Mathematical Description of
Discrete-Time Signals
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Sampling and Discrete Time

Sampling 1s the acquisition of the values of a continuous-time signal
at discrete points in time. X(t) 1s a continuous-time signal, X[n] 1s a
discrete-time signal.

x[n] = x(nTS ) where T is the time between samples
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Sampling and Discrete Time
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Sinusoids

Unlike a continuous-time sinusoid, a discrete-time sinusoid is

not necessarily periodic. If it 1s periodic, its period must be an

integer. If a sinusoid has the form g[n]= Acos(27wF,n+0) then

F, must be a ratio of integers (a rational number) for g [n] to be
periodic. If F, 1s rational in the form g/ N, (q and N, integers)in
which all common factors in g and N, have already been cancelled,

then the fundamental period of the sinusoid is N,,not N, / g

(unless g =1). Therefore, the general form of a periodic sinusoid

with fundamental period N, 1s g[n] = Acos(27mq /| N, + 9).
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Sinusoids
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Sinusoids
An Aperiodic Sinusoid
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Sinusoids

Two sinusoids whose analytical expressions look different,

gl[n]:Acos(Znan+9) and gz[n]:Acos(ZﬂFozn+9)

may actually be the same.

If

F,, = F,, +m, where m 18 an integer

then (because n 1s discrete time and therefore an integer),

Acos(27rF02n + 9) = Acos(27r(F01 + m)n + 9)

Acos(27tFO2n + 9) = ACos

(
2nk,n+2rmn+0
(—
Integer
Multiple
\ of 27

(Example on next slide)

\

= Acos(27rFOln + 6)
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Sinusoids
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Sinusoids

x[n] = cos(2mFn) Dashed line 1s x(¢) = cos(2mFt)

X l’l] F=0 X[l’l] F=0.25 X[i’l] F=0. X[l’l] F=0.75

x[n] _q XM p=125 Xlnlp_q5
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Exponentials

The form of the exponential 1s

x|n]=Az" or x|[n]|= Ae?" where 7z =€
Preférred
Real 7z Complex z

lz] < 1

Re(g[n]) Im(g[n])
-1 < z<0
0 <z<l
n n
— n

|z| > 1

Im(g[n])

2> 1 <l Re(g[n])
n
L. n n

[ 9/10/16 M. J. Roberts - All Rights Reserved




The Unit Impulse Function

oln] 1 . n=0
11 5[n]:{ ’
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The discrete-time unit impulse (also known as the “Kronecker
delta function™) is a function in the ordinary sense (in contrast
with the continuous-time unit impulse). It has a sampling property,

i AS|n—n,|x[n]=Ax]|n,]

n=—o0

but no scaling property. That 1s,

8|n|=8|an| for any non-zero, finite integer a.
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The Unit Sequence Function
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The Signum Function

1 , n>0

sgn[n]:<0 , n=0 :Zu[n]—S[n]—l

k—l, n<(

sgn|n]
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The Unit Ramp Function

n, n=0
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, n<0

}znu[n]: i_u[m_l]

ramP[n]
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The Periodic Impulse Function
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Scaling and Shifting Functions

Let g[n] be graphically defined by the graph below and
g[n]z(),

n>15 gln]

10

n -101234567 8 910
gln] 1 234567 89105 0
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Scaling and Shifting Functions

Time shifting n—n+n,,n, an integer

g[n+3]
10

gln]
10

-15 15 -15 15
n -1 0123456 7 8 9 10 ”“1“03—12—2124112242670
gfn] 1 23456789105 0 n+3 - 7 9 1

gn¢3] 1 2 3 4 56 78 9 10 5 0
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Scaling and Shifting Functions

gln]
10

Time compression : HI l
s -
n -1012 34567 8 910
glr] 1 23456789105 0
n— Kn
gl2n]
K an integer > 1
15 15
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Scaling and Shifting Functions

Time expansion n—>n/K,K>1

For all n such that n/ K 1s an integer, g[n /| K ] 1s defined.

For all n such that n/ K is not an integer, g|n/K | is not defined.
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Scaling and Shifting Functions

There 1s a form of time expansion that is useful. Let

X[n/m] , n/m an integer
yln]=

0) , otherwise x[n]
All values of y are defined. el
This type of time expansion g:_\
1s actually used in some a\' n‘ ‘ .

digital signal processing

operations.




Differencing

Backward Differences Forward Differences

x[n]
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Accumulation

h[n] h[n]
2 2
" R 0
)
gn]= 2 h[m] ln] " ln]
m=m 2 8
5 20 "
2 -10
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Even and Odd Signals

g[n|=g|-n] g[n|=-g[-n|
Even Function Odd Function
g[“”] g[n]
_g|n]+g[-n] _g|n]-g[-n]
z.[n]= S5 g, [n] =555
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Products of Even and Odd

g [n]
A

g,ln]

jh]’lrmm“ﬂl’[ran g [nlgn]
A

Functions

Two Even Functions
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Products of Even and Odd
Functions

An Even Function and an Odd Function

g lnl

wﬁﬂﬂhﬁﬁum“wwn g [nlgn]
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Products of Even and Odd
Functions

Two Odd Functions

g ln

'!‘l““hl'h ﬂll n g lnlg)lnl
g.ln] Wn
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Symmetric Finite Summation

Even Function
g|n]

Sum #fl Sum #2

Sl

Sum #1 = Sum #2

3 elnl=gol+2X ¢l

n

)
IU':" -

Odd Function

gln]
Sum #114

'

lll Il m=l’l

Sum #2
Sum #1 = - Sum #2

hl
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N

D g[n]=0

n=—N
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Periodic Functions

A periodic function is one that is invariant to the
change of variable n — n+ mN where N i1s a period of the

function and m is any integer.

The minimum positive integer value of N for which

g|n]=g|[n+ N| is called the fundamental period N, .
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Periodic Functions

Find the fundamental period of
x|n]=cos(zn/18)+sin(107n/24)
x[n]= cos(27n /36)+sin(27n(5/24))

Ny=36 Ny=24

N,=LCM(36,24)=172

Find the fundamental period of
x|n]=cos(5wn/13)+sin(87n/39)
x[n] = cos(27n(5/26))+sin(27n(4/39))

Ny=26 Ny=39

N,=LCM(26,39) =178
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Signal Energy and Power

The signal energy of a signal X[n] 1S

E= Y x[n]

n=—o0
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Signal Energy and Power

X[nn] X[n]=0 ,n>31
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Signal Energy and Power

Find the signal energy of

X[n]:{(sm)z” ,0<n<8

0 , otherwise
) 7 ) 7 n
E =Y [x[n] =X [(5/3)" ] =X[(5/3)"
n=—oo n=0 n=0
o (N =1
U "= _ N
Slngng(;l" <1 r ;»_—/_-1
|
1-[(5/3)*7
E = [( )4] =1.871x10°
1-(5/3)
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Signal Energy and Power

Some signals have infinite signal energy. In that case

It 1s usually more convenient to deal with average signal

power. The average signal power of a signal X[n] 1S
= lim — X
X N —>o0 2N Z ‘ ‘
For a periodic signal X[n] the average signal power 1s

1 2
PX _ ﬁ,ﬁz@‘w‘x{n]‘

The notation zn: vy mmeans the sum over any set of

consecutive n's exactly N in length.
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Signal Energy and Power

Find the average signal power of

x[n]=2sgn[n]-4
X_}}E}oﬁz‘x ‘—}CLIQW—Z‘ngn 4‘2
sz}jiillﬁ<423gn +1621 1628gn -
- g 5HJ —2N —NlN 1
=N- 1+N 2N-1

P—hm—{4 (2N -1)+32N-16(-1)} =20

N—oo
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Signal Energy and Power

A signal with finite signal energy 1s
called an energy signal.

A signal with infinite signal energy and
finite average signal power 1s called a
power signal.
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Fundamental Period of a Sum of Two Periodic Signals

NO:LCMV(14,8)=56
—2cos(37n /12)+11cos(147n /10) = -2 cos(27n(1/8))+11cos(27n(7/10))

No=LCM(8,10)=40
Impulses and Periodic Impulses

Z 38n°8[n+6]=1368 Z ~12(04) un]8,[n]=-12] (04)" +(04)"+(04)" | =-12.8172

—18
Equivalence Property 27(0.3)" 8[n—3]=27(0.3)'8[n—3]=0.7296[n-3]
Scaling Property 136[3n]=136[n] , (No scaling property for discrete-time impulses)
> 22 , 4n=3k 22 , 4n/3=k
2268,[4n]=22) §[4n-3k]= .= ,
— 0O , otherwise 0 , otherwise
Since k is an integer, impulses occur only where 4n /3 is an integer

n 0 1 2 3 4
225,[4n] 22(k=0) 0(4/32k) 0(8/3%k) 22(k=1) 0(16/3=k)
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Signal Energy and Signal Power

x[n])=n(-13)"(uln]-u[n-4]) = E, = 3 |n(~1.3)"(u[n] - u[n-4])

n=—o0

3
E =Y n*(13)"=0+13 +4x13*+9x1.3°=56.5557
n=0
x| n] is periodic and one period of x[n| is described by
X[n]zn(l—n) ,3<n<6

1 2 n 3 4 5
PX_E%JX["] ' x[n] -6 -12 20

1
P =—[36+144+400] = % ~193.333.-.

3
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