximum when they aligns with

each other and is 0 when they are displaced by 90° C
» d-axis
l.e = Iz, = Mgcos6 l.p = lIps = M Cc0sO
l.e = . = Mg cos(0+2m/3) l.o = Ip. = Mp cos(6+27/3)
* g-axis

IaQ = IQa = - MQ Sine

12



For Salient-pole Rotors

STATOR  SELF [NOUCTANCES

STATOR_ MUTUAL INDULTANCES

STATOR - TO- ROTDE.  MUTUALS —— D-AXIS

l.aq_

La‘

—le e o

. ' v, ®
Laa=lytlp 570 | e ¢
|
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!
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: /\ Lyy= Loy = My eos (@ - ZX) H
| .
L B
N \/ \/
Lé‘& ‘{-t'F LFC F £es (G ) ”

Which of the curves will be different for round rotors?
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Rotor Inductances (Ieg, lpp, loos Ieos Iror Ino)

* They are all constant
— Rotor self inductances

— Rotor mutual inductances

_ A
lrp = lor = Mg

14



Summary
‘l’abCI [Lss LSR] [ labc]
VFDQ Lrs Lggrllirpg

T 5m\]
L.+ L, cos20 —M,—L,cos2 (9 + E) —M,—L,cos2 (9 + ?)

e 271 T
Lgs =| —M,—L,cos2 (8 + E) L+ L, cos2(0— ?) -M, — L, cos2 (8 - E)

57 T 2n
-M,—L,cos2 |0+ 3 —M,—L,cos2 (9 — E) L.+ L, cos2(0+ ?)

M cosB M pcos6 M ,sind
270 270 . 270
Lop = Mcos (9 - ?) Mjcos (9 - ?) M sin (9 - ?)
270 270 . 270
M cos (9 + ?) M cos (9 + ?) Msin (8 + ?)
LRS= LTSR Onl L i
* Only Lgg is constant
L. My 0 * Lss and L¢; are 6 or time dependent
Lrr = [’%R LoD LOI * How to simplify Lgs and Lgg?
? — Diagonalize Lgg
What if we define g-axis lagging d-axis by 90°? =~ — Remove time dependency

15



Observations
\lfabc] _ [LSS LSR] [ labc]
VrpQ|  [Lgrs Lgrll iFpg

* All harmonic terms in Lgs (15t harmonic) and L, (2"4 harmonic)
are due to the rotor rotating relative to a, b and c to cause
variations in permeance

« Constant L, doesn’t have harmonic terms because it is in a
reference frame rotating with the rotor

Wepg = - Lsg lane + Lrr DO
Lsr lane = “Wepo + Lrr IFDO

L. I, May be represented by functions independent of 6

— Represent stator currents and flux linkages also in a reference
frame rotating with the rotor.

16



Vepo T Lsg lane + Lrr iFDQ

e =l el = lele +leple IFD o+ Irolg
= -Mg[i, cosO + i, cos(8-2x/3) + i, cos(0+27/3)] + Ll + Miig
=K~
o = -lipla- lply—lple  +lpelg IDD b+ Ipolg
= -Mp [i, cosO + i, cos(0-2n/3) + i, cos(0+2m/3)] + Mgie + Lpip
=KaXy
Yo = 'laQia' IbQib_ Ichc IQF F IQD D IQQ Q
= Mqsing i, + Mg sin(6-27/3) i, + Mg sin(0+2n/3) i, +0+ 0 + Ljig
= MQ [i, SINO + i, sin(B-2x/3) + i, sin(0+27/3) ] +LQiQ

=Ksx1,

17



Park’s (dq0) Transformation

For balanced steady-state conditions:

e Define .= I, sinat 1,= 1, sin(at - 21/3)

i.= 1 sin(at + 2n/3 . :
ij= Kq[iy cOSO +i, cos(0-2n/3) +i. cos(0+27/3)] ( ) 4= kg Iy sin(et-6) X 3/2
iy= - k, [i, SINO +iy Sin(0-27/3) +i, sin(0+27/3) ] | > 15= Kq Iy COS(a04t-0) X 3/2

0=w,t+0,, o=,

id: -kd Im Sin90><3/2
| > | Constant
i;= -kq I, C0S6y X 3/2
 Define
. :k 1 + + [ 2 2 |
|0 0(|a Ib Ic) id kdcgsg deGS (H_ ?") de{}S (H-I' ?,‘) i
i
iq:k'gk'ﬂz k'ﬂzlib}
i| | Thasing - qsm( —?”) - qsm( +?”) i
ko ko ko

What if we define g-axis lagging d-axis by 90°7?

18



Park’s Transformation Matrix - P

Wabc] . [Lss LSR] [ labc]
VEDQ Lgs Lgrllirpg

P = 2 -
—kysiné —kqsin(ﬁ—? —kqsin(6+?7r)
0
v dq0 ’ ]’W abc] ’ ]’LSS LSR] P 1
IPFDQ 0 I3 WFDQ 0 I3]lLgs Lgr

\quol . [L'ss L'SR] ~l4q0
VrpQ| T IL'gs Lgrl| iFpo

We hope L’'rs= (L'sg)T like Lgs= (Lsg)T

L'rs= Lrs P= LTgg P*=(P T Lgg)"

(L'sp)" = (PLgr)"

P-T=P or PTP=I (P is a unitary matrix)

Kg=K —\[and Kq= \/_

_ 27\ 7
kycos@ kdcos(ﬁ'—?’r) kdcos(g‘l'?”)

\|’dq0: P Wabc

I3

ol[P 0”—iabc
0 I3 |iFpg

]=

qu0: P labe

[PLSSPl PLSR‘ [_idq(}
LesP™!  Lgg || iFDQ

p 2
K

coso Ccos (

0 2“) (e + Zﬂ) |
3 COos 3

—sin® —sin (e - %ﬂ) —sin (8 + 23_71:)
[1/v2 1/V2 1/V2
[ cosH —sin® 1/V2]
- ﬁ cos(6-25) —sin(6-25) 12
e R e

19
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Flux Equations after Park’s Transformation

g
Vq
Vo

VF
VD
Ao}

WVd

Yo

[ Ld 0 0 |
0 Ly 0 |

0 0 Ly |
kMg 0 0 :
kMp 0 0 |
0 kMg 0 |

_LO

Ly kMg

kMg Lg

kMp Mg

Mg
0

kMp,
Mg
Lp

O ——]d k— E
kMQ —iq B 2
O Nl L Lo+ Mg+ 3L,2
0 || ip | L¢=Le+ M- 3L,/2
0 ||1 _
Lo _ig_ L= L, - 2M,
_iO-
_id
Ip
Ip
kMg || —iq
LQ | lQ _

20




I Ry — |
Voltage Equations ﬁl’j} e 00 i Y4y y
- ¢r(O lry2lr —
e=dy/dt + Rxi L i
) ) ) i i Rp My \\&\Rﬂ jlﬂQ
Stator: y and i are in opposite directions Il il lwp [ ;
> — - S b b
Rotor: wand i are the same directions ¢p =0( ‘DJr-Lm/ Wk "\l”“.{-.--.i " b,
_ _ o o 4 . ,-;/ Ly R' 4
Ca e l/]a Ra _ia R ‘% \P/;Mlcc ’
& & | |V R, 0 —, Lie, /:‘( R, ey
€ € |_ Ve R I B ) oy ﬁ
Yo ol R i i “a £ &
F F F .F Y - K’ v
€ = 0 ‘/7D 0 RD I
. . A neutral line is added compared to slide #8
&=V [0] |¥o] | Ryl 1o | ( P )
[ €abc abc —lapc Vabc €n
e R irpo | T 1Wepol T L0
| “FDQ FDQ FDQ VFDQ
Neutral line:
. e, 1 R, R, R, L, L, L, q I
e, =|e, |=—(R,i, +L,— R, R, R, || [—]L, I a Iy
e, 1 R, R, R, ||I. L, L, L, I
i d .
=R 1, . —L_ —I
n"abc n dt abc

21



[eabC] _ Rabc ][ labc] [\Vabc]
€FDQ 0  Rgpollirpg VEDQ

Assume R, =R, =R,

R, R

R 2 R, | Rg2 Rp

R, RQ

€dqo = P-eapc Wago™ P Wanc iqu: P labe

'edqn] [P 0] [eabc"

€l [0 I3 eFDQ | |
B I[ [_iahc‘ +[P Ol ]:pabc +[P 0
N | 0 RR iFDQ 0 13 YEDo 0 l3~ -
_ ” ”P ! 0] P 0”—iabc]+ P 0] Vane| [P O]
B hO I3/[0 RgJL 0 I3J10 I3flippgl [0 I Vppg| 10 Isll
_[R O ] [_iqu] + P Wape n [P-En]

_0 RR iFDQ i WFDQ 0

22




P'\.Vabc

[Edqﬂ] [ ‘ [_idqu] +
°rQl ™ [0 RgJlippg

P'l.pahci 1.pdq[]‘

. d(P\,V b )
\quO - dta -
 cos . o420)]
: cos cos( 3 ) cos( 3 )
P= |- . ) 27 . 27
3|—sin® —sin (B — ?) —sin (B + ?)
[1/V2 12 172
T 2T
| 5 —sinb-®, —sin (E} — ?) O,
P= |- 2T
3|—cosb-0, —cos (E} — —) O,
0 0

P'fl"ahr:
YEDQ

P ;“]

cosf

-1 _ 2(:05((3!—2—TE
P==13 3

) 2T T
—sin (8 + ?) Jom

2T

—CO0S (E} + ?) o

0

23

P‘Vabc + P\Vabc_PP quO + PWabc

) —sm(ﬁ——) 12
_cos(8+23—ﬂ) —51n(8+3) l/\/_

1/V2)

—sinb

0=w,t+0,



. . o —1
P-w,c=Waq0 — PP "Waqo

0 o 0 OV,
Waqo ~|~@ 0 0)Waq0 Waqo + | “rVa
0 0 O — 0
/ ;

Transformer voltages due to flux Speed voltages due to
change in time (=0 under flux change in space
steady-state conditions)

S £ 0+Yq — (DT'(_Ldid + kMFlF —+ kMDlD) — (DT-Ld(_ld) + O)T'kMFiF + (DT'kMDiD)
0 0 0

24



P-e,

P = P ('Rn iabC

=-P Rn P-l P iabc

=-P Rn P-l iqu

PR,P™ =

Note: P L,, Px dP/dt xi

o o o

o O o

o O

w
A0

- Ly dig /it )

-PL,P1Pdi
- P L, PL (digge/dt — dP/dt xi )

PL P =

=0

abc

o
1>

o o o

ndq0

apcldt

o o o
w
- © o

25
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—sinf-0, —sin (

0

cosb

8__

i 2 21\ 1
cos®  cos (8 - ?) cos (9 + —)
27‘[ ZTE

—sinf  —sin (8 - ?) —sin (9 + —)

[1N2 12

—cosf-0, —cos (8 - 23—7[) ‘Op
0
R, R,
Rn — Rn Rn
R, R,
L, L,
Ln = I—n Ln
L L

n

—sinf

ofs-2) (-2
as(0+2) om0+

3 )'(Dr

3

3
12

1/V2]
1\2
1/V2]

—sin (8 + ?) ‘O

—C0s (8 + 23—7[) "Or
0

R,
R,
R,

I—n

I—n

L




|

o] =[o el (o] +
€] [0 Rgllippg

P'fl"abc
YEDQ

==

equ] _ [R 0 ] _iqu n
eFDQ 0 RR iFDQ

Ra+ 3R,

OOOO|
o oo

0
0
0
0
(D‘r'Ld COTkMF (DrkMD
0 0 0

-

—rLg

0
0
0
0

+

o

VEDQ

_ iO_ -LO

P-e,
0

3]+ [

0
+3L,
Ly kMg kM
KMp  Lp Mg
Mp Mg Lp
‘Lo + 3L,
Ly kMg
kMg  Lg
kMp Mg
—iy]
g
ip
)

" 26

L, kMg
KMq Lo |
kMp
Mg
Lp
Lq
kM

xd

i [ 0
i 0
F /dt + 0
—lg WY
i L0
_io-
_id
If
_iq
ig |




Voltage Equations after Park’s Transformation

07 [Ra+ 3Ry 0 0 0 0 0 1r—io]
€dq 0 Ra 0 0 _(DTLq —(DrkMQ _id
€r| 0 0 Rg 0 0 0 Lp +
ep| 0 0 0 Rp 0 0 ip
€q 0 o,Lg kMg ©,.kMp R, 0 —lg
_eQ_ | 0 0 0 0 0 RQ JL iQ J
_LO + 3Ln } '—iO'

Lg kMg kMp —ig

kMg Lg Mg g

kM, My Lp xdf ;o |/dt

Ly kMg —lg

27



Winding Circuits after Park’s Transformation

€07 [Ra+ 3R, 1M—io] [Lo *+3Ln 1 [~o] r 0
eq Ra _id Ld kMF kMD —id _(DTWq
er _ RF iF kMF LF MR iF 0
€ép - RD LD + kMD MR LD xd LD /dt + 0
€q Ra —lq Ly kMg ~lq OrWYd
_eQ_ | RQ_ | lQ | | kMQ LQ ] | lQ | - 0
Reok, o » d—axis flux causes a speed
o i voltage o,y in the g—axis winding
07 n- e

» g—axis flux causes a speed
voltage — w,yqin the d—axis winding

£=1¢ F.de
q Jwire

q
‘ =?§ (E+vxB)-de
J wire
d
©
iq
Ry >
iq | W + q@ Wy OIG’_)
e, o d
eqg=0 W, -
D ¢

28



Alternative Park’s Transformation

1,= |, Sinat 14= Ky 1,,, sin(o t-0) X 3/2
I,= I, sin(a.t - 2n/3) < P > 4= -Kq 1ry COS(t-0) X 3/2
|, sin(at + 27/3) = Ko(iy + iy + i)

* If ky=k,=2/3 and ky=1/3, a unit-to-unit relationship holds between abc and
dqO variables.

) o 2y cosb —sinB 17
cosB  cos (8 — —) Cos (G + —) 2n ) 2m
3 3 _1 _ |cos (8——) —sin (8——) 1
P=—-| _ 2N 2m P~ = 3 3
3|—sinB —sin (8 - —) —sin (8 + —) 2n ] 2m
3 3 cos (9 + —) —sin (8 + —) 1
[ 1/2 1/2 1/2 - 3 3/ -

By defining proper base
Inductances, the matrix
may become symmetric in
per unit




Per Unit Representation

Table 4.1. Electrical Quantities, Units, and Dimensions
Quantity Symbol Units Dini::;:ions Relationship

Voltage v volts (V) [v]
Current i amperes (A) (4]
Power or voltamperes porS watts (W) [vi] P vi

voltamperes (VA) ' .
Flux linkage A weber turns (Wb turns) [vr] v A
Resistance r ohm (22) [v/i] v =ri
Inductance LorM henry (H) [vt/i] v Li
Time t second (s) (r]
Angular velocity w radians per second (1/1]

(rad/s)

Angle ford radian (rad) dimensionless

Quantity in p.u. = Actual quantity / Base quantity

X =

X

p.U.

Xbase

30



Base Quantities for Synchronous Machines

Sbasemlbase Chase Zbase - ebase/ Ipase I—base - Zbase/ WDhase
Whase ~ Lbasexlbase Tbase~ Sbase/ WDhase

 For steady-state conditions, only two base quantities for each voltage level
should be provided, e.g. e, and I,,.., Or S, and e, ..

» Considering dynamics, 3 base quantities are needed, e.g.

- fbase’ ebase’ Ibase — Sbase’ Zbase’ I—base, Wbase’ Tbase
- fbase’ ebase’ Sbase — Ibase’ Zbase’ I—base, Wbase’ Tbase

Base |d a0 |F D [Q
- fbase 1:base 1:base 1:base 1:base fbase

31



Stator Base Quantities

 Using the machine ratings as the base values

€. pase (V) peak value of rated line-to-neutral voltage
Ispase (A) peak value of rated line current
fiae (HZ) rated frequency
« Accordingly:
- 83¢ base (VA) = 3ERMS base>< IRMS base — 3(63 base/\/i)x(is base/\/i): %es basexis base
Zs base (Q ) s base/ Is base
Ls base (H) :Zs base/ Whase
— M, (€lec. rad/s) =27f 06
Wpase (Mech. rad/s) = 0,50 %(2/P5)
- tbase (S) =1/ Dhase =1/ (anbase)
~ s pase (Wb ay rns) :Ls base>< is base= €s base/ hase
Tbase (N m) = S3¢ base [ base — 2 (sz) ¥s base Is base

Base d g 0 F __[D Q0
- 1:base 1:base 1:base 1:base 1:base 1:base

€< base €5 base €5 base S3¢ base SS¢ base SS¢ base

is base is base is base



How to select rotor base quantities?

Base |d g J0o JF D Q
- fbase fbase fbase 1:base fbase fbase

€< base €5 base €5 base S3¢ base S3¢ base S3¢ base

is base is base is base iF base iD base iQ base

inase' iDbase and inase should
enable a symmetric per-unit

inductance matrix
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l
o

o L, 0 0 M, O L
Vyq 0 Lq 0 0 MQ —ly Wy
W 0 0 L 0 0 0 | 7,
AMED I ol
Ve 5 I Ve
vo| [GMo 0 0 My Ly 0 i 7
Yq 3 iQ ‘/7Q
S0 Mg 00 0 L |0 R
\p] _ LdXid MFXiF MDXiD
Vs base Ls base X is base Ls base X is base Ls base X is base
— _ LXm:d + MFXiF.base X - IF + MDXiD'base X - ip
LspaseXlsbase  LsbaseXlsbase LFbase LsbaseXlsbase LD base

Wdz—zd de +MF XZF-I_MD XZD

3 MpXig Ly X ip Mg X ip

2 LF base X iF base

_VYr
VF base

LF base X lF base LF base X lF base

ip

iD base

_ _3_MrXispase . _ld n LEXip n MRXIp base _ s,

2 Lr paseXiF base  lsbase Lf paseXiF base  LF baseXIF base

== _M,F de +ZF XzF +MR XZD

Y
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o zl@ o
O~\Q ~

-5 _3
mbaseLF base I F base_z WDhase

0 0 @ M, O |[-i]
L, 9 0 0 M, -,
0o L,b 0 0 0 |-i
0 0 L. M, 0 |i
0 0 M, L, O |Ti
My 0 0 0 L.
MFZM,F

MEXIF pase _E MFEXis pase

Ls paseXis base 2 LF baseXlF base

. 3 .
2 -2 2
LF base I F base_z LS base I S base

3 .
2
LS base I S base

] 3 ]
€F base IF base _E €5 base Is base

= S3¢ base
:eD base ID base

:eQ base IQ base




Rotor Base Quantities

wv,] L, 0 0 M, M, 0
7,/ |0 L 0 0 0 M,
7|10 oL 0o 0 o0
7| M. 0 0 L M, 0
vl M. 0 o M, [ o
7| |0 My 0 0 0 L

- Stator self-inductance Ly or L, can be split into two parts:

— Leakage inductance due to flux that does not link any rotor circuit
— Mutual inductance due to flux that links the rotor circuits
 Stator leakage inductances in d and g axes are nearly equal. Then

Zd — Zl + Zad

Zq — Zl + Zaq

« Assume that all the per unit mutual inductances between the stator and
rotor circuits in each axis are equal

Mg = Lag

« Some references suggest rotor mutual inductance My = L, to further

simplify equivalent circuits
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Loaa = Mp = Mp
Lad o MF ><inase o MD X iD base

Ls base Ls base X is base LS base X is base

. ad .
LF base = M_F X 1s pase: A
eF base—S3¢5 base [ Ir base, \

A i — 12
ZF base— eF base / Ir base _83¢5 base/ I“F base’ Q

A
I—F base— “F base / Mpase H

Ve base = LF base™ IF baser Whb-turns

|\/IF base = LS base X IS base / IF base
o ad 5
LD base = M X ls pase: A

D

eD base— 83¢ base [ ID base, \
— : A 12
ZD base™ eD base / ID base — 83¢ base [ D base? Q

A
I-D base— 4D base / Mpase H

YD base = I-D basexlD base? Wh-turns

I\/ID base = LS base X IS base / ID base

Laq — MQ
Laq . MQ ><lQbase

Ls base Ls base X is base

Lag
lQ base — MQ 1% lS base A

eQ baseé 83¢ base / iQ base, \

ZQ base™ eQ base / iQ base = 83¢ base/ i2Q base! Q
Lo base= Z0 base / @pase » H

Yo base = Lo base X0 baser VWH-tUrns

MQ base — LS base < IS base / IQ base

§I c;sl ;gl | S| QSIQSI'
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L.q-Laq Pased per unit system

L, +L,, 0 0 | Lyg Lyg O]
0 Li+Leg O | 0 0 Ly
0 0 Ly | 0 0 0
= — — — | — — — |x
Laa 0 | Le Mg 0
Loy 0 | Mg L, O
0 Lg 0 | 0 0 L




Per Unit Voltage Equations

€d4q0 — _Riqu + \iquo +S+ Nyqo
erpQ = RRrippQ + VEDQ

lq

ed RCl p\Vd _(Dr\l!q O O
eq| = — R, g+ |PYq|+| 0orwg |=| O |- 0
€o Ra iO PVo 0 3Rni0 3anl0
e R i PVF

I(i _| Rp ig + [pwp p=d/dt differential operator
0 Ro]lie] 1PVa

» Divide both sides of each equation by one of the following:

eS base - CObase X \VS base - (Dbase X LS base X IS base :ZS base X IS base
eF base - (Dbase X (U= base - (Dbase X I—F base X IF base :ZF base X IF base
eD base - CObase X Vp base - (Dbase X I—D base X ID base - ZD base X ID base

eQ base — ®base X \VQ base — Pbase X LQ base X iQ base — ZQ base X iQ base

37



For example:

€a _ __ RaXlg PVa B Or Y,
€s base Zs base X is base MOpase X Vs base MOpase X Vs base
* Note: b _ d _ thased _ d_ 23 Per unit differential
Opase  Dpasedt dt dt operator
eq = —Rq Xiqg tpy, —0ry,
er  _ Rp X i PVF
€rpase ZFbase X lFbase Obase X VF base
e R, i [PVa| [--Y, 0 0
eq|l = — R, ig[+[PVa| | By, | = V[~ 0.
0 Ea _Zo_ _Wo_ 0 3R, i 3L,pig
er| Rr _ EF P__\lfp
O — RD iD + p\ll[)
0 EQ- zQ _WQ_
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Per Unit Power and Torque

eq R, g PVYd -0, Yq 0 0
’eq‘ = — R, } ig|+ |PVq|+ | ©orygq || O l—’ 0 ]
€o Ra1|iy PVo 0 3R, i 3L,pig

 Instantaneous power at the machine terminal:
I:)t: eaia-l_ebi +ecic = [ea € ec]x[ia ib ic]T = [ed eq e0] XP-TP-1x [id iq i0]T
= [ed eq e0] X(PTP)_lx [id iq io]T

12 0 0 X 1 0 0
P'TP==-10 2 0|, (PTP)I==|0 1 0

_ 3, . : : 3 2

P= (84 19+ €q1g+2€4 o) 0 0 1 0 0 2

3, . : .
ZE(ed I+ €41y) (under balanced conditions)

.. 3
Divided by S3¢ base — Ees pase™!

s base

3 - . . . . .
I:)t: E [ (Id PWq + Iq p\Vq) +(\Vd Iq - \Vqld) @y - (|2d+ I2q)Ra]
Power transferred
across the air-gap

* The air-gap torque (i.e. electrical torque):
3 . . 3 . .
Tezz (\Vd Iq - \Vqld) a)r/a)mechzz (\Vd Iq - \Vqld) pf/2

y 3 . ) [ To= 9y -7,
Divided by Tbase - E(?)‘/fsbasexls base e~ Vala Wq ¢
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Per Unit Reactance

X=2nfL
X  2nf o L
Zpase 2Tfpase Lpase
e |f f:fbase
X =1

* The per unit reactance of a winding is
numerically equal to the per unit inductance.
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