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Chapter 8- Correlation, Energy Spectral Density
and Power Spectral Density

Selected Solutions

(In this solution manud, the symbol, [, is used for periodic convolution because the
preferred symbol which appearsin the text isnot in the font selection of the word processor
used to create this manual .)

1. Plot correlograms of the following pairs of CT and DT signals.

@  x(t)=cog(2nt) and  x,(t) = 2cod(47t)

()  x[n]= Siné!%:@ and  x,[n] = ZCOSE!?Q

©  x(t)=eru(t) and  x,(t)=e*u(t)

d  x[n]= e cosg%@[ n ad x[n= e n%@[ |

2. Plot correlograms of the following pairs of CT and DT signals.
@  x,(t)=cog(2mt) and  x,(t) = cos’(2mt)
)  x[n=n  ad x[n=n® -10<n <10
©  x(t)=t and  x,(t)=2-t* , —4<t<4

3. In MATLAB generate two vectors, x1 and x2, representing DT signals using the
following code fragment,

x1 = randn(100,1) ; x2 = randn(100,1) ; x3 = randn(100,1) ;
Then plot correlograms of the following pairs of DT signals.
@ x1 and x2

(b) x1 and  x1+x2
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x1+x2 and  x1+x3 (d) x1+x2/ 10 and  -x1+x3/10

4. Plot the corrélation function for each of the following pairs of energy signals.

@
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—-12 yect
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(b)
(©
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%g+z%+r&t%g—zﬁﬂreﬂ(2r)eﬁ: 3sinc EEEBE +e g

x,(t) = 4rect(t) and  x,(t) = -3rect(2t)

Using

Ry (1) = x(-7) Oy(r),

Ry,(7) = 4rect(-1) OF 3rect(2r)) = -12rect(r ) Crect(2r )

Express the wider rectangle as the sum of two narrower rectangles, each of
which isthe same width as the other rectangle, then do two easy convolutions
instead of one hard one.

R,,(7) = —12@&1%2% +%%+ rectgzg —%%]rect(z)

mf . rf

-5y

R0

x[n] =2rect,[n]  and  x,[n] =5recty[n]

x,(t) = 4e" u(t) and  x,(t)=4e"u(t)

40 2 0O I
Rlz(T)ZSTlma:8eH
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d  x[n= 2e_;5sinéz?gu[n] and  x,[n] = —%_géng? —EELJ[I‘]]

For m=0,

Rulm =36 5 esfpod 2+ T co- 42 20 M

For m<O0,

Rolm =36 3 e podt 200+ T o] 40 20

5. Plot the correlation function for each of the following pairs of power signals.

(@  x(t)=6sin12rt) and  x,(t) = 5cos(127t)

LCM of the two periods is % Therefore both signals are a the fundamental of the
CTFS representation.

Ry, (1) «8 - X [K] X,[H
XM= jdelk+d-dk-1)  and  x[q=2(elk-1+ k1)

Ru(r) 1= 128 - o[k-1)(elk-1 + gk+1])

Ry (1) -0 = J—(é[k 1 -o[k-1)

R,,(1) = -15sin(12m17)
Alternate Solution:
1 . .30, .
R,(T) = lim ?J'T 6sin(12mt)5cos127(t + 7)dt = lim ?IT sin(12 i) cog(12 At + })dt
T

2
Ry,(7) = lim 1T—5 IT[s: n(-12r7) +sin(247t +12 9| dt = lim 1T—5 [ [sin(-12 7t} + sin(24 @+12 njfdt
T

2

.
_ .15 _cog24nt+12m) @
R,(1)=1li lim= sin(-12rt7) e 0,

2
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cos% 2427TT +12m§%
127t7) + O
O

241

A cosgﬂ + 1271@
15 0r 2 T .

R,(1) = lim= E—Iési n(-12rt7) - i o n(-

H

R,,(r) =15sin(-127t1) = -15sin(1277)

R0

(b) xl[n]:6siné!§§ and xz[n]:Ssiné!%ng

. . T
(©  x/(t)=6sin(12rt) and  x,(t)=5s nQZnt - Z@

6. Find the autocorrelations of the following CT and DT energy and power signals and
show that, a zero shift, the value of the autocorrelation is the signa energy or power and
that al the properties of autocorrelation functions are satisfied.

@  x()=e"ut)
(b)  X[n] =rect,[n-5
R, [m] = rects [ -m —5] Orect;[m- 5| = rect;[m+ 5] Orect,[ m - 5]

R, [m] — 8- 11drcl(F,11)e" 11drcl (F,11)e ™ = 121drcl*(F,11)

R [ =rect [ Crect ] =117

Even function, maximumat m=0. Energy is

E, = i recty[n -5 =11=R,[0]. Check.

o - 2

7. Find the autocorrelation functions of the following power signals.

(@  x(t)=5sin(247t) - 2cos(18 1)
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The period of thissignal is % second. Therefore f, =3 andits CTFSis

X[ =i 2(0lk+4) - k) - (4k-F + dk+3)

The autocorrelation can be found from

2

R, (1) 01~ X [KI XK =i >(ek+4] - alk-4])) - (e[k - + o[k +3)

R, (1) -1~ 2(alk 4]+ elk-4))+(elk-3 + fk+3)

R (1) = 2—25005(24770 +2c05(18711)

® o =-4s né’%‘@— 2cos§%’§

8. A dignd issent from atransmitter to arecelver and is corrupted by noise along the way.
The signal shapeis of the functional form,

Of, 0 1 0d
t) = Asin(27f t)rect 2 1 — —
X( ) ( 0 ) BZ% 2f0%
What isthe transfer function of a matched filter for this signal?

[D

h(t) = K sin(2rt,(t, - )rectg—g “too

Thesneisodd and therect iseven. Therefore
. Of O 1 M
h(t) =-Kg n(2nf0(t - to)) reCtEZO g —t, + F%
0

2K -izioyf0 DA(f + £,)0  C4(f - f,) 00

H(f)= Jf_oe @ncEiE—smcEi%

9. Findthe signal power of the following sums or differences of signals and compare it to
the power in the individual signals. How does the comparison relate to the correlation
between the two signals that are summed or differenced?

(@  x(t)=sin(2nt) + cog(2 1)
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0 U
P =t [, lsin(2n2) +cos27t)ft= = [ sin*(2 ) + cos’(2 4 +2sin(2 thcos(2 thrrt
T, % T, To [} O

=1

P, = [ dt +2Ilsin(2nt)cos(27t)dt:1

=0

The power of thesinis % and the power of the cosineis % The power of the sum
equals the sum of the powers because these two signals are uncorrelated at zero shift.

(b)  x(t)=sin(2mt) + COS@ T _g

(©  Xn] =rect,[n] Ocomb,y[n] —tri%@ﬂcombm[n]

The signal power of the sum isless than sum of the signal powers because the two
signals are negatively correlated at zero shift.

(d  x[n] =rect,[n] Ccomb[n] +tri§q;—5§Dcombm[n]

The signa power of the sum equals the sum of the signal powers because the two
signals are uncorrelated at zero shift.

10. Find the crosscorrelation functions of the following pairs of periodic signals.

€) xl(t):rect%gﬂcomb%@ and xz(t):rectg%agﬂcomb%g
R,, 6tr| @Dcomb%@ 144tr| % i - 24n)
()  x[n] :sinzéz?g and  x,[n] :sinzé!%g

©  x(t)=e* and  x,(t) = cos(1071)

11. Find the ESD’ s of the following energy signals.
@ A =Adn-n]
() x(t)=e"u(t)
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XUe)= 100+ 70 W9 = grar

© X[nlzlo%géné%@[n] (o x(t):Atrig‘Ttog

12. Find the ESD of the response, y(t) or y[n], of each system with impulse response, h(t)
or h[n], tothe excitation, x(t) or x[n].

@ An=an . =20 dn

Y N N 1 10
X(jQ)=10 ¥,(jQ)=1  and H(JQ)—1+9e_jQ = 0toc
10

i 100 _ 100
(10+9cog(Q))” +81sin?(Q)  181+180cos(Q)

(b) x(t)=e™u(t) , h(t)=e™*u(t)

(© X[n] =recty[n] , h[n|=rect,[n-2]

w,(jQ) = ¥ (iQH(jQ)

(@ x(t) = 4e cos(2rt)u(t) , h(t) = rectf} -%Q
13. Find the PSD’s of these signals.
@  x(t)= Acos2rf.t + 9
R,(7) = —cos(znf )0 G( —[5(f = fo) + A F +fo)]

In finding PSD’s, it isusually easier to find the autocorrelation first and then
Fourier transform it to find the PSD rather than taking the direct route using
the definition.

(b)  x(t) = 3rect(100t) Ccomb(25t)

G,(f)=36x 10‘5§nc2§m%§comb%§
©  Xn|=8s né!%ng

(d)  x[n] = 3rect,[n] Ocomb,[n]
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G.(F)= 9 sin?(9rF)

= 20F
20 sin®(riF) comb{20F)

14. Find the PSD of the response, y(t) or y[n], of each system with impulse response, h(t)
or h[n], to the excitation, x(t) or x[n].

@ ()= acofhent -7, n(y)= &3yt

G,(f)=4[5(f -16) + J(f +16)

_ 1 _ 10
and H(f)_1+j2nf _1+j207'lf
10
U(f - 0
G, (1) = 4[o(f ~16) + & +16)]— 2=40055(f 16)2+6(f+16)2D
1+ (207t ) i+ (20rf)° 1+ (207)° g

5(f -16)+ o f +16)

G, (f) =400
/(1) 1+ (320m)°

(b)  x(t)=4comb(2t) , h(t) = rect(t -1)

©  X[n]=2comby[n] , h[n| = %g un-1

_ 0.42comb(8F)
1-1.8333cos(27F ) +0.8403

G,(F)
@  n=(-09"dn] , Hnl=(05)"un]

15. Plot correlograms of the following pairs of CT and DT signals.

@  x(t)= @ri%@ - %%— tri%@ - g%]comb(t) and  x,(t) =sin(2m)

(b)  x[n]= @ri Eh g 8@— tri Eh _824 %]combsz[n] and
x,[n] = cos%@
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© x(t)= Sri%ﬂ% —% - tri%ﬁl% - g%]comb(t) and
X, (t) = rtri(4t) - tri@d% - %%]comb(t)

d  x[n= Eectgl%@— r&t@%%ﬂcombsz[n] and
x,[n] = sin%@

16. Plot acorrelogram for the following sets of samples from two signas, x and y. In each

case, from the nature of the correlogram what relationship, if any, exists between the two
sets of data?

o300

€) x={6,5,8,-2,3,-10,9,-2-4,3-2,6,0,-5,-7,1,9,9,4,-6}
y ={-1,-10,-4,4,5,-2,-3,-5,-9,2,6,-5,-1,-10,-9,04,-10,9,-1}

(b)
{ 4165010’51-6’81-95018’7121-51-3’_41-418101417}
{-11,-13,3,-1,-8,10,-16,16,1,-17,-14,-39,7,129,-17,1,-8,-17}

X
y
(©

x={0,6,11,16,19,20,19,16,11,6,-0,-7,-12,-17,-20,-20,-20,-17,-12,- 7}
y ={19,1510,8,3,-9,-12,-19,-19,-25,-19,-17,-12,-5,-1,5,8,12,17,20}

17. Plot the correlation function for each of the following pairs of energy signals.
(@  x(t)=rect(t)sin(107t) and  x,(t) = rect(t) cos(107t)
®  x[n=gn-1-gn+] ad x,[n]=-gn-1+gn+]

© x()=e" ad x,(f)=e?

18. Plot the correlation function for each of the following pairs of power signals.

@ x,[ ] :—sgn%g and  x,[n| :Ssiné!%g

(b)  x,(t)=rect(4t) Ocomb(t)  and  x,(t) = rect(4t) Ccomb(t)
(©
x,(t) = 4rect(t) D% comb%@— 2 and  x,(t)=4rect(t-1) D%comb%@— 2.
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Graphical Solution:
1 t 1 t
x,(t) = 4rect(t) 03 comb%@— 2 and  x,(t)=4rect(t-1) chomb%g— 2 .

The easiest way to find the correlation function for these two signals is to first graph them,
then find the correlation graphically.

X(t) Xft)

? ¢ —|2T M2 .
. 2 LH L1 L
For periodic functions, the correlation function is the average value of the product of the two
functions over one period of the product of the two functions. In this case the periods of the
two functions are the same, 2, and the period of the product is adso 2. With zero shift of
X, (t) the product is -4 everywhere and therefore the average of the product is also -4. If
X, (t) is shifted by exactly haf a period, 1, the product is +4 everywhere and the average
valueis+4. For any shift between these two shifts, the average vaue of the product varies
linearly with the shift amount between these two extreme values of the correlation. Also the

correlation function is periodic with the same period as these two functions. Therefore the
correlation functionisall illustrated below.

R A1)

R,(r)=-4+8 tri(t-1-2n)

19. Find the autocorrelations of the following CT and DT energy and power signals and
show that, a zero shift, the value of the autocorrelation is the signa energy or power and
that al the properties of autocorrelation functions are satisfied.

@  {n|=gn+gn-1+gn-2+¢n-3

B-m+d-m-3 O Bm+gm-] O
Hro[-m-2) + d-m-3H Brolm-2 + dm-48

R,[m = x[-m] O m| =
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g§[m]+5[ m+1+q-m+2] + c‘[m+?§D
- AT g oo
pol-m -2+ g-m=-1 + d-n] + §-m+1 -
Hra[-m-3 +-m-2 + -m-1 +&[-mH

R [ = D45[m]+36[ m+1 +2d-m+2] + 4- m+:ﬂD
33-m~1 +24-m~2 + d-m~3 0

R [m =dm+3 +2dm+2 +3dm+1 +4dm +34dm-1 +2 §m-2] + $m-J
E= 3 M= 3 ol +dn-1+ dn-3+ g~ =4=R]d. Creck.
() x(t) = Acos(2rt + 6
R (1) -0 X XK

A2
RX(T) = 7COS(27TfO T)
Alternate Solution:

T

.
E 2
J' x(t+71)dt = Ilmﬁ‘[cos(Zm‘HB)cos(er (t+ 9+ 9ot
E 2

T

) A2 2
R (1) = T“TOE J; [COS(—ZT[fOT) +cos(4rf t +2 78, T+2 Q] dt

2

;

- A*O sin(4rft+ 27, 1+24 0
R.(7)=Ilim— -2 0 °

(D)=1im - gcos( 1) + e 0.

2

R (1) = A?Zcos(zmor)

2
R (0) = A? which is the average signal power of any sinusoid of amplitude A

(©  X[n] =comb,[n]

R.[m -7 X [ XK
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Using comb,, [n] @ﬁaNi
0
o101 1

R [ = comf;[m]

R,[0] :é . Check.
Alternate Solution:

R,[m] = le% me[n] x[n+m = Lm% ;\Dcomblz[n] comb,,[n + m|

The product, comb,,[n] comb,,[n +m], isnon-zero only if m is ainteger multiple of
12. The summation isover aperiod of length N. There are two cases.

Casel. Neven

Let the summation be from —% to %—1. Then

N

N -
R,[m = im< XN comb,,[n] comby,[n+m)] .
=72
In that range, for man integer multiple of 12, the number of impulses in the product
isthe greatest integer in i\l—z Therefore

. NO . ) O
reatest Integer in — 5, man integer multiple of 12
Rx[m]zymi%3 AT = P d

, otherwise E

_ %12 , man integer multiple of 12@_ comb,,[m|

R[] =
ED , otherwise H
Casell. N odd
) N-1 N-1
L et the summation be from —T to — Then
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R,[m] = Iim% i

N - o

N-1
comb,,[n] comb,[n +m] .

-1
2

n=-

Therest of the analysisis the same and so is the answer (in the limit).

_ %12 , man integer multiple of 12@_ comb,,[m]

R ! b,
FD , otherwise H

20. Find and sketch the autocorrel ation function of
1 t
x(t) = 10rect(2t) chomb%Q :
R12(T) ‘—ﬁ—‘ XZ[k] Xz[ @

25 . 1 t
R,(1) = ?tl’l(Zt) chomb%Q

R12(0)22—25 . Check.

Alternate Solution:
Check to be sure that its value at a shift of zero isthe same asits average signal power.

The signal is graphed below.

X(t)

10-q——
" T u ~

IN

Thisis a periodic signa. Therefore its autocorrelation function is also periodic with the
same period. The maximum autocorrelation vaue occurs at zero shift and that vaue is the
average of the square of the signa (its average power), 12.5. The autocorrelation varies
linearly with shift up to a shift of one-half at which timeitiszero. Thisistruefor postive or

negative shifts of up to one-half. The autocorrelation for shifts, %< 1| <2, is zero. This
pattern repeats periodically. Therefore the autocorrelation functionis asillustrated below.
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R(T)

/\12.5-/}\—/:\ ‘

- -1
1
1 4

R,(T) = %tri(Zt) D%comb%@
21. Find al cross correlation and autocorrelation functions for these three signals:
x,(t) = cos(27t) , x,(t)=sin(271) , x,(t) = cog(4 )
Check your autocorrelation answers by finding the average power of each signal.
22. Find and sketch the crosscorrel ation between a unit-amplitude, one Hz cosine and a 50%

duty-cycle square wave which has a peak-to-peak amplitude of two, a period of one, an
average value of zero and is an even function.

Ry, (1) <8 - X{[K] X,[H

x,(t) = cog(2rt) and X, (t) = 2rect(2t) Ocomb(t) -1

R,(1)=s nc%@cos(Zm)

Old Solution:

T

X [K = %i’cos(Zn(kfo)t)dt =4 ?Mg = ising%[@: Sinc%Q

T, 7 27‘1(ka) g Ckm
XK =0 , becausethefunctioniseven

All the cosines in the trigonometric expression for the square wave, except the one at the
fundamenta frequency of one Hz, are orthogona to the one-Hz cosine over one period.
Therefore the crosscorrelation is smply

PR

[cos(—2 1) + cos(4 #r+2 mfdt

R(1) = %icos(zm) S nc%@cos(z n(t+ 7)dt=2s nc%

R(r)=2s nc%% cos(2rtT) + Sin(4nt—7-;2m)

4

s nc%@ces(Zm)

EQ\H
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23. Find and sketch the ESD of each of these signals:

@  x(t)= Arect%%@

W (1) =|X(f)] =|Awsinc(wf ) = Aw?sinc?(wf)

(b)  x(t)= Arecté[%lg
©  x(t)=As nc%@

W (f)=X(f)] =|Awrect(wf )" = A2w? rect(wf )

@  x(1)= %e

24. Find the PSD's of
@ x(t)=A

e e ,
RX(T):llm?ITx(t)x(Hr)dt :llm?‘[dt =A
2

(b)  x(t)=Acos(2rft) (c)  x(t) = Asin(2rt)

25. Which of the following functions could not be the autocorrelation function of a red
sgna and why?

An autocorrelation function has the properties,

1. It isan even function,
2. Its maximum value occurs at zero shift,
and 3. Its Fourier transform is strictly non-negative for al f (or w).

@ R(r)=ti(r)
(o)  R(r)=Asin(2mf,1)
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©  R(r)=rect(r
d  R(r)=Asnc(Br)

N—

Solutions 8-16



