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Chapter 2 - Mathematical Description of Signals
Selected Solutions

1. If g(t) = 7e"** write out and Simplify

@  g(3)=7e%¥°=7¢"° 08.639% 10

b gl2-1)
© o rap=re”
. g(it) +o(=it)
@  ofit) @ SF
jit-3 jt-3
g +g St At
(f) i ﬁzﬁz §=7e € = 7ood)

2. If g(x) = x* —4x +4 write out and simplify

@ 92

()  glu+v)=(u+v)’=4(u+v)+4=u? +v2 +2uv —4u -4v +4

e“)

(

(

© o
d dg

(

(

Q

(6) =gt - 4t +4) = (-4t +4)" - 4(? - 4t +4) + 4
o(g(t)) = t* - 8t* +20t* -16t +4
©® 902
3. What would be the numerical vdue of “g” in each of the following MATLAB
instructions?

@ t=3; g=sin(t) ;

(b) X =1:5; g = cos(pi*x) ; [-1,1,-1,1,-1]

(© f =-1:0.5:1; w=2*pi*f ; g=21/(1+*W) ;

4. Let two functions be defined by
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1, sin(20m)>0 @ , sin(27t)=0
x,(t) =0 _ and  x,(t)=0 _ :
1, sin(207) <0 ot , sin(27t) <0

Graph the product of these two functions versustime over thetimerange, -2 <t <2.

To graph these functions set up an array of times, t, compute the arrays of sin function
values, check each sin function value and apply the constraints of being +/- 1 or being +/- t,

to form the function arrays, x, and x,, array- multiply the two function arrays and plot the
product versust.

X(t)

5. For each function, g(t), sketch g(-t), —g(t), g(t—1), and g(2t).
@ (b)

a® a(t)

6. A function, G(f), isdefined by

G(f)=¢e""" rect%@ :

Graph the magnitude and phase of G(f —10) + G(f +10) over therange, —20< f <20.

Firstimaginewhat G(f) lookslike. It consistsof a rectangle centered a f = 0of width, 2,

multiplied by a complex exponentia. Therefore for frequencies greater than one in
magnitude it is zero. Its magnitude is smply the magnitude of the rectangle function
because the magnitude of the complex exponentia isone for any f.

|72 | =|cos(-2mf) + jsin(-27f )| = |cos(2 7 ) - jsin(2 7F)|

|| = Jcos? (2mf ) +sin? (271t ) =1

The phase (angle) of G(f) issimply the phase of the complex exponential between f = -1
and f =1 and undefined outside that range because the phase of the rectangle function is
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zero between f = -1 and f =1and undefined outside that range and the phase of a product
isthe sum of the phases. The phase of the complex exponential is

0 dn(2mf)0 t L Osn(2mf) 0

gcos(an)E: o Heos(2mf)H

Oe /2= - tan™(tan(27f))

Oe 2= 0 (cos(2mf) - jsin(2nf)) = tan”

The inverse tangent function is multiple-valued. Therefore there are multiple correct answers
for this phase. The smplest of them isfound by choosing

Oe12™= — 277f
which issimply the coefficient of j in the original complex exponential expression.
A more general solutionwouldbe  0e '?™= - 2;rf+ 2n7T, naninteger.

The solution of the origina problem is ssimply this solution except shifted up and
down by 10 in f and added.

G(f -10)+G(f +10) =g /2" rect%—f _210§+ g 1240 rect%—f ;10@

IG(f)I

1

s
o

7. Sketch the derivatives of these functions.

——
——
—
N
o
—

(All sketches at end.)

@ Use the definition of the sinc function and the rule for differentiating a
fraction.

()  g(t)=(1-e")u(t) This function is constant zero for al time before time,
t =0, therefore its derivative during that time is zero. This function is a
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congtant minus a decaying exponentia after time, t =0, and its derivative in
that time istherefore also a positive decaying exponential.

(e' , t>0

90=03, <o

Strictly speaking, its derivativeis not defined at exactly t = 0. Since the value
of aphysica signa at a single point has no impact on any physical system
(aslong asiit is finite) we can choose any finite vaue at time, t = 0, without
changing the effect of this signal on any physical system. If we choose 1/2,
then we can write the derivative as

g(t)=€e"u(t) .

@ (b)

x(t) x(t)

1 1%

- t t

4 _11 4 -1 -11 4

dx/dt dx/dt

! 411\

-4’/\\/ /\V 4 t -1 4 t

N ]

8. Sketch theintegral from negative infinity to time, t, of these functions which are zero for
all timebeforetime, t=0.

a(t) g(t)

] 1|/\
1 2 3
t ‘ t
‘123

1
2

t
Thisis the integrdl, | g(A)dA , which, in geometrical terms, is the accumulated area

under the function, g(t), from time, —oo to time, t. For the case of the two back-to-back

rectangular pulses, there is no accumulated area until after time, t = 0, and then in the time
interva, 0 <t <1, the area accumulates linearly with time up to a maximum area of one a
time t =1. Inthesecondtimeinterval, 1<t <2, theareaislinearly declining at haf the rate
a whichitincreased in thefirst timeinterval, 0 <t <1, downto a vdue of 1/2 where it stays
because there is no accumulation of areafor t > 2.

In the second case of the triangular-shaped function, the area does not accumulate
linearly, but rather non-linearly because the integral of a linear function is a second-degree
polynomial. The rate of accumulation of area is increasing up to time, t =1, and then
decreasing (but still positive) until time, t =2, a which time it stops completely. The fina
value of the accumulated area must be the total area of the triangle, which, in this case, isone.
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9. Find the even and odd parts of these functions.
@ g(t)=2t*-3t+6

2 _ $\2 _f _ 2
ge(t):zt 3t+6+2(-t)" - 3(-t)+6 _ 4t Y12 e

2
2 _ _of _4)\2 4 _
g ()= 230 2(2 ) +3-)-6_-6t__,

m
(b)  g(t) = 20cos40rt - Z@

20c0S 07 - Z§+ 20c05§~40nt —Z@

2

9.(t) =

Use cos(zl + 22) = cos(zl) cos(zz) - sin(zi)sin(zz) to separate even and odd

parts.
%0@03(4071 cos% @ sin(40rt) sn@—Z% E
H+20§os(—40nt) cos% Z@—sin(—mnt sin Z%

2

OO

9.(t) =

which smplifiesto

20
t) = —=cos| 407t
ge( ) 2 ( )
Use the same trigonometric identity.

2t -3t +6
()=

© 1+t

(d)  g(t)=sinc(t) Use the definition of the sinc function.
©  o(t)=t2-t3)(1+ 4t}

, M

g(t) HNZ -t Ea} + 4t° E

en
even even
odd
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Therefore g(t) isodd, g,(t) =0 and g,(t) = {2 t?)(1+ 4t?)

(M) g(t)=t(2-t)(1+4t) =t(-4t> + 7t +2) = -4t> + 7 + 2t

odd even odd

10. Sketch the even and odd parts of these functions.

g(t) ()
1 A
I t > t
—
@ (b)

To sketch the even part of graphically-defined functions like these, first sketch
g(-t). Then add it (graphically, point by point) to g(t) and (graphically) divide the sum by

two. Then, to sketch the odd part, subtract g(-t) from g(t) (graphically) and divide the
difference by two.

11. Sketch the indicated product or quotient, g(t), of these functions.

@ (b)
1 1
2] t 1| ] :
1 I— 1
I—-l AW 1
) ®.g(t) 1 90t
|__| /" Multiplication ) "/ Multiplication
t - t
-1 1 1
11
(©) (d)
L1 1
1 t 1 t
@g(t) @ga)
1 /Multiplication 1 /Multiplication
t t
1 1
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AV
@»g(t)
1+

L /Multiplication
t

}9»9(0
™ Division

t

The product of two functions is smply a line drawn through many points, each of which is
found by multiplying the values of the two individual functions at that same point in time. A
quotient is found the same way except that the two point values are divided instead of

multiplied.

12. Usethe properties of integrals of even and odd functions to evaluate these integralsin the

quickest way.
1

] ~peven ~1 0dd
=0
1
20
(b) I[4cos(10nt) +8sin(571)] dit
1
20

1 1
10 10

@ [ tsin(lOnt)dt:ZJ'tsin(lont)dt

1 odd

= odd
10

even

Integrate by parts or look up this form.

1
10

Itsin(lOnt)dt =
1

10

@ I(2+t)dt=j' 2 dt+j't dt :2Jl’2dt:4

1
20

(© i 4tcog(107t) dt

20

1

50T
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1 1
G elldt () te !t
J J
13.Find the fundamental period and fundamental frequency of each of these functions.
(@  g(t) =10cos(50m) f,=25Hz , T, = 2—15 s
For a smple sinusoid of the form, Acos(2mft+6) or Asin(27mft+6) the

frequency issimply f,.

(b) o(t)= 10cos%0nt + g@

(©  g(t) = cog(50rt) +sin(15 1)

The fundamenta period of the sum of two periodic signals is the least common
multiple (LCM) of their two individual fundamenta periods. The fundamenta frequency of
the sum of two periodic signalsis the greatest common divisor (GCD) of their two individua
fundamental frequencies.

1 1
f, = GCD@a—SQ: 25Hz , T,=—=04s
2 25
OR

01 20 06 200 60 1
T =LcME=, SH=1cmE> 2H- % _g4s  f=—=25Hz
0 Ho5'158 Fi50° 1506 150 °~ 04

(d)  g(t) = cog(2nt) + sin(37t) + cosH #r- %ﬂ

14. Find the fundamental period and fundamental frequency of g(t).

i e
©) # o e, O : }@.gm
.

"'blﬂlulululﬂlul”'t
1 N\
(©) ()0
e A A A t/'
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@ Counting periods we see that there are three periods in one second.

Therefore f,=3Hz and T, :% S

(b) Count periodsto find the fundamental frequency of each signd, then find the
GCD of those two frequencies.

15.Plot these DT functions.
Use acaculator or MATLAB to plot these functions.

@ xn]= 4cos§%§— 3si nwg , —24<n<24

n=-2423;
X = 4*cos(2pi *n/ 12) - 3*sin(2*pi*(n-2)/8) ;
stenin,x,'k',' filled) ;

n
5

()  xn]=3ne ~20<n<20

n =-20:19 ;
X = 3*n. *exp(-abs(n/5)) ;
stenfn,x,' k', filled) ;

© x[n]:21§ga+l4n ,-5<n<5

16.Let x,[n] = SCOSEZ?Q and x,[n] = —8e_%6g. Plot the following combinations of those

two signals over the DT range, —20<n<20. If a signd has some defined and some
undefined values, just plot the defined vaues.

@ xn] =x[n]x]n

Make MATLAB functionsfor x, and x, and save them in files named X1DI. mand
x2DT. m (DT for discretetime))

function y = x1DI(n),
y = 5*cos(2*pi *n/8) ;

| =find(round(n) ~=n) ; y(I) = NaN;
function y = x2DI(n)

y = -8exp(-(n/6).72) ;

| =find(round(n) ~=n) ; y(I) = NaN;
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Then use the functionsin thisway in part (a).
=-20:19 ; x = x1DI(n).*x2DI(n) ;
() x[n] =4x,[n] +2x%,[n]

n=-20.19 ; x = 4*x1DI(n) + 2*x2DI(n) ;

©  xn[=x[2n]x[3
n=-20.19 ; x = x1DI(2*n).*x2DI(3*n) ;

x[21]
Xz[_n]

@ Fn=

©  Xn| :2x1§5+ 4x2%§

n=-20.19 ; x = 2*x10I(n/2) + 4*x2D1(n/ 3) ;

17.A function, g[n| is defined by

U
2 n<—4
U
gn=m , -4<n<1.
O
DA—" , 1<n
h

Sketch g[-n], g2-n], g[2n] and g%%

function y = gDI(n)

| =find(round(n) ~=n) ; % Hnd al non-
% integer "n's"

n(l) = NaN; % Set themall
% "NaN'

yl=-2;

y2 =n;

nund = 4*ones(length(n),1) ; den3 =n;

- 8/16/04

to

| =find(den3 = 0) ; nund(l1) =1 ; den3(l) =1 ;

y3 = nun3./den3 ;

y =ylL*(n<4) +y2.*(n>=4 & n<l) + y3.*(n>=1) ;

Solutions 2-10



OM. J. Roberts - 8/16/04

18. Sketch the backward differences of these DT functions.

@ (b)
gln] [n]
) 1In MLILI %5 " ) 1Trmﬂr % "
(c)
oln] = (V10)*

-4 20
(a) and (b) can be done easily by hand
(c) isaso easy to sketch once you realize what is happening

91_9 91_9 =¥n 10 5 100 100 50 100 100

19. Sketch the accumulation, g[ n] , from negative infinity to n of each of these DT functions.

@ tnl=dn
alrl= 3 elm =13 =0 =l
()  hn=4n]

The answer isnot ramp[n].

© hnl= COQ%QJ[ n|

The answer looks alot like an offset DT sinewave, but not exactly.

d hn= COQ%QJ[ n| e hn= co;%?gj[n +§|

20.Find and sketch the even and odd parts of these functions.

@  dnl=un|-un-4
u[n] —u[n-4] +u[-n] —u[-n - 4] __ EU[n]+u[ n|-u[n-4] - u[n+4]§

g.[n] = > 2F

1+5[n|
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© dnl= coséz?g

21. Sketch g[n].

@
g,nl
l[UlLLuimﬁﬂﬂL
-10 10 n
-1
oln] @ olri
1
- ||| /Muli lication
10 s n tiplicat
(©)
g,nl
1
-4 20 n
-1
g,n gln]
! n /Multiplication
-4 20

(d)

i,
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olr] = snEF ]

@ olrl

/Multiplication
n

gln]

1||||||11i II:||||||1 n /Multiplication
- 10

In each part multiply point-by-point to form the product.

22.Find the fundamental DT period and fundamental DT frequency of these functions.

@ dr=cofft

® o] =cosgiTH

©  dnl=cog P cos PN
@ dij=e'®+e’m

© di=e'® s’

These are dmost identical to the previous exercises on finding the fundamental period of CT

functions.
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23.Graph the following functions and determine from the graphs the fundamental period of
each one (if it is periodic).

@  gn|=5s néz?§+ 8coséz%§ (b) dn=5s n@%§+ 8003@%@

;m
J3

© dn= Reglaj”” +e E
d dn= Regrj” +e_jg§
These two exponentials do not have afinite LCM period.
24.Find the signal energy of these signals.
1
@  x(t)=2rect(t) E, = }|2rect(t)|2dt = 4J2'1dt =4

2

() x(t) = Au(t) - u(t -10))

©  x(t)=u(t)-u(10-1)

This function has an infinite duration with a non-zero vaue. Therefore its
energy must beinfinite.

(d)  x(t) = rect(t) cos(2rt)
(e  x(t) =rect(t) cog(4t) () x(t) = rect(t)sin(2r)
@  Xn]=Arecty,[n]

Just looking &t this simple function, it obviously has 2N, +1DT impulses,
each of strength, A. Squaring each one and then adding the squares the

energy must be (2N, +1) A%
() x[n]=Ad[n|
(i)  X[n]=comb, [r]

G)  X[n] =ramp[n|

This function takes off a& n=0and rises linearly for dl postive time.
Therefore its energy must be infinite.

(k) X[n] =ramp[n] - 2rampn - 4] + ramp[n - g
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Even though each of these three individua functions has infinite energy, the
sum of the three functions does not. This can be seen by drawing a graph of
the function. This is a dramatic demonstration that the energy of a sum of
functions is not necessarily the sum of the energies of the functions. For
energy signals which are “uncorrelated” the energy of the sum is the sum of
the energies. Correlation will be introduced and mathematicaly defined in
Chapter 8.

25. Find the signal power of these signals.

@

(b)
(©

(d)

(€

(f)

(h)

(i)

T T
2 2 2 2
x(t) = A PX:IimEJ'|A|2dt:Iimi dt=lima T = A2
TﬂOOT T T oo T o0 T
2

N |-

x(t) = u(t)
x(t) = Acod(2rf .t + 6

The average signal power of a periodic power signal is unaffected if it is
shifted in time. Therefore we could find the average signal power of

Acos(2f,t) instead, which is somewhat easier algebraically. In doing the
integral, use the trigonometric identity for the product of two sinusoids.

XO=A rect(t-2n)

n=-c

It will help to visudize this signal before beginning the analysis. It is a
“square” wave with fundamental period, T, = 2, dternating between 0 and
A, spending half its time at each level. So the square of the signa aternates

between 0 and A?, spending half its time at each level. Therefore, without

2
any math, its average signal power is obvioudy A? .

x(t) = zA%% + niorect(t —2n)§

x[n] = A @  Xn]=un]
x[n] = Amim rect,[n —8m]

Sketch the function and the square of the function first. Then you can find
the average signa power without much work.

x[n] = comb,_[n] G)  x[n]=ramp[n]

26.Using MATLAB, plot the CT signal, x(t) = sin(27t), over the time range, 0< t <10, with
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the following choices of the time resolution, At, of the plot. Explain why the plots ook the
way they do.

1 1 1
At=— At=— At==
@ A= ) =2 QA=
(d) At= % Thisgraphisal zero. Why?
(e At= :% Why do the graphsin (€) and (f) both have different
fundamental periods than the original function?
5
f At=—
0 -
(9) At=1 Thisgraph isall zero. Why?

27.Given the function definitions on the | eft, find the function values on the right.

@ o(t) = 100s ngzoom + g@

(0.001) =100sin 00T x 0.001 + EQ: 100s nEg ¥ ZTQ: 98.77

(b)
o(t) =13- 4t +6t? 9(2)

g(t) = Se e i?" g%@

28. Sketch these CT exponentia and trigonometric functions.

(©

(@  g(t) =10cos(1007t) (b)  g(t) = 40cog(60rt) + 20sin(607t)

t

©  ot)=5e™ @  oft)=5e 2 cos2n)

29. Sketch these CT singularity and related functions.
@  gt)=2u(4-1)
(b  o(t)=u(2t) Why dothegraphsof u(2t) and u(t) look aike?

(©  oft)=5sgn(t-4) (d  o(t)=1+sgn(4-1)
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(®  oft)=5ramp(t +1) () oft)=-3ramp(2t)
@ )

(hy  g(t)=606(3t+9) Remember the scaling property of theimpulse. This
graph is exactly the same as the graph in part (g).

26(t +3)

i olt)=-45(2(t-1) () g(t)=200mb§-%§

(k) go(t)=8comb(4t)  Remember the scaling property of theimpulse.

0O ot)= —SCombg%lg
m  g(t)= Zrmt%g (n)  go(t)=4rect Q;@

©  oft)=ti(4) ™ olt)=-6uif ]
(@ o(t)=5s nc%@ M ot)=-sinc(2(t +1))
9  oft)=-10drcl(t 4) ®  gt)= 5drc|§:~l, 7@

W gt) = 3rect(t-2) V) g(t):o.lrectg‘fg

w  glt)= —4trig%t§

) o(t)=4sinc(5(t - 3)) (y)  oft)=4sinc(5t-23)
The answersin parts (X) and (y) are different.

30. Sketch these CT functions.

@  gt)=u(t)-u(t-1)
1 . . .
(b) gt)= rect% - 5@ Thegraphsin (a) and (b) areidentical.

© ol)=-4ramp(tju(t-2)  (d)  g(t)=son(t)sin(2rz)
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t

©  ot)=5e *ult) () o) = rect(t)cos(2r)
(@  g(t) = —6rect(t) cos(37t) (hy  g(t) =rect(t)tri(t)

@ gft)= rect(t)tri% + %@

. _n.1 ) o
() o(t) = u% + E%amp% t@ Thegraphsin (i) and (j) areidentical.
(k) g(t)=tri*(t) Thisgraph doesnot look like atriangle.

() g(t)=sinc*(t) (m)  g(t) =|sinc(t)|

n g(t)= ;It (trl(t)) (0 o(t)= rect% + %@— rect% - %@

®  olt)= gr 80 +1) - 28() + 5(A - 1) A
- 0

The graphsin (n), (0) and(p) are identical.

2to

o
(@ 3tri O3 D+ 3rect

B0
(9] 6tri %grect%g The graphsin (g) and (r) areidentical.
: _ 0 -10
(s 4sinc(2t)sgn(-t) ®) 2ramp(t )rect 05 0
(u) 4tr - 05 B (2-t) Thegraphsin (t) and (u) areidentical.
0oto o _ t t
(V) 3rectD4D 6rectEQD w)  g(t) —10drc|%,5§ect%@

31.Using MATLAB, for each function below plot the original function and the
transformed function.

@
o(t) = 10cos(207¢) tri(t) 5g(2t) vs. t

(b)
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2, t<-1
Bt | —1<t<1
g(t)=%3_t2 l<t<3 3g(4-1) st
H6 ,1t>3
(©
o(t) = Re(ej"t +ei“”) g%@ vs. t
(d)
5
G(f)= TT2v3 G(10(f -10)) +G(10(f +10))  vs.f
% Pl otting functions and transformati ons of those functions
cl ose all

% (a) part
tmn=-2; tmax =2 ; N
dt = (tmax - tmn)/N; t
g0 = ga(t) ; gl = 5*ga(2*t) ;

subplot(2,1,1) ; p =plot(t,g0,'k') ; set(p,'LineWdth' ,2) ; grid ;
ylabel (" g(t)") ;

subplot(2,1,2) ; p=mplot(t,gl,'k') ; set(p,'LineWdth' ,2) ; grid ;
xlabel ("t') ; ylabel ('5g(2t)") ;

400 ;
tmn + dt*[O: N’

function y = ga(t)
g = (l-abs(t)).*(-1 <t &t <1) ;
y = 10*cos(20*pi *t).*qg ;

32.Let two signals be defined by

A , cos(2rt) =1

SO0 o er xz(t):gng%@

Plot these products over thetimerange, -5 <t <5.

@ %)) O xEo

©  xf(20(t+D) @ Xm0

33.Given the graphical definition of afunction, graph the indicated transformation(s).
@

Solutions 2-18



OM. J. Roberts - 8/16/04

a(t)
_//_j qlt) - o(2!)
1 4 N (t) -~ -30(-1)
2 V'2345'6't ’ ’
+-2

g(t)=0,t>60rt<-2

Thetranformation, g(t) — g(2t), smply compresses the time scale by a factor of 2. The

transformation g(t) — -3g(-t) timeinvertsthe signal, amplitude inverts the signal and then
multiplies the amplitude by 3.

(b)

P o) - ot +4)
%4 /e Loy o0~ 2905

34.For each pair of functions graphed below determine what transformation has been done
and write a correct functional expression for the transformed function.
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@
a(t)

2 2

e ——+— >~ | et —N—p
2 '1]L NS4 5 6 432T/1 23 4

It should be visually obvious that the transformed signal has been time inverted and time
shifted. By identifying afew corresponding points on both curves we see that after the time
inversion the shift isto the right by 2. This corresponds to two successive transformations,

t - —t,followedby t - t—2. The overal effect of the two successive transformations is

then t » —(t —2) =2 -t. Therefore the transformation is

ot) - o(2-1) -
(b)

9(t

- A
t Y + Y t — t
123 456 t :27 521@3@5%

35. Sketch the magnitude and phase of each function versusf.

@  G(f)=sinc(f)e ®

B G(f)=—
1+
10

Thisfunction isaratio of two functions, jf and 1 + jf/10. The magnitude of the ratio
is the ratio of the magnitudes. At very low vaues of f , the ratio approaches O because the
numerator approaches 0 and the denominator approaches 1. At very high vaues of f the
denominator is approximately jf/10 and the magnitude of the ratio approaches 10. All these
statements are equaly true for postive and negative f. Therefore the magnitude is an even
function of f.

The phase of the ratio is the phase of the numerator minus the phase of the
denominator. For any positivef , the phase of the numerator is the phase of j times a pogtive
constant. That is some number on the positive imaginary axis in the complex plane. So the

phaseis g radians or 90°. For very small positive f, the denominator is approximately just
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thereal number, 1, whose phase is 0. Therefore for very small positive f approaching 0 the
phase approaches 7—2T . For very large positive f , the phase of the denominator approaches 7_2T
also and the difference between the numerator and denominator phases approaches 0. The
behavior for negative f is similar except that the phase of the numerator is now —g. So the

phase for negativef is exactly the negative of the phase for the corresponding positivef. That
is, the phase isan odd function of f.

— L
© 6(f)= Eectgif 1(1)800§+ rectgif 1;800% "500

1
@ 6(f)=55- 12 +j3f

7t

©  G(f)=comb(100f)sinc(25f )ej%

This function has non-zero values only at the impulse locationsin the comb function.
Therefore the phase is only defined at those same points.

36.Graph versusf , intherange, —4 < f <4, the magnitude and phase of

X(P)I

1

f

@  X(f)=sinc(f) /X(f)

-4-3-2-1 :[[D_.f

1234

The phasein this plot is the phase of a purely rea function. If we only plotted purely red
functions we would not need to graph magnitude and phase separately. A ssmple real plot of
the function would be sufficient and clearer. But most transforms that we will later graph are
complex functions and magnitude and phase plots are good ways of representing them.
Sincethisfunctionis purely real its vaue aways lies on the rea axis of the complex plane.
When it is pogtive the smplest phase answer is 0. When it is negeative the simplest phase
answer is either poditive or negeative rrradians. Later, in the study of transform methods
applied to systems, we will find that we always have an even magnitude and an odd phase.
For that reason, it is consistent and logical to choose phase vaues so as to make the plot an

odd function. Here that is done by making the phase for negative values of sinc(f) be
for positivef and —rt for negativef.

(b)  X(f)=2sinc(f)e*" ©  X(f)=5rect(2f)e"?"
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©) x(f)=10sinc2§£§

©  X(f)=j53(f +2)-j58f -2)  Thephaseisundefined except a two points.

() X(f)=2comb(4f)e”’™  Thephaseisundefined except where the impulses
oceur.

37.Sketch the even and odd parts of these CT signals.
@  x(t)=rect(t-1)

(b  x(t)= tri% —gg+ tri% +§E Thisisan even function.

©  x(t)=4s ncg%lg Use the definition of the sinc function to reduce this to

some sine functionsin fractions, then use the trigonometric identity,
sin(x+y) =sin(x)cos(y) + cos(x)sin(y),

to smplify that expression. Thistakes about 5 lines of complicated agebra to finish for the
even part. The complexity is about the same for the odd part.

— 9and n
(d x(t)=2s Nt —zDrect(t)

Use the trigonometric identity,
sin(x+y) =sin(x)cos(y) + cos(x)sin(y)
to smplify the expression and separate even and odd parts.

38. Let the CT unit impulse function be represented by the limit,

d(x )—IlmltrlDXD a>0 .

as0g L[gO"’
Thefunction, itrl o0 Uhas an area of one regardless of the value of a.
1. .0AX0O
(@  Whatistheareaof thefunction, d(4x) =lim=tri=—— ?
a-0Qq DaD

This is a triangle with the same height as 1trlg;(g but 1/4 times the base
width.

(b)  Whatistheareaof thefunction, 5(-6x) = lim 1tr E"ixgo
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X0
L[]
1/6 the base width. What is the effect of the reversal in time?

(0  Whatistheareaof thefunction, d(bx) = I|m tr| DO— for b positive and

Thisisatriangle with the same height as 1 tr| but reversed in time with

for b negative ?

39. Using a change of variable and the definition of the unit impulse, prove that

oot 1) = ol -

Start with this definition of the impulse.
d(x)=0, x#0 , Id(x)dx=1

to establish the time of occurrence of the impulse, 5(a(t —to)). Then, use a change of

variable to make 6(a(t —to)) have the same form as the impulse in the integral definition
above and consider the cases of positive a and negative a separately.

40. Using the results of Exercise 39, show that
@
comb(ax Z o %

(b)  theaveragevalueof comb(ax) isone, independent of the value of a

The average value of any periodic function isthe area under the function over
one period, divided by the period.

(© acomb function of the form, 1 combgbg isasequence of unit impulses
spaced a units apart.

and (d) eventhough d&(at) = éé(t) comb(ax) # écomb(x)

tQ

41. Sketch the generalized derivative of g(t) = 3si G Drect(t) :

The generalized derivative is exactly the same as the derivative at al points of
continuity. At points of discontinuity, the generalized derivative is an impulse whose
strength isthe size of the discontinuity.

42. Sketch the following CT functions.
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@  oft)=35(3t) +65(4(t-2)
(b) gt) = ZCombg—%B

The impulsesin thisfunction all have strength, 10.

(©  g(t) = comb(t)rect %lt—lg (d) go(t)=5s nc%% comb%%
e gt)= %j; %omb%@— combg%%l/\

Thisisarectangular wave.
43.What is the numerical value of each of the following integrals?

Use the sampling property of the impulse in each case.

@  [olicos4sri)t ®  [olt-5)cos(ri)ct

© fa(t-8) %;—Zadt

The sampling property of the impulse holds as long as the range of integration
includes the impulse.

%) ?5(t— 8) rect%%gdt

© &(t—-1.5)sinc(t)dt ® &(t —1.5)sinc(4t)dt

44.\What is the numerical value of each of the following integrals?

(a) } comb(t) cos(487t)dt (b) } comb(t) sin(2rt) dt

(©) ?combé[%z%ect(t) dt

(d) I comb(t)sinc(t)dt Only one of the comb impulses hits the sinc function at a
=2
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vaue other than zero.

45, Sketch the derivatives of these functions.

@ o=snlm)sn® © o=2wii1 ©  of)=|eoslzn)

Sketch the functions first and then determine the derivatives with a combination of
graphical and analytical analysis.

46. Sketch the derivatives of these functions. Compare the average values of the magnitudes
of the derivatives.

9,

21274681012
gt

/N
-2 2 4 6 81012
gt

VAR
—HH

21 2 4681012

Average derivativeis zero in each case. _
47.A function, g(t), has this description:

Itiszerofor t<-5. Ithasasopeof —2intherange, -5<t<-2. It has the
. : . . 1 .
shape of asine wave of unit amplitude and with a frequency of 1 Hz plus a constant in the

range, —2<t<2. For t>2 it decays exponentially toward zero with a time constant of 2
seconds. It iscontinuous everywhere.

Write an exact mathematical description of this function.

Specify the functions behavior in each of the 4 regions described above.
(@  Graph g(t) intherange, 10 <t <10.
(b)  Graph g(2t) intherange, ~10 <t <10.
Compressed in time by afactor of two.
(c  Graph 2g(3-1) intherange, 10 <t <10.
Timeinverted , shifted and amplitude scaled.

(d) Graph —Zgé[%lginthe range, —10 <t <10.
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Amplitude scale, time scale and then time shift.

48.Find the even and odd parts of each of these CT functions.
(@  g(t)=10sin(207t)
Thisfunction is obvioudy odd.

10sin(207t) +10sin(—20 7t
o, (0 = 10n2ort) + 10sin(207) _

(t)= 10sin(207t) - 10sin(-207t)
> 0

0, x
2

=10sin(2071)

© of)= 2%

An even function divided by an odd function isan odd function. So the even
part should be zero.

cog(7t) .\ cog(-7t)  cos(7t) N cog(7t)

ge(t) —_ 1t 5 -t __ 7t > -t _
cog(rt) cos(-7t) cog(rt) .\ co(7t)
o.()= it __ 1t i _ codrt)
2 2 Tt

49.1sthere afunction that is both even and odd ssimultaneously? Discuss.
Think trivia.
50.Find and sketch the even and odd parts of the CT function, x(t).

X(t)
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51. For each of the following signas decide whether it is periodic and, if it is, find the period.

(@  g(t) =28sin(4007t) Periodic. Fundamental frequency = 200 Hz, Period = 5 ms.

(b)  g(t) =14 + 40cos(60rt)
© g
d 9
© 9

M  g(t)=4sin(3t) + 3s n(«@t) Not periodic because least common multipleisinfinite.

52. The voltage illustrated in Figure E52 occurs in an analog-to-digital converter. Write a
mathematical description of it.

Signal in A/D Converter
x(t)

5

03 t (ms)

0.1 '
Sum of two triangle functions.

53. A signa occurring in a televison set is illustrated in Figure E52. Write a mathematical
description of it.

Signal in Television
X(t)
* 5
-10 o ts)

-10
One scaled and shifted rectangle function.

54. Thesignal illustrated in Figure ES4 is part of a binary-phase-shift-keyed (BPSK) binary
datatransmission. Write amathematical description of it.
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BPSK Signd
x(t)

st (ms)

-1
Sum of four products of a sine wave with a shifted rectangle function.

55. Thissignal illustrated in Figure E55 is the response of an RC lowpass filter to a sudden
changein excitation. Write amathematical description of it.

On adecaying exponential, atangent lineat any point intersects the final vaue one time
congtant later. Theconstant value before the decaying exponential is -4 V and the slope
of thetangent lineat 4 nsis-2.67V/4nsor -2/3V/ns.

RC Filter Signa
x(t)

% t (ns)
-1.3333

-6 +

Figure ES5 Transient response of an RC filter
00rt) rect(t - 0.5 x10~%) - sin(8000 7t) rect(t — 1.5 x 10 ) + sin(8000 Mrect(t - 2.5 x107) - sin(8000 fjrect(t - 3.5>

x(t)= -4 - 2%1 —e_% Eu(t - 4)

56.Find the signal energy of each of these signals:

@  2rect(-t) E=}[2rect(—t)]2dt:4 dt = 4

N R

(b)  x(t) =rect(8t) © x(t)= Br&t%@

(d) tri(2t)
Keep in mind that the square of a rectangle function is another rectangle function
but the square of a triangle function is not another triangle function. Use the

definition of the triangle function and the fact that a triangle function is even to
reduce the work.

e x(t)= 3tri%§
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) 2sin(2007)
Thisisapower signal and, as such, hasinfinite signal energy.

(9) o(t) (Hint: First find the signal energy of asignal which approaches an
impulse some limit, then take the limit.)

() x() = (rect(9)

This requires a generalized derivative and therefore contains impulses. Use
the result of part (g).

t
M x(t)= Irect()\)d/\
The rectangle function has finite energy but itsintegral does not.

Q) x(Q)=e""ru(y
Even though this function is complex-valued, the formula till applies.

57.Find the average signal power of each of these signals.

(@  x(t)=2sin(200t)  Thisisaperiodic function. Therefore
T

(
12 . 4271 1 0
P. == ([2sin(2 =2 [ & -Zcog4
3 T'[I'[ sin(2007t)| “dit TL@ 2cod OOrt)g:lt
2 . 2
~ 20 sn(400m)®* 2T sin(2007T) T . sin(-2007T) 0
P=Sg- g =S I ST )
T 400m Hr TH  400m 2 400m H

2

For any sinusoid, the average signa power is half the square of the amplitude.
(b)  x(t) = comb(t)
Use the result of 56 (g).

(©  x(t)=e"™"

58. Sketch these DT exponential and trigonometric functions.

@ dnl= —400%%5@

(b)  d[n] =—-4cog2.2mm) (©  dn]=-4cod1.8m)
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The graphsin (b) and (c) areidentical. Why?

@ dnl= ZCOSEZ?Q— 3s ng?g
© dn= Qgg () dn=209) Sinéz?g

59. Sketch these DT singularity functions.
@  gnl=2un+2
() o[n|=u5n]
Why does u[5n] = u[n] ?
©  dn|=-2ramp[-n]
_ thQd
@ dn|=10ramp, o
Don’'t plot undefined values.
© dn|=7n-1

®  dn]=752(n-1)
The DT impulse does not have a scaling property.

@ dnl= -M%ng ) dnl= -M%n —15
(i)  d[n]=8comb,[n| ()  dn]=8comb,[2n]
(k) g[n] =rect,[n| 0! on| = 2rect5%§

m) dn]= tri%@ (n dgn=-s nc%@
(0 dn]= sincg%lg P dn= drcl@l%,QQ

60. Sketch these combinations of DT functions.
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o[n] =un] +U-n]

Thisfunction is not a constant for al n.

gn] = u[n] ~yf-n]

gn = cosé!%ngcomm[n]

Thisisa“sampled” DT cosine.

@ dn|= cosé!;gcomb3 Y
gn| = 5 1 sin%!?gj[ n (¢ dn=s né!?gj[ n|

gn = i (comb,[m] - comb,[m-2])

m=0

ThisisaDT rectangular wave whose rectangles each have width, 2.

on| = miocosgggj[ m|

n

=Y (comb,[m] - comb,[m~2])

3

(comb4[m] +comb,[ ) rect, [ m]

M:

onl =

g[n] = comb,[n +1] - comb,[n]
d= 5 o~ 3 A

m=-—co m=-—co

The accumulation of a unit DT impulse is a unit sequence and the first
difference of aunit sequenceisanimpulse.

61. Sketch the magnitude and phase of each function versus k.

@

G[k]:ZOSiné!%k%_jT (b) G[k]=20005g%m ES‘”CQ%Q
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©  GK=(ok+8-2dk+4] + K -24k-4] + cfk—8])ej%

62. Given the function definitions on the | eft, find the function values on the right.

@

3n+6 _,,
EJ[”]:T‘E2 d9

)  dnl= Re%%‘ﬁ E

A complex number of theform, x + jy, raised to the nth power can be
expressed as (re“’)n =r"e" wherer isthe magnitude of the number,

JX% +y? , and Bisthe angle of the number, tan‘léza.
X

(©
gn] =(j2m)* + j1om-4 d4]

63.Using MATLAB, for each function below plot the original function and the
transformed function.

@
5, n<0
&—Sn , 0<n<4
SZl[n]—Erszrn2 A<n<g g3n vsn
Hil, n>8
(b)
on| = 10005%%05@?@ 4g2(n+1)] vs.n
(©

gn = 8ej21%n un| g%% Vs n

This function has some undefined values.

64. Given the graphical definition of afunction, g[n], graph the indicated function(s), h[n].
@
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] =g2n-4

(b)
_ [
h[n] = 9@5
(©
_ [
h[n] = 9@5

g[n| is periodic W?thfundamental period, 8
65. Sketch the accumulation from negative infinity to n of each of these DT functions.
@  dn] =cos(2m)u[n] (b)  dn] =cos(4m)un]
The answersin (a) and (b) areidentical. Why?
66.Find and sketch the magnitude and phase of the even and odd parts of each of this

“discrete-k” function.
10

1-jak

G[K] =
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10 N 10
¢ 2 (1- j4k)(1+jak) 1+16k°
10 10
_1-j4k 1+j4k _ j 40k _j4ok
G,[K = = " :
2 (1- j4k)(1+ j4k) 1+16k
IGJ[KII IG, (K
10 10
os? %, K --OQYTI ‘ IT??Q--- K
-10 10 -10 10
Phase of Ge[k] Phase of Go[k]
10 ] 10 k - 10 k

67.Find and sketch the even and odd parts of the DT function below.

gln]
67
4
2
8 DA P n
-2
-4
6
adnl afnl
61 6
4 4
2 2
n 1 I I ' n
%V 2 456 {3-]5[142 1% 24 6 8
-3 -2
-4 4
-6 6

68.Using MATLAB, plot each of these DT functions. If a function is periodic, find the
period analytically and verify the period from the plot.

@ dn=snH
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) dn|= Qnﬁ?% cosg%g
on| = 5‘”%%* cosé%n + %Qz S ng%r@ cos%%m@

Period=3 Period =3

Period is3

© dn]= 5cos§?§+ 3si ”@?@

d dn= 10005%@ Not periodic. Why not?

© dnl= —3005%77-“%571%@ (A trigonometric identity for the product of

two sinusoids will be useful here.)

69. Sketch the following DT functions.
@ dn=5n-2+3dn+1] (b) gn]=5d2n] +394(n-2)
aln]

©  dn=5n-1-qa-r]) F P I

|| ——t
2
-5

(d  dn]=8rect,[n+] e gn = 8COSE!?§

®  dn= ~10* un|

The graphsfor (f) and (g) areidentical. Why?

(@  on|=-10(1.284)" u[n|

™ dn :\@}ﬁ dr]

()  dn] =ramp[n +2] - 2ramp[n] + ramp[n -2

G)  o[n] =rect,[n]comb, ] (k) g[n] =rect,[n] comb,[n +1]

0) g[n]:ssing?grect4[n] (m) g[n]:SCosé!?@J%E
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70.Graph versusk , intherange, —10 < k <10, the magnitude and phase of

@ X[k =s nc%@ b X[K=s nc%%{ i

© X[ =rect]Ke’
Phase is undefined for any k greater than 3.
1

@  X[K=— © X[{=
1+j§ 1+J—

L 21K

) X[K =comb,[Kle '+

71. Sketch the even and odd parts of these signals.
@  x[n] =recty[n+2]
(b)  X[n] =comb,[n-1]

[ = comb,[n - 1]+2comb[ n-1 _

2(comb [n—1] + comb,[n+1])

xdrl

_110-11.11_11%1.11.11_110

n

_I_I_IITI_I_I_I \
ol lll -

-1

© An= 15009%:” + f@ d  Hn=s néz?%ects[n -1

72.What isthe numerical value of each of the following accumulations?

@ Z ramp[ n|

° 1 1
(b) —n:]_+_+...+_ .
nZoz 2 26
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(© i dn] (d) i comb;,[n]

n
2 n=-10

© i comb,[2n] (f) i sinc(n)

n=-10 n=

73.Find the signal energy of each of these signals:

@ x[n] = 5rect,[n] E, = i X[n]|* =25 i rect,[n]| =25 i (1) =225

()  x[n]=29[n] +5qn-3

© Xn|= Lnn] The energy isinfinite.

d Xn|= E—:—lgg un © Xn= cos%gu[ n -un-6|)

74.Find the average signal power of each of these signals:

@x[n] =un|
e 1 N-1 2 iN—l 2 iN—l _E
PX - leNnZI\JX[n” - ,!llm 2N n:ZN|U[n]| - ,LITO 2N ;;)(1) - 2

(b) x[n] = (-2)"
(© X[n] = Acog2rF;n + §

Thisisarather long and involved exercise.
] 1 N-1 2 ) A2 N-1
P = lemn:zN‘Acos(ZrFon + @‘ = leﬁnz_h‘ cos’(27F,n +

Using the trigonometric identity,
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cos(x) cogy) = %[cos(x -y) +cos(x +y)| ,

] 2 N-1 1 A2 ) A2 N-1
P, = leNnZ_N§[1+cos(4rFon +2@] = +hll|mmn:ZNcos(4 7E,n +2 9

A2
So the average power is a constant, - plus another term,

2 N-1

. A
Iy 3, in 20,
whose value depends on the parameters, F, and 6.

Case 1. 2F,, aninteger.

2 2 N-1

A2 A A2
R=" lim N H:ZN cos(26) = ?[1 +cos(26)|

Case 2. 2F,, not an integer.

Subcase 1. The signal is periodic. If it is periodic with period, N, :Fi.
0

The sguare of the function is periodic with period, NO:E' For a periodic

0
k+N-1

signd, P, :% > X[n]|" where “N" is any integer number of periods of
n=k

the signal and where “K’ is any integer. Then the average power is

A2 AZ k+N-1
Po=—+-— ) cos20
X 2 4N < d )
2 k+N-1
The summation, > cos(20) is zero because the samples are taken a
n=k
equa angular intervals over exactly an integer number of periods. Therefore
2

: A
the average power is P, = -5

Subcase 2. The signal is not periodic. This is the hardest case to examine.
We cannot use the periodic formula so we must use

A2 ] A2 N-1
R=>+ lemn:zhlcos(mzon +26)

The summation can be geometrically visualized asthe real part of a sum of
vectorsin the complex plane, al with unit length and separated from their
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nearest neighbors by the angle, 47i,. Sincethisangleis not any integer
multiple of Ttradians (that case has aready been considered), the summation

isof aninfinity of vectors at angles which uniformly fill up the full 2t

radians of afull circle. We don’t know what that sumisin the limit, but we
do know it cannot grow to infinity because of the cancellation of the vectors
arrayed in the circle and the sum is being divided by N which isgoing to

2

infinity. Therefore, in thelimit, the average power is P, = A? ,just asinthe
periodic case.

-blH
MM
W
[EY

1 2 13 2 13
= nll == nll ==
L5 =23 -2l

X[n] A, n=--01238910111617,1819,--
%) , n=---,456,7121314,15,20,21,22,23- --

m
x[n=e 2
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