Adaptive System

Evaluation Function
System (Fitness, Figure of Merit)

Control
Algorithm

Control Parameters -
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Gradient

0')F . . .
= measures how F is altered by variation of P,
k
o)
oP,
oF
VF = JP,
oF
\ Apm)

VF points in direction of maximum increase in F
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Gradient Ascent
on Fitness Surface




Gradient Ascent

/ by Discrete Steps
N
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Gradient Ascent Process

P=nVF (P)
Change 1n fitness:

. dF m JF dP m :
e S SLOm

F=VF-P

F =VF -nVF =q|VF| =0

Therefore gradient ascent increases fitness
(until reaches 0 gradient)



General Ascent 1n Fitness

Note that any parameter adjustment process P(7)

will increase fitness provided:
O0<F=VF-P= HVFHHPHCOS(,D

where @ is angle between VF and P

Hence we need cosg >0

or ‘Cp‘ <90
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General Ascent
on Fitness Surface




Fitness as Minimum Error

Suppose for O different inputs we have target outputs t',...,t°

Suppose for parameters P the corresponding actual outputs

arey',...,y°

Suppose D(t,y) € [0,%0) measures difference between

target & actual outputs

Let EY = D(tq,y") be error on gth sample

Let F(P) = -i_ E‘(P)= —i D[t*y(P)]



Gradient of Fitness

VF=V|-Y E*|=-Y VE"

q q
GE* aD(t",y") v
P, dB, Dt".y’) =2 o' P,
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Jacobian Matrix

/ay/ 3 ay/\

Define Jacobian matrix J? =

" - e,

Note J? € R and VD(t" ) e R

. IET 9y ID(EY
Since (VEq)k = aP E P, (&y" )
J

9

- (1) vofty)
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Derivative of Squared Euclidean
Distance

Suppose D(t.y) =[t -y = ¥, (1~ )’

e D T

~dD(t,y)
LR
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=2(y-t)



Gradient of Error on g™ Input
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Recap
P=n3 (1) ()

To know how to decrease the differences between
actual & desired outputs,
dy;

JP,’

which says how jth output varies with kth parameter

we need to know elements of Jacobian,

(given the gth input)

The Jacobian depends on the specific form of the system,
1n this case, a feedforward neural network
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Multilayer Notation

WAMW

x? | W! ! Wiz | Wi

SL—I SL
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Notation

L layers of neurons labeled 1, ..., L

N, neurons 1n layer [

s' = vector of outputs from neurons in layer /
input layer s! = x4 (the input pattern)

output layer s® = y4 (the actual output)

W' = weights between layers / and [+1
Problem: find out outputs y 4 vary with
weights W (=l
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Typical Neuron
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Error Back-Propagation

q

oW ;.

y

We will compute

starting with last layer (/=L -1)

and working back to earlier layers (/=L -2,...,1)
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Delta Values

Convenient to break derivatives by chain rule:
OE?  OE? Oh;

oW ohl ow!
IE
oh,
oE? ., Oh

So = 0.
-1 l [-1
&Wl.j &Wl.j

Let §, =
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Output-Layer Neuron
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Output-Layer Derivatives (1)

5iL_é’Eq= 0 Ek(S,f—t,f)z

Okt oh?
dfst - ¢7) L
. (Slcihfl) ey >§Z

~o(st - 1¢)or(ht)
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Output-Layer Derivatives (2)

where 8 = 2(sl.L — )G’(hf)
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Hidden-Layer Neuron
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Hidden-Layer Derivatives (1)
O , Oh,
an ST 0, &Wl 57

(Sl * JE“? =E JE? J h}i+1 =261+1 J Ii+1
SN e © oh!

k

Recall

i 0) Wes, awls
o' on  on

l

o - ol wie ) - h) Sl w,
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da(h.l)
dh!

K Wkli = Wklig,(h'l)

l



Hidden-Layer Derivatives (2)

é’hl 0,’ dWl -1 l 1
B -1 EWﬂlc_lsllc_l 2 e Si‘_l
ﬁWij ﬁWij = dW,-j
é)Eq [ [-1
e =0,
ij
where &; ’(hf )2 5,"'W,
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Derivative of Sigmoid

1
1+ exp(-ah)

Suppose s = 0(h) = (logistic sigmoid)

-2

Dy3=D 1+ xplan] =fivetec] by 1+

—-oh

s —(1 g )_2(—ae"ah) = (1 +ee‘0"’ )2

5 1 o _aS1+e_ah_ 1
M | S I\ e

=oas(l-s)
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Summary of Back-Propagation
Algorithm

Output layer: 8, =2as: (1 -5/ )(sf - th)

0’)E‘] 6L L-1
P
ij
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