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Chapter 11 - ThezTransform
Selected Solutions

1. Using the definition of the z transform and/or the transform pairs,

z 1
z-a 1-azt

a"u[n] ~B- , |2>1d
and
zsin(Q,) sin(Q,)z*

sn(@gn)uln] 6~ 2 -2zc0s(Q,) +1 1-2c0s(Q,)z* + 2z

1d>1,

find the ztransforms of these DT signals.
@  Xn]=un]

z 1
z-a 1-az*

Using a"u[n] B , |4>|a|,let @ =1 Then

z 1
u[n] HE_»E: e 1Z7>1

()  x[n]=e""un|
©  ¥n]=e"sin(n)un|

_ein (+i)n _ gft-i)n
] =S

— N ejn
x[n =e 2 2

@ x{n|=gn]

2. Sketch the region of convergence (if it exists) in the z plane, of the bilateral z transform
of these DT signals.

@  {nl=yn] +u-n]

x[n] ~B- > (u[n] +u[-n])z" = > u[n]z™" +niou[—n] z"

n=-oco n=-o0 =

00 0 00 00
CBL S 78 e Y71 57
x[n] ;z Z z .;)Z ;z

n=-o0
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[

1 1
>1 d "=—— | |z2<1
d>1 ad  YZ= .l

z"= — |
r;) 1-7* n=0
The two regions of convergence do not overlap. Therefore the bilateral transform
does not exist.

(0  Xn]=un]-un-1q
9 8 7 6 5 4 3 2
u[n]—u[n—lo]eﬁaz +72°+7 +7 +zzg+z +7° +7° +z H1

3. Using the time-shifting property, find the z transforms of these signals.
@  Xn=un-9
()  Xn=un+2

Using g[n+n,] £ z° EG(Z)— zlg[m] z‘mE , n,>0

,0 2 = S0 .01z 0 07 0
uln+2] ~f- z E:l—zou[m]z 5= 2 %?l—(hz )H:ZHE'Z'lﬁ
L R =t

Which isthe same as the z transform of the unit step, asit should be.

©  n=FEn+g

4. Draw system diagrams for these transfer functions.

@ H@=";
z+=
2

-1

Y(2) = 2X(2) - %Y(z)

This system is non-causal and cannot be built as a red-time system. But it
can be diagrammed for use as an “ off-line” system in which dl the past and

future excitation values are available.
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X@— z =+ Y(2

1 1
5 y4

Thisisnot aunigque solution. Many other correct diagrams could be drawn.

b  H@)=—>

ZZ+z+1

5. Using the change-of-scale property, find the z transform of

x[n] = sin%@cosg%@[n] .

.2m .2m
=5 “I s
x[n] = 2 g [n]

The algebraisin thisexerciseis straightforward , but long and tedious.

0.13797° - 0.3827z +0.1379
7' - 2.77417° + 3.84787° —2.7741z+1

sinDZﬂnD osDszu[n]Hﬁaz
Hz E®E g H

6. Using the zdomain-differentiation property find the z transform of

{r] = o2 ]

7. Using the convolution property, find the z transforms of these signals.

@ X =(0.9)"un] Oun]
()  x[n]=(0.9)"un|] 0(0.6)"un]

8. Using the differencing property and the z transform of the unit sequence, find the z
transform of the DT unit impulse and verify your result by checking the z-transform
table.

9. Find the ztransform of
x[n] =un] - u[n-10]

and, using that result and the differencing property, find the z transform of
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x[n] =o[n| - gn-1q .

Compare this result with the z transform found directly by applying the time-shifting
property toaDT impulse.

z . Z
u[n] =u[n-10] ~B- z—1_Zloz—1

_ _ Z a4 Z U Z __m Z 0
5[[’1] 5[['1 10] <—E|—> Z—l Z Z—l g Z_l Z Z_la

Simplify.
10. Using the accumulation property, find the z transforms of these signals.
@  x[n] =rampn]
Use x[n] = 5 um-1] and u[n-1] & 1

m=0 z-1
® =3 (] -dm-9)

11. Using the final-value theorem, find the final vaue of functions that are the inverse z
transforms of these functions (if the theorem applies).

@ X(@=-—

The inverse transform is the unit sequence and itslimit exists ast approaches infinity.
Applying the final value theorem,

limg[n| =1im(z-1)G(2),

we get

: : z
limx[n] = Izlfr;(z—l)—lzl

n- o Z_

and this checks with our understanding of the unit sequence function.

. 7. 3
Z2- 7+
4 4

12. Find the inverse z transforms of these functionsin series form by synthetic division.
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z
@ X(@=—7
Z—i
2
S U
. 2z 47 (22)"
z->)z
2
1
_ 2
1
2
1.1
2 4z
1
4z
z-1
O X@= 2

Notice that X(z) = (Z_Sz = 211: 2-1221
S _ _

0 x[n] =u[n-1

13. Find the inverse z transforms of these functions in closed form using partia fraction
expansions, a z transform table and the properties of the z transform.

[l 0

1 2 2 O 1 10
X(z2)=—"=-24+_%_=» -2

@ X@=F7p="5t 1 1,0

]
2758 =, BT, B

[ = z@%g_l-a[n-l]éj[n-l]

Alternate Solution:
o niul
X(z)=zzz_—1D x[n] =508 u[n-2]
2

These solutions look different but are they? Check afew valuesto see.
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2

Z
X =
© (&= Ziierv0m

Recognize this as being similar to the forms,

zasin(Q,)
z* - 2azcos(Q,)+a?

a"sin(Qon)u[n] - |2 >|a|

and

zF-acos(Q,)H

a" cos{Qn)uln] £ z - 2azcos(Q,)+a®

|2 >al

where o = 0.9055 and Q, = 3.031.

x[n] = (0.9055)"[cos(3.031n) — 9.03sin(3.031n)| [ n]

14. Using the z transform, find the total solutions to these difference equations with initia
conditions, for discretetime, n > 0.

@ 2fn+d-yfi=snETH . yd=1
Z-transform the equation.
o)V
v chos%§+ 1

Then solvefor Y and find the inverse transform of Y.

0.2934 0.2934z-0.5868 z
Y(2) = I +
z-05 z°-18478z+1 z-05
zsin(Q,)
z - 2zcos(Q,) +1

Use sin(Qon)u[n] - I4>1

and

cos(Qyn)u[n] - ZZQ_COS(QO)E . 14>1
7* - 2zcos(Q,) +1

and identify Q, =0.3926. Y can be manipulated into the form,
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2 —

(=0B%, 7 0'29342_1@ 70939 o, 038272 E

zZ—- 05 z-05 -1.8478z+1 z°-1.8478z+1
Then

* O m

yirl =02084 -1 +FLF ufnl - 0253405 (0 -1} 2812 (n-) -1
(b)  5y[n+2]-3y[n+1 +y[n]=(0.8)"un] y[0]=-1, y[]=10

" 7-08 E 062402 22-062+02HH

) o B ,[£05(0.8355(n - 1))
y[n] = 0.4444(0.8)" u[n| 55[“] 9.5556(0.4472)" éo 9325sin(0.8355(n -1

)[_]]D

Thisis not the only way to find the inverse transform and other solution forms can
be correct, but they should be equivalent to this one.

15. From each block diagram, write the difference equation and find and sketch the
response, y[n|, of the system for discrete time, n>0, assuming no initid energy
storage in the system and impul se excitation, x[n] = d[n] .

(@
x[n] +f-—l-\ y[n]
Trg
y[n] +y[n-1 =¢[n]
Y(@)= =20y = ()" ]
(ARRARRAREA
TTTTTTTT TR
(b)

x[nl—(+) y[n]

Er 0.8 D
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(©

S
(@) ]
+
+/
@
=<
=3

0.9 D

Designate the lower input to the last summer as W[n]. Then the excitation of the delay
feeding that point is w[n +1] and

. x[n] —0.9w[n -1 =w[n +1]
w[n] +0.9w[n-2] =x[n-1]
y[n] = -0.5(x[n] - 0.9w[n -1]) +w[n]

Then z-transform, eliminate W, solve for Y and inverse transformto find y.

y[n] = -0.5¢[n] +(0.9486)" %,.05419 néh?n@[ n| +0.5si né(%n%,[n -1 E

ylnl

l]T IT I? Te Te n
o b

l 1 1 3 J I 1.3
16. Sketch regionsin the z plane corresponding to these regionsin the s plane.

0<a<i , O<w<l , z=¢e" = o*ioTs
T,

S S

First find some corresponding points. Then the region should be obvious.
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S o jw € z
0 0 0 0 1
1 1
— — 0 e 2.718
TS TS
TS TS
1o 1T g o718
TS TS TS TS
o 0 jo €7
2T, 2T,
. 1 . z
1 jl — j—n de'2 j2.718
T 2T, T, 2T,
Im(2)
4
2.718
L Re(2)
B -L<o<0, -F<w<o
TS TS
21

(© —0<g<ow K O<w<—

S

17. Find the bilateral z transforms and ROC’ s of these signals.
@  n|=u-n]

u[nju[-n] -B8-2 X (2) , anyz
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Alternate Solution:

X(2) = i x[n|z" = i u-njz" = i z" = —1— l7<1

n=-c n=-—o =

()  Xn=a"u-n|

© A =(08)"d-r]+(©03"dr]

@ o] =(-15)" cosF -]

18. Using the definition of the z transform verify the z transforms of the following
functions:

@
zTransform Table Entry:  u[n] hﬁqz—l - 12
R N [ EAED AT Ty
X(Z)—r;u[n]z =3z =144
1+} +i2+
z z
i
z-1
1 Check.
1
_Z
1
z
n2
SRR
z(z+1) _ 1+7"

LN A -
z-Transform Table Entry: o u[n] i 2(2_1)3 22(1_ Z—l)
© x[n] = na"un]
(@ x{n] =a"sin(2nFn)un]
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19. Sketch the region of convergence (if it exists) in the z plane, of the bilateral z transform
of these DT signals.

@ =B ur

Using a"u[n] B z !

Z—-a _1—az

5 [2>]a]

%gu[n]eﬁﬁ 21: 1_1,|z|>%

z-- 1-_-z
2 2
Im(2)
(4
ROC ROC
1
Z Re(2)
ROC ROC

()  Xn]= %g un| + élgg u-n]

20. Using the time-shifting property, find the z transforms of these signals.

@ xn|= %g_lu[n -1

%—ggu[n]ﬁﬁﬁ _22
3
ed™ L Z 1
Ega u[n—l]eﬁ_»z Z_g—z_—g
3 3

® ) =FE dn-1
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x[n| = %%g_lu[n -1

© An= sinézygu[n—]]

21. Draw system diagrams for these transfer functions.

2
@ H(z):ﬁ

Z+z+-
3 4

2

(b) H(Z) = (2_0_75)(210.1)(2_0-3)

1

22. If the ztransform of X[n] is X(z) = ——, and
Z—i

what is y[n] ?

23. Using the convolution property, find the z transforms of these signals.

@ xn|= sinéz%éh[ n| Ou[n]
)  Hn]= sinéz?gj[n] O(un] -un-4g)

From part (a),

zzsingga
3_ 2 g 0 O]
yARlA %COSE'ZE 1H+Z%+2COSEZ%_1

24. Find the inverse z transforms of these functions in closed form using partia fraction
expansions, a z transform table and the properties of the z transform.

z—-1
X =
@ X@=z1g0m

in e ] Dun] - £
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_ z 1
X(Z) ) T2
z-+18z2+0.82 2z°+1.8z+0.82

The denominators are of the form, z°-2a cos(Qo)z+a2 where a =0.9055 and
Q, = 3.031. Therefore

1 zasin(Q,) z* zasin(Q)
X(2)= asin(Q,) 2 +1.82+0.82 - asin(Q,) 2 +1.82+0.82
0 : ' 0 ' ’
or
X(2)=10 2+ 1_%;2_,_ 082 z" 22+ 1.%iz+ 0.82
Then, using
_ zasin(Q,)
ngn(O G 0
a"sin(Qyn)u[n] 7 2azcos(Q,) v a 2 >|a|
x[n] =10{(0.9055)" sin(3.031n) [ n] - (0.9055)" " sin(3.031(n - 1)) u[n - I}
Alternate Solution:
z-1 05+j95 . 05-j95
(2)- = Tros-i01  7200;

) 7 +182+082 7z+09-j01 z+09+]0.1
x[n] = {0.5+9.5)(-0.9+j0.1)" " +(0.5 - j9.5)(-0.9- j0.1)" "Fu[n~1]

_ %05 + J95)(09055)n—1 N 3.031(n-1)
@(0.5 - j9.5)(0.9055)n—1 o 13081(n-1)

x[n|

Eu[n—l]
=

m.s(o.goss)”‘l(ei 3031n-1) | o ja.osl(n_l)) .
x[n] =0 | | -1
%"J 9.5(0.9055)n—1 (ej 3031(n-1) _ o~j3031(n-1) ) E

x[n] = [{0.9055)"" cos(3.031(n - 1)) - 19(0.9055)" " sin(3.031(n - 1)) Hu[n - 1]

Although the two solutions above look different in anaytical form, they are
equivalent. That is, the graphs of these functions are identical.

z-1
72 +1.82+0.82)

®  x@=y

The answer to this part is the same as the answer to the previous part except
delayed by 1 in discrete time.
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