TheFourier Series



Representing a Signal

* The convolution method for finding the
response of a system to an excitation takes
advantage of the linearity and time-
Invariance of the system and represents the
excitation as alinear combination of Impulses
and the response as a linear combination of
Impul se responses

* The Fourier seriesrepresents asignal as a
linear combination of complex sinusoids
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Linearity and Superposition

If an excitation can be expressed as a sum of complex sinusoids
the response can be expressed as the sum of responses to

complex sinusoids.
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Real and Complex Sinusoids

Im(ejifnzr) |
1T~ Re(d”™)
-1 eJX + e_jx
; 2
_ X _ A lX
Im(g-jl‘m‘) — e . e
1 J 2

[ 5/10/04 M. J. Roberts - All Rights Reserved 4 ]




Jean Baptiste Joseph Fourier

3/21/1768 - 5/16/1830
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CT Fourier Series Definition

The Fourier series representation, X (t), of asignal, x(t),
over atime, t, <t <t, +T_, IS

()= Y X[Ke)

k=—00
where X[K] is the harmonic function, k is the harmonic

number and fo =1/T. (pp. 212-215). The harmonic function
can be found from the signal as

to"‘TF
X[k] == I t)e/2mMe )it
F to
The signal and its harmonic function form aFourier series
pair indicated by the notation, x(t) T - X[K] .
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CTFS of aRea Function

It can be shown (pp. 216-217) that the continuous-time
Fourier series (CTFS) harmonic function of any real-valued
function, x(t), has the property that

X[K] = X"[-K]

One implication of thisfact isthat, for real-valued functions,
the magnitude of the harmonic function is an even function
and the phase is an odd function.

[ 5/10/04 M. J. Roberts - All Rights Reserved 10 ]




The Trigonometric CTFS

The fact that, for areal-valued function, x(t),
X[K] = X"[-K]

also leads to the definition of an alternate form of the CTFS,
the so-called trigonometric form.

x. (t)=X_[0] + Z{Xc[k] cos{21{id; )t) + X, [K] sin(2 r{t, )t}

where tO+TF

X [K] = —I t) cos{ 2r( kf. )t )t
X [K] = FtO}TF t)sin(27(kf, )t)ot
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The Trigonometric CTFS

Since both the complex and trigonometric forms of the
CTFSrepresent asignal, there must be relationships
between the harmonic functions. Those relationships are

X.[0] = X[O] O
xJ[d=0  ;
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Periodicity of the CTFS

It can be shown (pg. 218) that the CTFS representation, x(t)

of afunction, x(t), is periodic with fundamental period, T: .
Therefore, if x(t) isaso periodic with fundamental period,

T, andif T isan integer multiple of T, then the two functions
are equal for al t, not just inthe interval, t, <t <t, +T. .
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CTFS Example #1

Let asignal be defined by x(t) = 2cog4007t) and et

T =5 mswhichisthesameas T,
'[0+T|: 2 o+ Tk

X [K] = —I t)cog(2m(kf: )t)dt X [K] == I x(t)sin(27(kd )t)dt

F to F to
Calculation of harmonic ampltude #1
x(2) and cost x(¢) and sin
™, e/~

-
l v 0.005" \‘y(_ o0k
2 2.

Product Product
2 11
‘ ‘ O.OOSE
0.005" g
Integral of product Integral of product
2[/_/_/ 031786‘/\/\
0. 005I 0. OOSI
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CTFS Example #1

Calculation of harmonic amplitude #2
x(2) and cosine x() and sine

2‘\ / 2}
¥

\/ » 0.00
24 24

Product Product
2 1.53644
0.005]: t
-2 -1.5364 +
Integral of product Integral of product
0.29978% 0.84792%
0.005

\/\/ I
-0.29978 +

0.005"
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CTFS Example #2

Let asignal be defined by x(t) = 2cog4007t) and et
T =10 ms which is 2T,

Calculation of harmonic amplitude #1
X(?) and cosine x(?) and sine

ANV D=\ /[
AV AR VAN VAR VAT

Product Product
2 21
0.01
0.01 t ' & !
-2 2+
Integral of product Integral of product

0.300031 0.0877621

/\_ I
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CTFS Example #2

Calculation of harmonic amplitude #2
X(1) and sine

X(?) and cosine

N A/
ARVARVAS

Product
2

Integral of product
21
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27
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\*\ /,\ Am
S\
- -

Product
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0.01

[ 5/10/04 M. J. Roberts - All Rights Reserved 17 ]




CTFS Example #3

Let x(t)= % S

Calculatlon of harmonic amplitude #1
X(#) and cosine

-0.6149

Integral of product
0.15913¢

X(?) and sine

”
~‘- - _1

Product

0.775261

-0.1 '
O.II
“1.75+

Integral of product

A

0.1

-0.1

L

-0.50452

0.1

/0'1 |

207t ) + 1sm 307t)and let T. =200 ms
2
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CTFS Example #3

Calculation of Harmonic Amplitude #2

%x(1) and Cosine x(1) and Sine
1.75 1.75%
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CTFS Example #3

Calculation of harmonic amplitude #3

x() and cosine x(1) and sine
1.75}
ks ] oy \
0.1 A AL .
;r \‘ \\ : 01
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Integral of product Integral of product

022273 1 .
} 0.54815—-_/-\/_

0.1 \/'0. i J_/_/
0.16976 + ~1

-0.1 0.1
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CTFS Example #3

Calculation of harmonic amplitude #4

x(1) and cosine

-0.85911

Integral of product

1 0.19903

x(1) and sine
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Linearity of the CTFS

X(H)=x,1)+ x,(0) + ...

X(1) —5 X[k]

X (1) —=— X|[A] X|k]

These relations hold only if the harmonic functions, X, of all
the component functions, X, are based on the same
representation time.
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CTFS Example #4

L et the signal be a 50% duty-cycle sguare wave with an
amplitude of one and afundamental period, T, =1

x(t) = rect(2t) Ocomb(t)

Calculation of harmonic amplitude #1

X(1) and cosine X(1) and sine
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-0.5 ' 0.5 " i
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CTFS Example #4

Calculation of harmonic amplitude #2

x(#) and cosine

x(?) and sine
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CTFS Example #4

Calculation of harmonic amplitude #3

X(1) and cosine x(?) and sine
R 14 . 14
fa r|\ g d) /1 ;”\
: ! ] ll L] d ‘ i fl %
r 1 % ! 7 L] 4 L) t -7
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CTFS Example #4

Calculation of harmonic amplitude #4
X(1) and cosine x(1) and sine

\ 1 ’ 14 ’
. ;*\ N AT i ln P
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0.5, g 0.5 05 % 4 b vy Yy
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-0.07955 e oot
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CTFS Example #4

A graph of the magnitude and phase of the harmonic function
as afunction of harmonic number is agood way of illustrating it.
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CTFS Example #5

Let x(t)=2cog4007t)and let T, = 7.5 ms whichis

1.5 periods of thissignal.
Calculation of harmonic amplitude #1
X(?) and cosine X(?) and sine

A I A P
e OsX

Product Product
2 0.70853¢
: ¢ 0. 007§
-1.9938 -1.8153 +
Integral of product Integral of product
0.76379¢ 0152071 o~

\/g
-1.1709 +

0. OO?g
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CTFS Example #5

Calculation of harmonic amplitude #2
X(?) and cosine X(?) and sine

N A\
ST N

Product Product
2 1.9025

-1.9881 -0.38268 0. 00'?§
Integral of product Integral of product
0.672% 1.4547%

0.007% 0.007%
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CTFS Example #5

Calculation of harmonic amplitude #3
x(2) and cosine

N/

24

R G

Product

2

-2

0.0075
l

Integral of product

0.199861

[T\

-0.19986 +

\/\/ 0.007

x() and sine
2}

24

Product
1.5364}

0. Dﬂ?g

-1.5364 +

Integral of product
0.565281

0.007%
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CTFS Example #5

The CTFS representation of this cosine is the signal
below, which is an odd function, and the discontinuities
make the representation have significant higher harmonic
content. Thisisavery inelegant representation.

x (1)

VAN ANA L
VARVAVAR\AVAR

t=".5ms
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CTFS of Even and Odd Functions

e For an even function

— The complex CTFS harmonic function, X[k|, is
purely real

— The sine harmonic function, X [k], is zero
 For an odd function

— The complex CTFS harmonic function, X[k], is
purely imaginary
— The cosine harmonic function, X [k], is zero
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CTFS Example #6

This signal has no known functional description but it
can still be represented by a CTFS.

A h 2 n\ﬁ
Il A

1.0512 + |
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CTES Example #6

Calculation of Harmonic Amplitude #1

X(1) and Cosine X(1) and Sine

'1.0512
Product Product
0.88491 0.81445%
71
-0.63997 -0.93758 4
Integral of Product Integral of Product

0.096185% 0.053825¢

_A'N\\—‘\ l.l /\\( -

"“'V 0.2

Sl 002589+
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CTFS Example #6

Calculation of Harmonic Amplitude #10

X(#) and Cosine x(#) and Sine

Product Product

0.64106 0.507174

-0.55575 -1.0512 +
Integral of Product Integral of Product
0.0449111 0.014042% .t
/\M\ 0.2
] 03
-0.016061 + ' -0.20739 +
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CTFS Example #6
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CTFS Properties

Let asignal, x(t), have afundamental period, T, and let a
signd, y(t), have afundamental period, T, . Letthe CTFS
harmonic functions, each using the fundamental period as
the representation time, T, be X[k] and Y[K]. Inthe
properties which follow the two fundamental periods are the
same unless otherwise stated.

X(H)— o
w20 x5 21k
Linearity v —| B

ax(t)+By(t) - a X[k| +B Y[K]

XI[k]

X(t)—FS o
o
Y[k
1 YI[£] B

y(&) —{‘FS
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CTFS Properties
x(t —t,) [F - e7127o)te X [|]
x(t —t,) [F - @ Ik@)to X[K]

Lol

Time Shifting

10

Phase of X[k]
m
TATRNATRRTAVES )
10
-T
— Time Shift X[k
1
-10 10 k
TS Phase of X[k]
3 - - m
i
-10 10 k

-T
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CTFS Properties

Frequency Shifting  Jj2n(ksfo) "x(t) ~FF - X[k ko]
(Harmonic Number (ko)
Shifting) ol x(t) B - X[k k)]

A shift in frequency (harmonic number) corresponds to
multiplication of the time function by a complex exponential.

TimeReversal  x(-t) < X K|
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CTFS Properties

Time Scaling

Let z(t)=x(at),a>0

Casel. T, = % =T,, for z(t)
Z[K] = X[K

Case2. T. =T, for z(t)

If aisaninteger,

K
2[] = 3?(%5 L integer

D , otherwise

x(1)
F
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CTFS Properties

Time Scaling (continued)

111

| X[E]I
4

1

IZ1k]
¥

T.I.l.r...].l.[.

M-rhuk

a=?2

Wl

.I.‘.I.T -k
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CTFS Properties

Change of Representation Time
With T =T,,, x(t) < - X[K]

With T. = mT,,, x(t) <& - X, [K]

X [k = ﬂxan@ y 2N Integer

-0 , otherwise

(misany positive integer)
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CTFS Properties

Change of Representation Time

X[k]!
WooraT, I
WWI TIM ‘I”Lk
-7,
X, [K]l
X(2)
4 ];? :2]“0 I
t
- K
~—T,—
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CTFS Properties

X[k]
}i,(t) 0.54
J.-.u.LU.Lw.-’k
. -11 11
Time Differentiation T 7 B~ phage of X[k]
d ] -1t _1-10 * T# I . T ._[>k
& (x(0) 17 j2n(k6,) X[K [T
lj2rckf X[l
d 50

—(X(t)) < — (ke ) X[K] X'(0) '
o 1 HHHHH’[LC

I ;

l l 1 l -1 " Phase of j21tkaX[k]
1

i

I T 11t 111=k

116 & 111 1 1
-1t
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CTFS Properties

Time Integration Case 1 Case?2

Case 1. X[O] =0 X[0] =0 X[0] 20

t x(1) X(1)

[X(A)dh 7 - - XK “ "

J, j2n(kf;)

t X k " | I ‘ "
[x(A)dr LT - X I "

J, i (keo,) | xnda xoan

Case2. X[0]#0 " /
Ix(/\)d/\ is not periodic AALALL -
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CTFS Properties

Multiplication-Convolution Duality
X(t)y(t) < - X[K] OY[K]

(The harmonic functions, X[k] and Y[K], must be based
on the same representation period, T. .)

x(t)@y(t) - - T, X[k Y[ K

The symbol, ®, indicates periodic convolution.
Periodic convolution is defined mathematically by

x(t)®@y(t) = . x(1)y(t —1)dr

X()@y(t) =x,,(t) Oy(t) wherex_(t)isany single period of x(t)
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CTFS Properties

IX[k]
X(1) ji
6!E
SN ANA AL e, “ .
VIV VIV V 2 10 10
s+ 1y, IX[k]*Y[k]I
X(1)y(1)
(x }— t <o, :“:
+ 6 Y&
2!':
y(l)
65[
AN N4 WA f._}j g:’S mo»LwLm»k
— \/Ylj\/ N/ V2 " YY/ o 10
61 Oy
1y
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CTFS Properties

Conjugation
X (t) <P - X K|

Parseval’s Theorem
0= 3 X

The average power of a periodic signal isthe sum of the
average powersin its harmonic components.
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Convergence of the CTFS

Partial CTFS Sums

N

xy(t)=5 X[K g2kt
For continuous signals, o
convergence is exact at
every point. \/ .

(v)

A Continuous Signal

X(7)

(v
=5

<
Dh‘! B
r

Dh-g [

A0

Y
b N
M M M M
<“‘Ua< <°' 2 <°' . <°‘
<

Dh-g B
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Convergence of the CTFS

Partial CTFS Sums

For discontinuous signal<
convergence is exact at
every point of continuity.

Discontinuous Signal

X(f)
A

A

2
>
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Convergence of the CTFS

The Gibbs Phenomenon
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Discrete-
Time
Fourier
Series
Concept

xlr] Original Signal

SIQTL?TL?TT,!TTM,,H

Harmonics

3 11!!!!91191!»!1 -
31 16
3
3

) M’”
3

_3-;#4“447.44#417(;1
g-frr‘-'-rr‘-‘-rr‘-‘-rr‘—>
3 16
3—}.4%.:#"#—»
3 16

3—{-‘-‘-'-'-‘-‘11-‘-‘11-‘-‘1?
3 16

_3; 16
_3$ 16

Real

lmaginary  Qum of Harmonics

k=0

3*!'!!!!!!1!!'!!! _—

31 16

3
_3{"""""'""16'”
%f_.frununun ."
3 16 "
3
_3$" Ty e

3_{_.1‘1‘“1'1‘._.1‘1‘._.71' -
60
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The Discrete-Time Fourier Series

The formal derivation of the discrete-time Fourier series (DTFS)
IS on pages 259-262. The results are

1 no+NF_1

xF[n]: Z X[k]eJZH(kFF)n X[k]:N_ Z X[n]e—j2n(kFF)n
k=(Ng

F n=ng
. L 1 .
where N isthe representation time, F- = N and the notation,

F
k:%F )

means a summation over any range of consecutive K's exactly
N inlength.
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The Discrete-Time Fourier Series

Notice that in
Sl = 3 XKt
k=(Ng )

the summation is over exactly one period, afinite summation.
Thisis because of the periodicity of the complex sinusoid,

e—j 2m(kFe )n

In harmonic number, K. That is, if kisincreased by any integer
multiple of N. the complex sinusoid does not change.

e—j27T(kFF)n — e—j2r[((k+mNF)FF)n (m an Integer)

This occurs because discrete time, n, is always an integer.
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The Discrete-Time Fourier Series

In the very common case in which the representation timeis
taken as the fundamental period, N, ,the DTFSis

x[n]: Z X[k]ejzn(kFo)n (_ﬁs_)x[k]:i Z X[n]e—j2n(kFO)n
k=(No) N

0 n=(Ny)

or in terms of radian frequency

X[n] = Z X[k]ej(kQO)n (_EIS_) X[k] = i Z X[n]e‘j(on)n
k=No |\IO n=(Ng)

2
where Q, =2mF, ="

0

[ 5/10/04 M. J. Roberts - All Rights Reserved 55 ]




sl
-64 I

DTFS Example

DT Signal, x[n]

Ll

afllllL

IK[k]I

048438 +

SO SU—

Phase nf K[k]

178
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DTFS Properties

Let asignal, x[n], have afundamental period, N,,, and let a
signdl, y[n], have afundamental period, N, . Letthe DTFS
harmonic functions, each using the fundamental period as

the representation time, N, be X[k] and Y[K]. Inthe
propertiesto follow the two fundamental periods are the same
unless otherwise stated.

Linearit Xk o
/ }a LI NP 779
ax(t)+By(t) < - a X[k +BY[K yn]— B

XI[k]

X|n]—{FS o
B
Y|k
(<] B

yln]— FS
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DTFS Properties

x[n—n,| <FF - g2 ) X[K]
Time Shifting '. : (k@y)r
X|n—n,| <EF - e 1% X[K]|
x[#] 1:).155{[}{]|
k
-16 16
S Phase of X[k]
x[#] 0.1|2}<5:[k]|
k
-16 16
ES Phase of X[X]
- asesens ssnsees Beesen— |} k

24

-1 16
T
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DTFS Properties

Frequency Shifting eJ‘?ﬂ(koFo)nX[n] F X[k ko]
(Harmonic Number

Shifting) o yn] 1 - X[k ko]
Conjugation X [n] <F - Xq K]
Time Reversa X[-n| T - X K|
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DTFS Properties

Time Scaling

Let Zn|=x[an],a>0

If aisnot an integer, some values of z[n] are undefined
and no DTFS can befound. If aisan integer (other than
1) then z[n] isadecimated version of x[n] with some
values missing and there cannot be a unique relationship
between their harmonic functions. However, if

(N[ n :
] = é‘az@ - 20 Integen

-0 , otherwise
then

Z[ K| :%X[k] , N = mN,
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DTFS Properties

IX[X]

F ]_ F
li e | | | ..;k
4LS- Phase of X[X]
(AR ., T

Np - —
-Np Ln:NF
IX[X]l
X[#] 1[
! B e ] |I | ]| | -
‘ ‘ ‘ ‘ ‘ ‘ ‘ | ‘ e Phase of X[k]
] N e ET |

— —
_NF 1-11: NF
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DTFS Properties

Change of Representation Time
WithN. =N, x[n] ~F - X[K]

WithN; =gN,,, x[n] <& - X [K]

%(D(D, l—(aninteger
X, [K=0 fd’ «q
Eﬁ) , otherwise

(g Isany positive integer)
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DTFS Properties

X X[
[ m TS k
" l l Phase of X[4]
N l kR RN "
1 Jrl |
- NF
IX[%]

L]

]h I = eemd
T -
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DTFS Properties

D X[ K]

| x|m Hﬁsal_e_m(k%) , k20
Accumulation e X[k]
mZoox_m_ i - il k#0
Parseval’s 1 2 _ 2
Theorem NO iy No>‘X[n]‘ - k:%0>‘x[k]‘
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DTFS Properties

Multiplication-  X[NY 1 < - Y[K| @X[K = ZY[Q]X[k o|
Convolution

Duality x[nf@vn <& - N, Y[K[ XK

Firg Backward XN =x[n-1 - —’('1 e_jzn(kFO))x[k]
Difference x[n|-x[n-1 - -{a e )Xk
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DTFS Properties

x.[#] X4 [&]1

1 0.25
! T
) 16 k

_ -1
YR i IR Phase of X, [£]

1 T
16 ¥ ek
S les b X, [K]3, [A]]
1 2 0.625{
“'+ 1
®_’ -16 16 k
. 7" B~ Phase of X [K]X,[K]
-1 T
-1 - 16 k
X, [K]

X,7] 37
1 Thaalehadhad

- -16 16

e Phase of X,[k]

-16 16
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Convergence of the DTFS

 The DTFS converges exactly with afinite
number of terms. It does not have a“ Gibbs

phenomenon” In the same sense that the
CTFS does
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LTI Systems with Periodic
Excitation

The differential equation describing an RC lowpass filter is
RC Vo (t) + Vo (1) = Vin(t)

If the excitation, v, (t), is periodic it can be expressed as a
CTFS, )
Vin(t) = Vin k ej27T(|<fo)t
2 VilK
The equation for the kth harmonic aloneis

RC Vo (t) + Vo (1) = Vi (t) = Vi [ K] g o)
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LTI Systems with Periodic
Excitation

If the excitation is periodic, the response is also, with the
same fundamental period. Therefore the response can be
expressed asa CTFS also.

Vout k( ) out [ k] ej 27T kfo

Then the equation for the kth harmonic becomes

j 2krf,RCV,, [K]&Z el + v [K]e/2 o)t = v, [K]ef? HHo)t

Notice that what was once a differential equation is now
an algebraic equation.
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LTI Systems with Periodic
Excitation

Solving the kth-harmonic equation,

\V/ [k] — Vln[k]
o j 2krf,RC +1

Then the response can be written as

= C j2n(kio)t — c Vin[k] j2 ki)t
Voell) k:ZooV"“t[k]e )3 j2knfoRC+1e

kK=-00
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LTI Systems with Periodic Excitation

Theratio, M , Isthe frequency response of the system.
Vin [ k] V. [k] ‘

Vil Kl
1—1,

pnmmlmm HHHHmmn;=ka
HJJMJJJJJJJJJJLLR Lo kf.

R=1Q,C=1F, f,=005Hz
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