Mathematical Description of
Signals



Continuous vs Continuous-Time
Signhals

All continuous signals that are functions of time are
continuous-time (CT) but not all CT signals are continuous
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Sampling aCT Signal to Create a
Discrete-Time (DT) Signal

« Sampling Isthe acquisition of the values of a
CT signal at discrete pointsin time

e X(t)1saCT signdl, x|n] IsaDT signal

x[n] =x(nT,) where T, isthetime between samples

Sampling Uniform Sampling
x(1) 2} x[n] =x(1) @ x[n]
W, f;

[ 5/10/04 M. J. Roberts - All Rights Reserved 3 ]




Introduction to the CT Unit Step
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lim [ g(t)dt =0 !Ergg(t):Ai B:![rtr())g(t)

Thereis no area under the single point, g(to) , S0 the
function value at that one point (if it isfinite) does not
affect the integral’ s value.
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The CT Unit Step Function

1,t>0
u(t) = % , t=0
/D, t<0
Precise Graph Commonly-Used Graph
u(t) u(t
l 1&)
%T - | - f

The product signal, g(t)u(t), can be thought of asthe signal, g(t),
“turned on” at time, t = 0.
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The CT Signum Function
1 , t>00
sn(t)=0 ,t=00 = 2u(t)-1

E—l t<OE

Precise Graph Commonly-Used Graph
sen(t) sen(t)
1 1 A
-1 -1

—1 —1

The signum function, in a sense, returns an indication of
the sign of its argument.
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The CT Unit Ramp Function
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Introduction to the CT Impulse
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Introduction to the CT Impulse

The area under the product of the two functionsis

1 2
A= o
2
Asthe width of J_(t) approaches zero,

limA=g(0)lim 12dt I|m1 (a)=g(0)
imA=g(0 aja 9(0 g
2

a aaoa

The CT unit impulse isimplicitly defined by

= I o(t)g(t)dt
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The CT Unit Step and CT Unit Impulse

As a approaches zero, g(t) approaches a CT unit step and g¢'(t)
approaches a CT unit impulse

g(7) gl(f)

g I .

L;-|£:.
lJ|£:;|-
t-alm
-3l

The CT unit step isthe integral of the CT unit impulse and
the CT unit impulse is the generalized derivative of the CT
unit step
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Graphical Representation of the
CT Impulse

The CT impulse is not afunction in the ordinary sense because its
value at the time of its occurrence is not defined. It is represented

graphically by avertical arrow. Its strength is either written beside
It or is represented by its length.
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Properties of the CT Impulse

The sampling property

} g(t)o(t —t,)dt = g(t,)

The sampling property “extracts’ the value of afunction at
a point.

The scaling property

o(alt—t))= 2 ot

This property illustrates that the impulse is different from
ordinary mathematical functions.
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The CT Unit Comb

The CT unit comb is defined by

comb(t)= % o(t—n) , naninteger

n=—oo

comb(?)

T Lo T )

-2 -1 1 2

The comb is asum of infinitely many uniformly-spaced impul ses.
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The CT Unit Rectangle Function
Sl |t| 1D
H H
rect (t D; t| = %E §+%§—u§—%§
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The productagnal g(t)rect(t), can be thought of asthe signal, g(t),
“turned on” at time, t = -1/2 and “turned back off” at time, t = +1/2.
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The CT Unit Triangle Function

- [

. -t , it <10
tri(t) = EQ " 21%
tri(t)

l
—1 l

The unit triangle, defined thisway, is related to the unit rectangle
through an operation called convolution to be introduced in

Chapter 3.
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The CT Unit Sinc Function

sinc(t) = sin(rt)

sinc(t)
Theunit sinc A
function isrelated to l
the unit rectangle
function through the
Fourier transform,

to be introduced in - \/\un_.... t
Chapter 5. -5 -4 -3 -2\J-1 12

d,.
)= lim dt(sm(nt)) _ .mncos( t)

d

Itlmsnc(t i dt(nt) m -
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The CT Dirichlet Function

drcl(t,N) = sm(nNt)
N sin(7t)
drcl(z,4) drcl(z,5)

For odd N, the Dirichlet function is the sum of infinitely many
uniformly-spaced sinc functions.
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Combinations of CT Functions
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Transformations of CT Functions
Let aCT function be defined graphically by

andlet g(t)=0 , [t|>5
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Transformations of CT Functions
Amplitude Scaling, g(t) - Ag(t)
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Transformations of CT Functions

gfo)

Time shifting, t - t —t, \—/
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Transformations of CT Functions
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Transformations of CT Functions

I -t,0

Multiple transformations, g(t) - AQD a O

A multiple transformation can be done in steps

[1-
L a

o]
[]

amplitude t DtD

g(t) DT Ag)O @ Ag- —0'T™s  Ag
RO
The sequence of the steps is significant

amplitude t
: T S

seaft trs—t —1
g(t) DML Ag(t) D' Agt t,)0 B AJL o =

U a

Z Ag B
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Transformations of CT Functions

. . -1,
Multiple transformations, g(t) - Ag—=—°
1 g U
a(r)
c I1td e
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-29(1) Amplitude Scaling
a _%— L "‘5’ g /
b Fe ! .
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Transformations of CT Functions

Multiple transformations, Ag(bt —t,)

g(1)
3a(t) .
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Transformations of CT Functions
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Transformations of CT Functions

Differentiation
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Transformations of CT Functions

|ntegration
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Even and Odd CT Functions

Even Functions Odd Functions
o(t) =o(-t) o(t) = —o(-t)

g(t) gl(r)
M- A
gfr) gl(r)

N /N /L NN L,
V|V V \V
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Even and Odd Parts of CT Functions

The even part of aCT function is ge(t) = g(t) +2g( _t)

The odd part of aCT function is g, (t) = q(t) _29(_t)

A function whose even part is zero is odd and a function
whose odd part is zero is even.

The derivative of an even CT function is odd and the derivative
of an odd CT function is even.

Theintegral of an even CT function isan odd CT function, plus a
constant, and the integral of an odd CT function is even.
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Products of Even and Odd CT
Functions

Two Even Functions
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Products of Even and Odd CT
Functions

An Even Function and an Odd Function
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Products of Even and Odd CT
Functions

An Even Function and an Odd Function
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Products of Even and Odd CT
Functions

o () Two Odd Functions
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Integrals of Even and Odd CT

Functions
Even Function Odd Function
gfr)
Area #1 Area #2
Area #1 = Area #2 Area #1 = - Area #2
| g(t)dt =2 [ g(t)dt | g(t)dt =0
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Periodic CT Functions

If aCT function, g(t), is periodic, g(t) =g(t +nT), wherenis
any integer and T isaperiod of the function.

The minimum positive value of T for which g(t) =g(t +T)is
called the fundamental period of the function, T,. The reciprocal
of the fundamental period isthe fundamental frequency, f, =1/T,.

}i(i,') X(2) F'i(f)

CANNAP RNRE S S8 T
R B

A function that is not periodic is aperiodic.
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Sums of CT Periodic Functions

The period of the sum of CT periodic functionsis the least common
multiple of the periods of the individual functions summed. If the
least common multiple isinfinite, the sum function is aperiodic.

_ First Sinusoid
First Sinusoid 1

IAWAWAWAWIWAWAWA
_I//\\//\\//\\//\\ LWV VVVVVY

Second Sinusoid

Second Sinusoid %, ()

[VVVVV

Two Periods of the Sum of the Sinusoids

X)) + %,(8) Two Periods of the Sum x ) +x,
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Discrete-Time Sinusoids

The general form of a peri odi c discrete-time (DT) sinusoid with
fundamental period, NO ,

g[n] = AcosgZﬂ +HE or Acos(2mmFyn+ 6 or g[n| = Acos(mQ,n +6)

where m and N, are integers and F, istherefore the reciprocal of

an integer. Unlikea CT sinusoid, aDT sinusoid is not necessarily
periodic.

If aDT sinusoid has the form, g[n] = Acog(27Kn + 6), then K must be
aratio of integers (arational number) for g[n| to be periodic. If Kis
rational in the form, p/q, and all common factorsin p and g have

been cancelled, then the fundamental period of the sinusoid is g,
not g/p (unlessp = 1).
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Discrete-Time Sinusoids

An Aperiodic Sinusoid
x[#]
4
J . K LT ofe A Je
» ' -
64 ’ . ﬁ 1] &4
..' .... -.I_ 1 1 '“' L 19 -..l
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Discrete-Time Sinusoids

Two DT sinusoids whose analytical expressions ook different,
g,[n] = Aco(2rK,n+6) and  G,[n] = Acos(27K,n + §)

may actually be the same. If

K, =K, +2mr, where misan integer
then (because n is discrete time and therefore an integer),

Acog(27K,n+ ) = Acog(2 7K,n+ §

(Example on next dlide)
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Discrete-Time Sinusoids

gl[ﬂ] = cos(zﬁTﬂ)
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Discrete-Time Exponentials

The form of the discrete-time exponential is
gn=Aa" or g[n]=Ae"

where g = €°
Rea o Complex a

o) < 1

-l <o <0 Re(x[n]) Im(x[n])
o = 1
H Re(x[n]) Im(x[n])
HHTTT””HH j—,——-‘—u—’—‘—“-“—m—d
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The Discrete-Time Impulse Function
1, n=0
5[n] ) Ep , NZ0
o[n]
i

The DT unit impulse isafunction in the ordinary sense (in
contrast with the CT unit impulse). It has a sampling property,

i Ad[n—ny|X[n] = AX[n,]

n=—oo

but no scaling property. That is,

o[n] = gan] , for any non-zero, finite integer a.
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The DT Unit Sequence Function

- h=20
- h<O0

il =

uln]
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The DT Unit Ramp Function

[, n=200

ramp|[n] = Ep 0= i u[m-1]

, <0 &,
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The DT Rectangle Function

1, n<N,O

rect, [n] = Ep > N:E N, =0, N, aninteger
reCAt N, | 1]
® .1—.— [ ] [ ]
O 1
_NW NW
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The DT Comb Function

comb, [n] = mioé[n ~mN,|

combNO |n]
A
1+
_ [ wo—%—l—m I o“. > /1
-N, N, 2N,
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Transformation of DT Functions

Let g[n] be graphically defined by

g[n]
a4l aees. .
3L .

il

]
)

| |3 gn=0,n>15
|4
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Transformation of DT Functions

Time Shifting n - n+n,, n, aninteger

g[n+3]
)

l —r—e—nrvr—e—r [l

| |
I
Lo
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Transformation of DT Functions

g[ﬁ]
il
Time compression II II I
n - Kn o
K aninteger > 1 j
""""""" IS
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Transformation of DT Functions

. . n
Time expansion nHR K>1

For all n such that n/K is an integer, QE%E IS defined.

For all nsuch that n/K is not an integer, g%%é IS not defined.
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Transformation of DT Functions

Differencing
x[n]
1
-1

Ax[n]

Ag[n] =g[n+1 -g[n] _IW"

x[n]
jﬂlﬂﬂﬂﬂﬂﬂﬂﬂ
n

-3 20
Ax[n-1]
1

H
-3 20

xf:r]

| AT

T - Tl
5 n

- 20
Ax[n-1]
|
= n
X [ri]
n
10 10
-1
Ax[n]
|
n
10 10
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Transformation of DT Functions

Accumulation

dlrl= 3 H{m “}dﬂuﬂuﬂ‘ | ﬁ,,_,,,ﬂﬁmHH[,,,

[ 5/10/04 M. J. Roberts - All Rights Reserved 54 ]




Even and Odd DT Functions

o[ =g[-n] o[ = -g[-n]
Even Function Odd Function
gln] g[n]
il -, J““”ﬂww
o fr] = 9" +29[_n] oufr] = ") _29[_n]
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Products of Even and Odd DT

Functions

[] Two Even Functions

o

JDW,,’H]JLH

[] ,nl
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Products of Evenand Odd DT
Functions

An Even Function and an Odd Function

g,[n]

" g, il ]
4
g,[n] «l‘nu]l“.\ﬂmlj‘]‘ n
'
Im'mvr‘“m"“l*ﬂ
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Products of Even and Odd DT

Functions

el 1wo Odd Functions

|

g,[n]
4
W |
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Accumulation of Even and Odd
DT Functions

Even Function Odd Function

gln] g[n]
I Sum #14

Sum j?—‘l Sl'J.m #2 I‘j )
il JJJ““'ILM’*

1
‘U'xll ~

Sum #1 = Sum #2

| -

Sum #2
Sum #1 = - Sum #2

N N N

> dr=g[]+2Y dl] S g =0

n=—N n=1 n=-N
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Periodic DT Functions

A periodic DT function isone which isinvariant to the
transformation, n — n+mN, where N isaperiod of the
function and mis any integer.

The minimum positive integer value of N for which
g[n] =g[n+N] iscalled the fundamental period, N,
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Signal Energy and Power

Thesignal energy of aCT signal, x(t), is

£, = [ (1)’

The signal energy of aDT signal, x[n], is

[0}

e, = 3 b’

=—00
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Signal Energy and Power

X(7)
A

A

- 1
B \/

x(2)I? Area = Signal Energy
A*f \a B
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Signal Energy and Power

X[#]
'y
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Signal Energy and Power

Some signals have infinite signal energy. Inthat case

It is more convenient to deal with average signal power.

The average signal power of aCT signal, x(t), is
1 2 2
P = llﬁr[\o? J; x(t)"dt
2

The average signal power of aDT signal, x[n], is

= I|m— Z x[n]]
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Signal Energy and Power
For aperiodic CT signal, x(t), the average signal power is
P = X0’

where T is any period of the signal.

For aperiodic DT signal, x[n], the average signal power is

1 2
P =— XN
PR

where N is any period of the signal. (The notation,

means the sum over any set of consecutive n’'s exactly N in length.)
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Signal Energy and Power

A signal with finite signal energy iIs
called an energy signal.

A signal with infinite signal energy and
finite average signal power iscalled a
power signal.
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