UNCERTAINTY AND BAYESIAN NETWORKS

CHAPTER 13, 14.1-2
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Outline

¢ Wrap-up Uncertainty
{> Bayesian networks (Ch. 14.1-2)
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Wumpus World

14 2,4 34 4.4
13 2,3 3.3 4,3
12 2,2 3.2 4.2
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P;j =true iff [i, j] contains a pit

B;j =true iff [i, j] is breezy
Include only B 1, B2, Ba1 in the probability model
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Specifying the probability model

The full joint distribution is P(P; 1, ..., Py, B11, B12, Ba1)

Apply product rule: P(By 1, B12, Bo1 | Pia, ..., Pia)P(Pr1, ..., Pya)
(Do it this way to get P(Ef fect|Cause).)

First term: 1 if pits are adjacent to breezes, 0 otherwise

Second term: pits are placed randomly, probability 0.2 per square:

P(PLi,... Pra) = i?:mP(B‘,j) = 0.2" x 0.8107"

for n pits.
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Observations and query

We know the following facts:
b= —=b11Nbia2Abyy
Enown = —p11 A =p12 A =2y

Query is P( P, s|known, b)
Define Unknown = P;;s other than P, 3 and Known
For inference by enumeration, we have
P (P 3|known,b) = a2yuknownP (P13, unknown, known, b)

Grows exponentially with number of squares!
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Using conditional independence

Basic insight: observations are conditionally independent of other hidden
squares given neighbouring hidden squares
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Define Unknown = Fringe U Other
P(b| P, 3, Known,Unknown) = P(b| P, 3, Known, Fringe)

Manipulate query into a form where we can use this!
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Using conditional independence contd.

P (P s|lknown,b) =a ¥ P(P;3,unknown, known,b)

unknown

= « kZ P(b| P, 3, known, unknown)P(P; 3, known, unknown)

=a ¥ ¥ P(blknown, P 3, fringe, other)P(P, 3, known, fringe, other)
fringe other

=a ¥ ¥ P(blknown, Py 3, fringe)P(P, 3, known, fringe, other)

fringe other

= a ¥ P(blknown, P, 3, fringe) Z P(P, 3, known, fringe, other)

fringe other

= a ¥ P(blknown, P, 3, fringe) Z P (P, 3) P(known)P( fringe)P(other)

fringe other

= a P(known)P(P3) >~ P(blknown, P 3, fringe)P(fringe) ¥ P(other)

fringe other

= o'P(P13) ¥ P(blknown, Py 3, fringe)P(fringe)

fringe
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Using conditional independence contd.

13 13 13 13 13
12 22 12 22 T2 22 12 22 12 22
B B B B B
OK oK OK OK oK
11 21 31 I 21 31 11 21 31 11 21 31 11 21 31
B B B B B
OK OK ‘ OK OK OK OK ‘ OK OK ‘ OK OK
0.2x0.2=0.04 0.2x0.8=0.16 0.8x0.2=0.16 0.2x0.2=0.04 0.2x0.8=0.16

P (P 3lknown,b) = o' (0.2(0.04 4 0.16 + 0.16), 0.8(0.04 + 0.16))
~ (0.31,0.69)

P (P, s|known,b) ~ (0.86,0.14)
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Example

Question: lIs it rational for an agent to hold the following beliefs:

P(A) = 0.4
P(B) = 0.3
P(AV B) =05
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Example

Question: lIs it rational for an agent to hold the following beliefs:

P(A) = 0.4
P(B) = 0.3
P(AV B) =05

Look at probability of atomic events:

B|-B
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Example

Question: lIs it rational for an agent to hold the following beliefs:

P(A) = 0.4
P(B) = 0.3
P(AV B) =05

Look at probability of atomic events:

B|—-B
Alal b
-Alc| d

Then we have the following equations:

P(

P
P
P

A)=a+b=04
B)=a+c=0.3
AVB)=a+b+c=0.5
True)=a+b+c+d=1
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Example

Question: lIs it rational for an agent to hold the following beliefs:

P(A) = 0.4
P(B) = 0.3
P(AV B) =05

Look at probability of atomic events:

B|—-B
Alal b
-Alc| d

Then we have the following equations:
P(A)=a+b=04
P(B)=a+c¢=0.3
P(AVB)=a+b+c=0.5
P(True)=a+b+c+d=1

= a=0.2,0=02,c=0.1,d=05P(AANB) =a=0.2 = Rational
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Summary of Uncertainty

Probability is a rigorous formalism for uncertain knowledge

Joint probability distribution specifies probability of every atomic event
Queries can be answered by summing over atomic events

For nontrivial domains, we must find a way to reduce the joint size

Independence and conditional independence provide the tools

Chapter 13, 14.1-2

13



Bayesian networks

A simple, graphical notation for conditional independence assertions
and hence for compact specification of full joint distributions

Syntax:
a set of nodes, one per variable
a directed, acyclic graph (link ~ “directly influences")
a conditional distribution for each node given its parents:

P(X;|Parents(X;))

In the simplest case, conditional distribution represented as
a conditional probability table (CPT) giving the
distribution over X, for each combination of parent values
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Example

Topology of network encodes conditional independence assertions:

Toothache @

Weather is independent of the other variables

T'oothache and C'atch are conditionally independent given C'avity
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Example

I'm at work, neighbor John calls to say my alarm is ringing, but neighbor
Mary doesn’t call. Sometimes it's set off by minor earthquakes. Is there a
burglar?

Variables: Burglar, Earthquake, Alarm, JohnCalls, MaryCalls
Network topology reflects “causal” knowledge:

— A burglar can set the alarm off

— An earthquake can set the alarm off

— The alarm can cause Mary to call

— The alarm can cause John to call
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Example contd.

P(B)

P(A|B,E)
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Compactness

A CPT for Boolean X; with £ Boolean parents has

2% rows for the combinations of parent values @

Each row requires one number p for X, =true }ZA‘:{
(the number for X, = false is just 1 — p) @ @

If each variable has no more than £ parents,
the complete network requires O(n - 2¥) numbers

l.e., grows linearly with n, vs. O(2") for the full joint distribution

For burglary net, 1 +1+ 4+ 2+ 2=10 numbers (vs. 2° — 1 = 31)
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Global semantics

Global semantics defines the full joint distribution

as the product of the local conditional distributions: E)

P(Xy,...,X,) =1I_,P(X;|Parents(X,)) }ZA‘I
T ©

Compute probability that there is no burglary or earthquake, but the alarm
sounds and both John and Mary call:
i.e., P(jAmAaA—bA —e)
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Global semantics

“Global” semantics defines the full joint distribution

as the product of the local conditional distributions: E)

P(Xy,...,X,) =1I"_,P(X;|Parents(X;)) }ZA‘I
g ®

Compute probability that there is no burglary or earthquake, but the alarm
sounds and both John and Mary call:
i.e., P(jAmAaA—bA —e)

= P(jla)P(m|a)P(a|=b, —e) P(=b) P(—e)
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From topological to numerical semantics

{ Start from “topological’ semantics (i.e., graph structure)
> Derive the “numerical” semantics

> Topological semantics given by either of 2 equivalent specifications:

Descendants
Markov blanket
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Topological semantics: Descendants

Local semantics: each node is conditionally independent
of its nondescendants given its parents

Theorem: Local semantics < global semantics
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Topological semantics: Markov blanket

Each node is conditionally independent of all others given its
Markov blanket: parents + children + children’s parents
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Constructing Bayesian networks

Need a method such that a series of locally testable assertions of
conditional independence guarantees the required global semantics

1. Choose an ordering of variables X, ..., X,
2. Fort =1ton

add X; to the network

select parents from X, ..., X, _; such that

P(XAPCLT@RtS(XJ) — P(XL‘Xl, Ceey Xi—l)
This choice of parents guarantees the global semantics:

P(X,,....X,) = II'_ P(X;|X,, ..., X;_1) (chain rule)
= II'_ ,P(X,|Parents(X;)) (by construction)

()
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Example

Suppose we choose the ordering M, J, A, B, E

P(J|M) = P(J)?
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Example

Suppose we choose the ordering M, J, A, B, E

P(J|M) = P(J)? No
P(A|J, M) = P(A|J)? P(A|J, M) = P(A)?
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Example

Suppose we choose the ordering M, J, A, B, E

=

Burglary

(J|M) = P(J)? No
(A|J, M) = P(A|.))? P(A|J, M) = P(A)? No
(B|A, J, M) = P(B|A)?

(

P
P
P
P(B|A, J, M) = P(B)?
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Example

Suppose we choose the ordering M, J, A, B, E

Earthquake
-

P(J|M) = P

P(A|J,M) = P(A|J)? P(A|J,M)= P(A)? No
P(B|A,J, M) = P(B|A)? Yes

P(BJA,J, M) = P(B)? No

P(E|B, A, J, M) = P(E|A)?

P(E|B, A, J,M) = P(E|A, B)?
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Example

Suppose we choose the ordering M, J, A, B, E

Burglary

P(J|M)= P(J)? No

P(A|J,M) = P(A|J)? P(A|J,M)= P(A)? No
P(B|A,J, M) = P(B|A)? Yes

P(BJA,J, M) = P(B)? No

P(E|B, A, J, M) = P(E|A)? No

P(E|B, A, J,M) = P(E|A,B)? Yes
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Example contd.

Burglary

Earthquake

Deciding conditional independence is hard in noncausal directions

(Causal models and conditional independence seem hardwired for humans!)
Assessing conditional probabilities is hard in noncausal directions

Network is less compact: 1 + 2+ 4+ 2 + 4 =13 numbers needed

Chapter 13, 14.1-2 30



Example: Car diagnosis

Initial evidence: car won't start
Testable variables (green), “broken, so fix it" variables (orange)
Hidden variables (gray) ensure sparse structure, reduce parameters

alternator fanbelt

ater ag
bt
battery battery fuel line starter
meter flat blockeg broken

lo i




Example: Car insurance
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Summary of Bayes Nets

Bayes nets provide a natural representation for (causally induced)
conditional independence

Topology + CPTs = compact representation of joint distribution

Generally easy for (non)experts to construct
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Thought Discussion

> Where do probabilities come from?
Purely experimental?
Innate to universe?
Subjective to person’s beliefs?

> Are probabilities subjective?
Reference class problem

(See text, page 472)
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Thought Discussion for Next Time

¢» Human Judgment and Fallibility

> Do humans act according to utility theory?

(Read text, page 592)
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