OM. J. Roberts - 8/28/04

Chapter 4- TheFourier Series

Selected Solutions

(In this solution manual, the symbol, [, is used for periodic convolution because the
preferred symbol which appears in the text is not in the font selection of the word
processor used to create this manual.)

1. Using MATLAB plot each sum of complex sinusoids over the time period indicated.

30
@  x(t -1 sinc K jzoore , —15ms<t <15ms
10 0

k=-30

The MATLAB program can exactly follow the mathematical processin the
eguation.

For example:

fO=100; TO = /fO ; frmax = 30*f0 ;
Tmn = /frmax ; dt = Tmn/16 ;
t =-0.015:dt:0.015 ; x =t*0 ;
for k = -30: 30,
X = x + sinc(k/10)*exp(j *200*pi *k*t) ;

end
x = real (x/10) ;
plot(t,x,'k') ;

(Although the vector, x, should bereal, it may have some very small, but non-zero
imaginary parts because of round-off in the calculations. That iswhy the ‘real’ command

isused in the next-to-last line.)
X(t)

.15 UL LR o B 5 t (ms)
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. . _ |
b x(t)= i > %incgz—zg— | nc%%‘mm ,  —200ms<t <200ms
k=-9

2. Show by direct analytical integration that the integral of the function,
o(t) = Asin(27t)Bsin(4 rt)

, , 1 1
is zero over theinterval, -5 <t <§ :

jlg(t) dt = % J’l[cos(—Znt) ~ cos(671)] dt = % E‘Bingint) sin(67t) El

2

1
2 _AB Dﬂ n(-m) sin(3m) Gsin(m) _sin(-3m) 0 0
:[ 2 D -2 61T 21 61t

3. Convert thefunctlon, g(t)=(1+j)e'** +(1-j)e*", to an equivalent form in which

“j” does not appear.

Two very important trigonometric identities to remember are

e +e . e —e
, dn(x)=

cos(x) = 5 2
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4. Using MATLAB plot these products over the time range indicated and observe in
each case that the net area under the product is zero.

(@  x(t)=-3sin(167t) x 2cos(241t) , O<t< %

(b)  x(t)=-3sin(167t) x 2cog(241t) , 0<t<1

: 1 3
= —3sin(167t) x 2cog(2411) | —— <t<—
() x(t)=-3sin(167t) x 2cos(24 1) , ITRARET:

@ x(t)=x(t)x,(t)

where

xl(t) Is an even, 50%-duty-cycle square wave with a fundamental period
of

4 seconds and an average value of zero
and

xz(t) Is an odd, 50%-duty-cycle square wave with a fundamental period of
4 seconds and an average value of zero

©®  x(t)=x(t)x,(t)
where x,(t) = rect(2t) Ocomb(t) and x,(t) = E[ect%lg - é%% comb%%%

5. A sinefunction can be written as

et _ g2t

sin(27f,t) = 2

Solutions 4-3



OM. J. Roberts - 8/28/04

Thisis avery simple complex CTFS in which the harmonic function is only non-zero at
two harmonic numbers, +1 and —1. Verify that we can write the harmonic function
directly as

X[ = (ek+1- dk-1) .

Write the equivalent expressions for sin(Zn(— fo)t) and show that the harmonic function
is the complex conjugate of the previous one for si n(2nf0t) :
If the harmonic function is correct this equality should hold:
@it _ gmi2rht ®

sin(anOt):j—z: Z X[k]eJZn(kfo)t = i%(dk _,_1] _ (Ik_]])emn(kfo)t

k=-0c0 k=—00
Finish ssimplifying and see whether it does.

6. For each signal, find acomplex CTFS which isvalid for all time, plot the magnitude
and phase of the harmonic function versus harmonic number, k, then convert the
answers to the trigonometric form of the harmonic function.

(@  x(t) = 4rect(4t) Ocomb(t)

Thisformisin Appendix E. But let’s do one directly from the definition.
1 1

1 N 2 N 8
X[K] = ?OIT x(t)e 12Kt = 4J’lrect(4t)e 2 = 4J’1e 2 gy

0

2 8

Finish and check your answer against Appendix E.
1 t
(0 x(t)=4drect(4) T combgzg

(c) A periodic signal which is described over one fundamental period by

_Bn(t) , ff<1
- , 1<t <2

X(t)
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7. Using the CTFS table of transforms and the CTFS properties, find the CTFS
harmonic function of each of these periodic signals using the time interval, T,
indicated.

. 1

(@  x(t)=10sin(207t) , T T

()  x(t) =2cog100m(t -0.005)) , T, = 5—10

In this case, the representation time is the same as the fundamental period. From

Appendix E,
1

cos( 27 t) eﬁaa(é[k ]+ dk+1]) , T =T,
Linearity Property:
2cos(1007) - ok 4+ dk+1] , T, =T, :5_10
Time Shifting Property:
2c0s(10071(t - 0.005)) . (k4 + k+1])eo™ | T, =T, :5_10
1 1
fOtO =50 X% :Z
RIS 1
2c0s(10071(t - 0.005)) . (Jk 1+ dk+1)e 2 , T, =T, =55

Using the equivalence property of the impulse,

g[n] AS[n-n,] = g[n,| Ad[n-ny],
we can write

e—jo.5nk5[k_1] +e—jO.5nk6[k +1] — e‘jg 5[k—l] +ej7§r5[k +1]

J J

2c0s(10071(t - 0.005)) 5~ j(k 1 - dk-1]), T =T, :5_10
From Appendix E,

2sin(1007t) (3 j(k - gk-1), T.=T, :5_10

(©  x(t)=-4cos(s0078) , T. =
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1
f,=2500 Tz —-£ d- 5T
0 ) 250 F 0

Use the table entry,
T =ml,

cos(27tfyt) 7 - %(6[’& m] + dk+m])

(m an integer)

@ x(O)=—

Start with
e _Foolk 1 , T =T,=

gl

from Appendix E. Then apply the derivative property of the CTFS.
t
e  x(t)=rect(t) Dcomb%@ ,T. =4
(M x(t) =rect(t) Ocomb(t) , T, =1
Use the fact thatsinc(k) = 5[K] .

(@  x(t)=tri(t) Ocomb(t) , T, =1

8. If aperiodic signal, x(t), has a fundamental period of 10 seconds and its harmonic

functionis
X[K] = 4sinc%k0§,

with a representation period of 10 seconds, what is the harmonic function of z(t) = x(4t)
using the same representation period, 10 seconds?
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kO k _ .
, — t
Using the time-scaling property, Z[K| = EX%E g o IMegs

, otherwise
ko k_ . g o . k k . U
Z[q :éxﬁa Zanlnteger%: %ﬂsnc%—og , Zanlnteger%
B ohewise H H , otherwise H

This can be written more compactly as

Z[K] = 4sinc%k0§comb4[k] .

9. A periodic signal, x(t) , has afundamental period of 4 ms and its harmonic function is

X[k =15(a[k -1 + gk +1) ,
with a representation period of 4 ms. Find theintegral of x(t).

Start with

cos(2nf0t)@ﬁa%(5[k ]+ dk+1) , T.=T,=4ms

Linearity
30cos(500mt) - 15( gk 1+ Jk+1]) , T, =T,=4ms
Then use the integration property.
10.1f X[K] is the harmonic function over one fundamental period of a unit-amplitude
50%-duty-cycle square wave with an average value of zero and a fundamental period
of 1us, find an expression consisting of only real-valued functions for the signal

whose harmonic function is X[k —10] + X[k +10)].

Find the time-domain function which corresponds to the CTFS harmonic function,
X[k] , then apply the frequency-shifting (harmonic-number-shifting) property.
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11. Find the harmonic function for a sine wave of the general form, Asi n(2nf0t). Then,

using Parseval’s theorem, find its signal power and verify that it is the same as the
signa power found directly from the function itself.

Asin(2mfit) ~ff - Jg(d[k - dk-1) ,T.=T,

To

12 A2 T? T?
P, ?O O‘AanHft‘dt—?‘[ 27ftdt— J;l cos(4 7t)]dit
s
2
By Parseval’s theorem,
A2
R.= k:z_m Aok - k1) =214 = = . Check

12. Show for acosine and a sine that the CTFS harmonic functions have the property,

X[K] = X"[-K] .
For acosine,

X[ =5 (@lk =1 + k+1)

X[-K = 2ok -1 + -k +1) = 2k +1 + dk-1)=x[d =X [K] . Cheek:

13.Find and sketch the time functions associated with these harmonic functions
assuming T =1.

@ X[k =0k-2]+JK + Jk+2]

M  X[K=10s nc%@

14. Find the even and odd parts, x,(t) and x,(t), of
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x(t) = 20cos 4Ot + g@

Then find the harmonic functions, X [K] and X [k], corresponding to them. Then, using
the time shifting property find the harmonic function, X[k] and compare it to the sum of
the two harmonic functions, X [k] and X [K].

Use cog(x + y) = cog(x) cos(y) - sin(x) sin(y) to find the even and odd parts.

15. Using the direct summation formula find and sketch the DTFS harmonic function of
comb,_[n] with N, = N,

X[K] = Ni Z)combNO [n] e 127l

0 n={Np

One can choose any convenient period for the summation. In the period chosen below
there is exactly one non-zero impulse in the comb functionat n=0.

No_y
1 % i 1
X[k| =— comb,, [n]e 1 #®n = _—
= 3, combi,[] 5
T2
16.Using the DTFS table of transforms and the DTFS properties, find the DTFS
harmonic function of each of these periodic signals using the representation period,

N, indicated.

@ xn]= 6cos%§ , N. =32

(b)  Thesolutionis X[K] = j5(comby,[k +1] - comb,,[k _]])e—jgk

We can demonstrate that this solution is correct by reconstituting the signal using

kn

x[n] = k:%o>x[k]ejzn'% -

o
Z j5(comby,[k +1] - comb,,[k —]])e_lgke12 No
No)

K=

Since the summation extends only over one period, N, =12, choose the simplest period,
—-6< k <6. Inthat period the two comb functions are simply two impulses at k = +1.
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5 . n_1
=3 is(elk+1 - gx-1)e = e
k=—6

O-jorfn-t ' O —j2 An-1R0O
x[n]:jSEe nglisg_ej "% Q 15@2 26@ 12 ZGQD
8 Q g g

x[n| = —j5§j29n§n§lﬂz —é% 10sin§r§%%

We could have chosen adifferent period, for example 4 < k<16. Then

0= 3 (el 10 - dk-rg)e

x[n] = jS%ejm@‘%%@ e JSEe 2l ot _ @% °
B @ 8 D
X[n] — j5e12ﬂg% GQDJZR%Q 6 r@ﬁ 6 E": Jsﬂﬁ —jZH%—%Q_eJZ %@B
| = = O |

[n] = jsgrjzsin@m% -%% szt ]

which is the same answer as before (with somewhat more effort).
D h{J

n
t
© xn= 1'BH 8 an Integer , N =48
H) , otherwise

where x,[n] = sing?g

Use the time-scaling property of the DTFS.

(d  xn]=e?",N.=6
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Notice that this function, although written as x[n] = €'*™ could be more
simply written as x[n] =1 because for any integer value of discrete time, n, the result is

awaysthe same, 1. Therefore
e?™ =1 - comb,[K|
IXIKII

AT

Phase of X[K]
-40 Jr 40 k

If we take a more straightforward approach to finding the DTFS harmonic function using

jom
e ™ f_comb, [k m]

we get
e®™ - comb,[k 6]

Observe that this answer and the previous answer areidentical. That is,

comb, [ k] = comby [k - 6],

as must be true.

_ mr_ Prn-1)0 _
e  Xn| —cos%g cosi— = H + Ne =16
. [033rmQg_ . [133x27m

0 x[n]=—sma3—zaz—smw§ . N, =64

The period of thissignal is 64.
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This form does not appear directly in Appendix E. Therefore we must either use
what is in Appendix E with some properties to get to this form or simply apply the
definition of the DTFS harmonic function directly.

From Appendix E,

e Mo comb,, [k 1]

Using the frequency-shifting property,

jor™ 2

e e N“T‘)hﬁ_»combNo[k m 1]

i 2rrN—(m+1

e ™ " H_comb &k (m 1)

or
j2rrE
e ™ H.comby [k m|
Then
ejzn'“m‘we_mNmo Rmn0
5 = cosH Eeﬁa —(combNo [k—m] +comb,, [k+ m])
and
ejzn'T°—e_j2ﬂNmo . D2nrmD
2 sing N, Eﬁﬁa—(combNO[k+ m| —combNO[k—m])

X[K] = - (comb [k +33 - comby,[k - 33])

We can demonstrate that this solution is correct by reconstituting the signal using

kn i kn

x[n] = k; >X[k] o = k:% >—%(comb64[k +33) - combg, [k - 33§|)

Since the summation extends only over one period, N, = 64, choose the simplest period,
-32<k<32.

.kn

x[n] = Z (comb64[k +33) - comby, [k - 33})
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We must now determine for which values of k, —32 < k < 32, the comb functions are not
zero. Takethefirst comb function,

combg,[k+33 .

Its impulses occur whenever k + 33 is an integer multiple of 64. The only value of k in
therange, —32< k < 32, for which that istrueis k=31. Similarly, for

combg,[k - 33

the only value for which it isnon-zero is k = =31. Therefore we can write the summation
as

=-32

i O-jor>n 2] 31n Irm
x[n]:%gJ2 o " 64% % jzsn@ﬂ?% sn@nmg sin BZQ

But this can also be written as

N

j- [P PSS PR P Y i N I R PE SU PR i
x[n] 64 64 64

pia il i h B T S -

x[n] = HZsm = -sin %Q

If these two results are to both be correct

for any integer value of n. We can write

) 1nn§ ) 1m Q . 1m—64m§ %%m 3n§
sn% :sn%—Zm :sn% sin %
32 32 32 32
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proving that the two expressions are indeed equivalent for integer values of n.
(9) X[n] = rect,[n| Ccomby,[n]

2W+1 . Ok U

drcl J2W +1
N, BN, H

. U n O
And, from Appendix A, drcl ,2m+ comb,, ..|n| and the fact that
PP o ™ 1 M)

Using rect,, [n] Ocomb,, [n] & -

2W +1=N,,
X[K] = comby,[K]

Agreeswith 1.~ comb,, [k] because x[n] = rect,[n] Ccomby,[n] =1
andin 1.-f3 - comby, [K], N, can be arbitrarily chosen. The meaning of

the result is the same regardless of the choice of N,,.

This result was obtained for a period of N,=11. But when the function is a

constant, we can choose any period we like and get an equivalent result (because a
constant repeats exactly in any “period” you choose). For example, if we let N, = 4 the
transform pair, 15 - comb, [K], yields X[K] = comb,[K]. Then, reconstituting the

signa fromits DTFS,
kn . _kn

x[n] = Z X[k]ejanT: Z comb4[k]e]2nN7
k={No) No)

k=

Summing over the period, —2< k <2, yields
! jZIT@ jZH@
x[n] =% comb,[Kle" ¢ =e""* =1.
k=-2
If we chose the period, 2< k <6 we would get

_ S jZH%_ j nT _
x[n] = ;comb4[k]e =e =1,

which is exactly the same result. In general, for any choice of period and any range of k

covering one period,
ko +No -1 P i 2 7NN

X[n] = ZO combNo[k]ejzn'To :eJ nNo =1
K=

Solutions 4-14



OM. J. Roberts - 8/28/04

where the integer, g, liesintherange, k, < q<Kk, +N,.

(h)  x[n] =rect,[n] Ccomb,[n- 3 , N. =21

17. Find the DTFS harmonic function of

x[n] = i comb,[m| — comb,[m-1]

with N =N, =3.
18. Find the average signal power of
x[n] = rect,[n] Ccomb,[n]

directly in the DT domain and then find its harmonic function, X[k|, and find the signal
power in the “k” domain and show that they are the same.

Inthe DT domain:

Inthe“k” domain:

Do the summation numerically in MATLAB to get P, = 2%

19. Using the frequency shifting property of the DTFS find the DT-domain signal, x[ n] :
corresponding to the harmonic function,

X[ =3—72drc|§<;—216,7§.

This frequency shifting causes the sign of the DT-domain function to alternate.

20. Find the DTFS harmonic function for

x[n] = rect,[n] Ocomby[n]
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with the representation period, N =8. Then, using MATLAB, plot the DTFS
representation,

=3 XK
Xe[nf =) X|kle® 8
over the DT range, -8 < n <8. For comparison, plot the function,

20 jZHEE
xedml= 3 X[e™"

k=13
over the samerange. The plots should be identical.
21. A periodic signal, x(t), with a period of 4 seconds is described over one period by
x()=3-t, 0<t<4.

Plot the signal and find its trigonometric CTFS description. Then plot on the
same scale approximations to the signal, x,(t), given by

-x [d+ Z X [K] cos{2{Kf, )t) + X [K sin(2 ¢, ))

forN =1,2and 3. (In each case the time scale of the plot should cover at least two
periods of the original signal.)

Find the trigonometric harmonics series by direct integration using

to +Ty

X [0] = —0 J
X [K| = —Otoj’To cos(Zn (f )t)dt

X [K| = —tofo (t)sin(27(Kf, )t)
Use O
[x cog(x)dx = x"sin(x n_[xn “sin(x)dx ,

or
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[x sin(x)dx = -x" cos(x) + nfx" cos(x)dx

from Appendix A, and make the change of variable

1=
2

to finish the integrals.

22. A periodic signal, x(t), with a period of 2 seconds is described over one period by

1
0 n(27t) ,|t|<§

TG DT

,E<|t|<1
2

Plot the signal and find its complex CTFS description. Then plot on the same scale
approximations to the signal, x,,(t), given by

N

x(0)= 5 X[

k=-N

forN =1,2and 3. (In each case the time scale of the plot should cover at least two
periods of the original signal.)

23. Find and plot two periods of the complex CTFS description of cos(2nt)
@ Over theinterval, 0<t<1,
and (b) Over theinterval, 0<t<1.5.

@ The period of cos(2nt) is 1, therefore the complex Fourier series description is
simply the exponential description of the cosine function

jort | oi2nt
cog(27t) = %
That is,

X[ =X[-1 = and X[{=0,]#1.
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The plot is simply the plot of two periods of the cosine because the complex Fourier
series description is exact everywhere.

® 3 2
TF:E and szg
to+TF (i)
X[k = = g |#e
K=g [ x

sy - snprels 1
Nl

ERER O
E 2/1% 1@ 2né%k+1§

24. Using MATLAB, plot the following signals over thetimerange, -3<t <3.

X[K ==

MmOoOoOooODmOoOoo o

@  x(t)=1 (0)  x,(t) =x,(t) +2cos(2rt)
©  x()=x,(t) +2c05(4rt) ()  xy(t) = x,5(t) + 2c05(4072)
For each part, (@) through (d), numerically evaluate the area of the signal over the time

1 1
range, —= <t<=.
2 2

The “Nth” member of this sequence of functions can be represented by the general form
Xy, (t) = x4 (t) + 2cos(2mNt) .
Based on what you observed in parts (a) through (d) what is the limit as “N” approaches

infinity? Find the trigonometric Fourier series expression for the unit comb function and
compareit to this result.
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Successive Cumulative Sums of Higher Harmonic Cosines

‘ : ‘ ‘ ‘
-
z 0\/\/\/\/\/\/
ki
s ‘ ‘ ‘ ‘ ‘
-3 -2 -1 0 1 2 3
5
o~
1
2 of
g
5 ‘ ‘ ‘ ‘ ‘
-3 -2 -1 0 1 2 3
10 : : : : :
®
10
Z 0,\/\,\/\/\,\/\/\,\/\/\,\/\/\,\/\/\,\/,
il
10 ‘ ‘ ‘ ‘ ‘
-3 2 1 0 1 2 3
50 ‘ ‘ : : :
o
N
1
Z 0 A ’L L ’L L
g
50 ‘ ‘ ‘ ‘
-3 2 1 0 1 2 3

Time, t ()

25.Using the CTFS table of transforms and the CTFS properties, find the CTFS
harmonic function of each of these periodic signals using the time interval, T,
indicated.

@ x(t)= Br&t%Q - %%Dcomb(t)

Remember:

It g(t)=g,(t) 0(Y)

Then  g(t—1t,) = go(t — t;) T3(t) = go(t) Ot t,)
And  g(t—1t,) % go(t—1t,) ( t,) =9o(t—2t)

(0)  x(t) = Stri(t-1) — tri(t +1) D%comb%@, T.=4
Using trlmamicomba_r—aeﬁ_»—smc E]T a , With w=1and T, =4,

ved o Ot0 e 1 ,0KO
trl(t)DZcombEZaeﬁa FRlL=pE

Then using the time-shifting property, x(t —t, ) « ¥ - e772")e x[i] ,

ok
2

> OK O -i

tri(t —2) chombaz—laeﬁ ~ =sinc Ez—l%e
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and

. 1 . 0OtQ 1. ,0KO
trl(t+1)DZcombaz—la<—ﬁ—>Zsmc ey

ik
]2

Then, using linearity,

o
]2

, KO

5@ri(t—1)—tri(t+1)g]%comb%§eﬁa5§;gk—e Sréllsinc H

or

5ari(t -1)-tri(t +1) g]%comb%aeﬁ = gsing%gsincz %%

() x(t)=3sin(6rt) + 4cos(871) , T. =1
(d)  x(t) =2cos(24rt) - 8cos(307t) +6sin(36 M) , T. =2

e x(t)= j %omb(/\) —comb@\ —%%M , T =1

() x(t) = 4cos(100mt)sin(10007t) , T. = 5—10

@ x(t)= %4 rect%@ﬂcomb%t—z%] %rect%@ﬂcomb%% , T.=24

Let

xl(t):rect%gﬂcomb%g and xz(t)=r90t%§mmb%§

Then, using
Ot Ut w . Ow 0O

01 O
reCtmEDT—Ocombaﬁaeﬁ - T—OanE_ITO ka y

x(t) = 98x,(t) O x,(t)
X[K] = sgncé%k@ T =12
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Xl[k] _ é%sinc%@ , gan integer

H) , otherwise

. k
Xz[k]:SSnCE%Q , T, =8
E‘bsincg%kg Eaninteger

X [K =0 40" 3 T, =24
2l

, otherwise

, Te =24

. k k .
B405I nc%@snc%@ , — aninteger
X[K] =98 %24 40" 6 , T, =24

E) , otherwise
All the values of this function are zero except when k=0. Then
X[K] = 940803[K] , T, =24 .
(This result indicates that the periodic convolution of the two signalsis a constant, 94080.
That can be confirmed by graphically periodically convolving the two signals. That is by
finding the area under the product over one cycle and observing that, as one signal is
shifted, the area does not change. Signal one is a periodic sequence of pulses of height
168, width 8 and period 12. Signal two is a periodic sequence of pulses of height 56,

width 5 and period 8. The overall overlap width is a constant 10. That product is
168 x 56 x10 =94080.)

hy  x(t)= %rect%@ﬂcomb%%]ﬁ Zr&tggﬂcomb%% , T.=20
X[K = —1925‘Sl nc%—%& nc%@ 4 oninteger T, =20

, otherwise

26. A signal, x(t), is described over one period by
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O —Tocico
g 2

x(t) =0 T
U A, 0<t<=2
H 2

Find its complex CTFS and then, using the integration property find the CTFS of its
integral and plot the resulting CTFS representation of the integral.

Find its harmonic function using the integral definition. Y ou should get

X[K :jAcos(kn)—l

Then apply the integration property. Verify that the harmonicis correct at k=0. (You
will need to apply L’ Hopital’srule.)

27.In some types of communication systems binary data are transmitted using a
technique called binary phase-shift keying (BPSK) in which a“1” is represented by a
“burst” of a CT sine wave and a “0” is represented by a burst which is the exact
negative of the burst that representsa“1”. Let the sine frequency be 1 MHz and let
the burst width be 10 periods of the sine wave. Find and plot the CTFS harmonic
function for a periodic binary signal consisting of alternating “1’'s” and “0’S’ using its
fundamental period as the representation period.

The signal can be represented by
x(t) = sin(2 x 106m)[2rect(105t) [5¢ 10* comb(5x 10%t) —]]
Using mulitplication-convolution duality,

X[K] = lé(comb[k +20] - comb[k —20]) O §O§< 10‘5sinc%§— 6[k]§

Remember that a periodic convolution is the same as the aperiodic convolution of one
period of one of the periodic signals with the entire other signal. Choose one period of
the difference of two combs.
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28. Using the DTFS table of transforms and the DTFS properties, find the harmonic
function of each of these periodic signals using the representation period, N,
indicated.

.2m

@  xn=e ' Ocomb,[n , N, =48

From the table,
2m
e ® . combg[k 1 , N.=16

Therefore, using the change of period property,

O k .0 k .
_j2m omb. -15, — aninteger
elns . FOeEBTH 3 TN, =48
E) , otherwise
Also, from the table,
N: = mN,

.2mm
J

e ™ - comb, [k m]

48 = 3x16

. 2m
e ® - comb,[k 3

The function, comb, % - 15 is a sequence of impulses. The impulses occur wherever

g -1=16m, many integer. Rearranging, the impulses occur where k—3=48m. This

describes a comb of the form, comb,, [ k- 3] . Therefore the two answers agree.

From the table,
1
comb, [n] <& - o Ne=24

0
Therefore, using the time scaling property,
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1 k .
comb, [n] <& - @54 ’ Eanmteger@
E , otherwise H

, N.=48

Then, since the two DTFS's are both done with reference to the same representation
period, using the multiplication-convolution duality property,

kK . 1 k_ .
X[k]zzgcombw[k—?,] , ganmtege@@E4 , Eanmteger@

ED , otherwise HD |, othewise H

The non-zero impulses in the first harmonic function occur at values of k for which k + 3
is an integer multiple of 48. Therefore all these k's must be odd. The values of k for
which the second harmonic function is non-zero are all even. Therefore

X[k =0, forall k.

. 2m

This result implies that the origina DT function, x[n] =e ' % Ocomb,,[n], is zero.
Show that to be true by actually doing the convolution directly.

() X[n] = (recty[n] Dcombm[n])sing?g , N =24

©  An]=x[n]-x[n-1] where x[n] = tri%@Dcombm[n] , N. =20

29. Find the signal power of
4m 6/m
n| =5s nél;@— SCoséz;g :
(] 15 30
Use Parseval’ s theorem to find the signal power from the harmonic function.

3 Find the DTFS  harmonic  function,  X[K, of
x[n] = (rect,[n -1 - rect,[n - 4]) Ccomby[n]. ~ Then plot the partial sum,
N . Tk 5 . K
xwn = X[Kle'"® , for N =0,1,2 and then the total sum, x[n] = Zx[k]e'3.
K =

x[n] = rect,[n —1] Ocomby[ n] - rect,[n — 4] Ccomby[n]
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U
sm%ZN +1) kit

N, B

Using rect,, [n] Ocomby, [n] & - L

N, sinDknD
BN, B
sn%@ sn%@ singﬂg
_ A -i& _4Fr]
X[K] = é 5 % 271%9]3‘6]3%
sn%@ sn%@ sin%@
6
sn k[ Sn? Ok
1 o SUH  Hox O -2 Ho H
X[K=e'e ——2°¢7 e’z =1e
6 s K0 H 3 5 nDknD
He & He &

=] : N sin g%@ __%ejlk .ism %@ 557
R

-12 12

? AR ', |
ET R N LN SR T

2
11 11 Te e !

? L S
12 [ &ltl ) SR
2

Total Sum from0to5

X[n]

2
111 1t i Tt ) S
12§ llél IR R 1ile

31. Find and sketch the magnitude and phase of the DTFS harmonic function of
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x[n] = 4005% n§+ 3si n%m@

which isvalid for all discrete-time.

The least common period of these two signalsis N, = 21. Use the tables and the
change-of-period property of the DTFS, to find the DTFS harmonic function.

X[K] = 2(comb, [k — 3 +comb, [k +3) + g(combﬂ[k +7] - comb, [k - 7])

XK

e

Phase of X[K]

-+

21 l l 21

32. The sun shining on the earth is a system in which the radiant power from the sun is
the excitation and the atmospheric temperature (among many other things) is a
response. A simplified model of the radiant power falling on a typical mid-latitude
location in North Americaisthat it is periodic with a fundamental period of one year
and that every day the radiant power of the sunlight rises linearly from the time the
sun rises until the sun is at its zenith then falls linearly until the sun sets. The earth
absorbs and stores the radiant energy and re-radiates some of the energy into space
every night. To keep the model of the excitation as simple as possible assume that
the energy loss every night can be modeled as a continuation of the daily linear
radiant power pattern except negative at night. There is aso a variation with the
seasons caused by the tilt of the earth’s axis of rotation. This causes this linear rise-
and-fall pattern to rise and fall sinusoidally on a much longer time scale as illustrated
below.
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Radiant Power
June 21

Day

2

December 21

@ Write a mathematical description of the radiant power from the sun.

p(t) = %tri(Zt) Ccomb(t) - %D % S n%@

(b) Assume that the earth is a first-order system with atime constant of 0.16 years.
What day of the year should be the hottest according to this simplified model?

The differential equation for the rate of heat flow into the earth is

2 kT0) =00 - 50

dt 58.4

where K is a proportionality constant relating the temperature of the earth to its stored
energy (t in days). Since the radiant power striking the earth is periodic the temperature
is also periodic and both can be expressed in a CTFS with a representation period of 365
days. Find the harmonic function for the radiant power, P[k]. The temperature must also
be periodic with the same fundamental period as the radiant power. Solve for the
harmonic function of the temperature, T[k], by substituting P[K] into the differential
equation. Then simplify it by realizing that the higher order harmonic content in T[K] is
negligible compared to the fundamental. Then find the time-domain temperature
expression, T(t), and find the time at which it reaches a maximum.

0. 2% 1 ko o .
e g LK 3653nmteger%+é(6[k+]]—é[k—]])
lﬁ) , otherwise

T[K =

K i 2K L 001712
365
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02t . 020
0.0344 cos +0.03424 s n
H3esH FeesB 1

1
T(t) O—
(t) 8K 02 f

=sithe +(0.01712)°

0.03424K

The maximum temperature occurs at about
t =45.625 .

So the hottest day should occur about 46 days after the summer solstice or about August
6.

33. The speed and timing of computer computations are controlled by a clock. The clock
is a periodic sequence of rectangular pulses, typically with 50% duty cycle. One
problem in the design of computer circuit boards is that the clock signal can interfere
with other signals on the board by being coupled into adjacent circuits through stray
capacitance. Let the computer clock be modeled by a square-wave voltage source
alternating between 0.4 and 1.6 V at a frequency of 2 GHz and let the coupling into
an adjacent circuit be modeled by a series combination of a 0.1 pF capacitor and a 50
Q resistance. Find and plot over two fundamental periods the voltage across the 50
Q resistance.

Describe the excitation as a rectangle convolved with a comb, plus a constant. Find its
harmonic function. Put that into the differential equation for the response voltage,

RC[vi (t) - vo(t)] = vo()

j2.4 x10°krTs nc%@

L jaxi0okr
RC

and solve for the harmonic function of the response, V,[K] =

Then plot the response voltage by computing its CTFS. It should look like the graph
below.
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I
e B S

34. Find and plot versus F the magnitude of the response, y[ n] , to the periodic excitation,

x[n] = cog(2rFn),
in the system below.

X[N]—)

y[n]
\[ 09H D J

y[n] =x[n] +0.9y[n-1]

y[n] -0.9y[n-1 =x[n] .

The final graph should look like the graph below.

Amplitude
12 |

Thisisalowpass DT filter.
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