The Fourier Transform



Extending the CTFS

« The CTFSIsagood analysistool for systems
with periodic excitation but the CTFS cannot
represent an aperiodic signal for all time

e The continuous-time Fourier transform
(CTFT) can represent an aperiodic signal for
al time
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CTFSto-CTFT Transition

Consider a periodic pulse-train signal, x(t), with duty cycle, Tﬂ

X(7)
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w Tg

Its CTFS harmonic function isX[k] = '2‘_—Wsi nCET—E
0

0

[kwll

Asthe period, T,, isincreased, holding w constant, the duty
cycleisdecreased. When the period becomes infinite (and
the duty cycle becomes zero) x(t) is no longer periodic.

0
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CTFSto-CTFT Transition

Below are plots of the magnitude of X[K] for 50% and 10% duty
cycles. Asthe period increases the sinc function widens and its
magnitude falls. Asthe period approaches infinity, the CTFS
harmonic function becomes an infinitely-wide sinc function with
zero amplitude.
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CTFSto-CTFT Transition

This infinity-and-zero problem can be solved by normalizing
the CTFS harmonic function. Define anew “modified” CTFS
harmonic function,

T, X[K] = Awsinc(w(kf, ))
and graph it versus kf,instead of versus k.
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CTFSto-CTFT Transition

In the limit as the period approaches infinity, the modified
CTFS harmonic function approaches a function of continuous
frequency f (kf,).

equency f (kf,) 7 XA
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Definition of the CTFT

Forward f form |nverse
t)) = | x(t)e 7" dt X(t)=F HX(f)) = | X(f)e"?™df
Forward w form |nverse

t)):_}x(t)e-wdt () = F (X(j)) ijx,w et g

Commonly-used notation:

X(t) T X(F)  or  x(t) T - X(jw)
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Some Remarkable Implications
of the Fourier Transform

The CTFT expresses a finite-amplitude, real-valued, aperiodic
signal which can also, in general, be time-limited, as a summation
(an integral) of an infinite continuum of weighted, infinitesimal-
amplitude, complex sinusoids, each of which isunlimited in

time. (Time limited means “having non-zero values only for a
finitetime.”)
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Frequency Content
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Convergence and the
Generalized Fourier Transform

X(7)
Let x(t)=A. Thenfrom the t
definition of the CTFT,

A

X(f):IAe'jZ"“dt =A[ e 2™ dt

Thisintegral does not converge so,
strictly speaking, the CTFT does not
exist.
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Convergence and the Generalized
Fourier Transform

But consider a similar function,
X, (t)=Ae" |, 0>0

Its CTFT integral, =

does converge.

X,

o decreasing

X ()

4

o decreasing
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Convergence and the
Generalized Fourier Transform

20

Carrying out theintegral, X (f)=A .
y g eg a( ) O_2+(2nf)2

Now let o approach zero.

If f Z0then limA 20 > = 0. Theareaunder this

O 2
functionis °°° O +(2”f)
20

Area= AIU +(2nf) df

which is A, independent of the value of 0. So, inthelimit as

o approaches zero, the CTFT has an area of A and is zero unless
1=0 This exactly defines an impulse of strength, A.

Therefore AT A5(f)
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Convergence and the
Generalized Fourier Transform

By asimilar process it can be shown that

cog(27tf,t) LF - [cS(JF )+ g +1,)

and

sin(27tt) ﬁﬁl[a({n )= - 1,)]

These CTFT'swhich involve impulses are called
generalized Fourier transforms (probably because
the impulse is ageneralized function).
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Convergence and the Generalized

\ AL =

Fourier Transform
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Negative Frequency

Thissignal isobvioudly asinusoid. How isit described
mathematically? x(f)
A

N
\/ ,

A
DR

It could be described by

[(Prt[]
t)=A = Acog| 271 t
x(t) COS%fE cog( 27t t)
But it could also be described by

x(t) = Acog(2m( -, )t)
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Negative Frequency

A
X(t) could also be described by e

A /
ol 27t 4 o2t \/ —A\/{
«

2 >

x(t)= A

or

x(t)= A cos(2r t) + A cof2 (- )t) . A+A =A

and probably in afew other different-looking ways. Sowho is
to say whether the frequency is positive or negative? For the
purposes of signal analysis, it does not matter.
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CTFT Properties

If F(x(t)) = X(f) or X(jw) and F(y(t))=Y(f)or Y(jw)
then the following properties can be proven.

ax(t)+By(t) L - aX(f)+BY(f)

Linearity
ax(t)+By(t) O - aX(jw)+BY(jw)
X(£)— +
ED— F oX(f) + BY(f)
y(®)— "
X()— o — F —
sy

yO— b — F '
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CTFT Properties

X
1
X(7)

L f,‘__LLf
2 i Phase of X{ f)

Time Shifting o 4 il i
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CTFT Properties

Frequency Shifting
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CTFT Properties

x(at) 1 - 100

N a Lal

ime Scaling 1,0 wD
X(at
@)= X0
L0 5 X(af)
a EbD

Frequency Scaling 1
a Ebmﬁﬁx(]aw)
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The *Uncertainty” Principle

The time and frequency scaling properties indicate that if asignal
IS expanded in one domain it is compressed in the other domain.
Thisis called the “uncertainty principle’ of Fourier analysis.

X(2) X))
A A
24 21
o Jk J\
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x(1/2) 22X
o} 2
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CTFT Properties

X' (t) IF & XY f)

Transform of
a Conjugate X(t) LF o XY jow)
X(t) Oy(t) <& — X(f)Y(f)
M&'ﬂsgfﬁ' o X(t) By(t) - X(jow) Y(j w)
Duality x(t)y(t) £ - X(f)OY(f)
x(t)y(t) - ix(Jw) OY(j w)
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CTFT Properties

X, () X, (jo)
1‘i 1.‘.
RISITRSIEEe F
T%lebﬁ’f
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CTFT Properties

An important consequence of multiplication-convolution
duality isthe concept of the transfer function.

X(#) — h(®) y(®) = h(®)xx(t)  X(f)—{H(f)|=~Y(f)=HHX(f)

In the frequency domain, the cascade connection multiplies
the transfer functions instead of convolving the impulse

reSpoNSeS.
X(HO)=HOPXOH) = H O Y (S=XONHHHLF)
XK —HOH) —=Y()
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Time
Differentiation

Modulation

Transforms of
Periodic Signals

CTFT Properties

& ((0) 7 - j2r8 X(1)

& (x(0) -~ jox(i o)

x(t)oos(2rtt) 1 J[X(F£)+X(f+ 1)

x(t)cos(wot)ﬁa;[X(J(w &)+ X(i( wr ‘8))]

x(t) = i X[Kk|e 2Kt o L X(f)= i X[k]o( f - kf,)

k=-00 k=—00
0

X(t)= 3 X[Keter o x( jw):ZNkiOX[k] & -k @)

k=-00
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CTFT Properties

X, X,(f)

1
1

4 Phase of Xl(f) 4

2 5 4 : et
! 3
dr ijfff
+ X, (f)

X,(1) 2&
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CTFT Properties
[0y = [x(rY e

Parseval’s 0 1°
Theorem ‘dt=— )
_[o X(t)dt=_ j X(jo) of

Integral Definition }e-ﬂ”xydy:é(x)
of anImpulse 2,
X(t) O -x( f) and X(-t) O - x(f)

Duality X(jt) < = 2 &) and X(=jt) T - 2 mx( c)
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CTFT Propertles

[P
X(0) = 12"“dt =
(0) %[X()e %HO _ij

P o
D X(f)e JZ”“df = [ X( f)df
Total-Area D°° D o
Integral X(0) = Ei[ x(t)e wdtg = [ x(t)ct
o [0 Zw
01 ° . . [ -
x(0) = X(jwe'“dwg =—[X(jw)dw
o 3 ol
t
[x(N)ar 1 - >_<2(7‘;f) L% (0)3(f)
Integration > ) .
[x(A)oA 5 - Xglww)mx(o)a(@
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CTFT Properties

[ X(0)= } X(t)dt /\
- - < Van—a i
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CTFT Properties
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Extending the DTFS

 Analogoustothe CTFS, the DTFSIsagood
analysis tool for systems with periodic
excitation but cannot represent an aperiodic
DT signal for all time

e The discrete-time Fourier transform (DTFT)

can represent an aperiodic DT signal for all
time
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DTFSto-DTFT Transition

DT Pulse Tran

X|#]
AL LR TR,
-N, -Nw Nw N,

ThisDT periodic rectangular-wave signal is analogous to the
CT periodic rectangular-wave signal used to illustrate the
transition from the CTFSto the CTFT.
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DTFSto-DTFT Transition

N =5 N =22
XK]
DTFES of |
DT Pulse Tran
k
Asthe period of the

rectangular wave

Increases, the period of 0.2619
the DTFS increases
and the amplitude of : .

ad =
the DTFS decreases. N =5 N -84
YOXE
I D13D95' ﬂ
84 B4 k
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DTFSto-DTFT Transition

N =5 N_=22
w 0

Normalized g
0

DTFES of ¥
DT Pulse Tran h ‘|‘ ‘| o

By multiplying the k 1

_ . N =5 N =42
DTFS by its period and " N XK
plotting versus kF,
instead of k, the
amplitude of the DTFS
stays the same as the N =5 N =84
period increases and N IX[]

0

the period of the i

normalized DTFS

stays at one. -
a

-1 1
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DTFSto-DTFT Transition

The normalized DTFS approachesthislimit asthe DT
period approaches infinity.

NU|X[k]|
11
— . kF
1 1 0
, . kQ,
s 2T
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Definition of the DTFT

Inverse

F Form

Forward

x[n] = [ X(F)e” 'dF LF = X(F)= 5 xn]e’*™

n=-—o0

x[n| -1

Inverse

2TT

Q Form

Forward

00

ZHX(jQ)eandQ <—lj: — X(JQ) = Z X[n]e‘an

n=-—oo
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Linearity

X|p|— o

yln]— B

X|ln|— o

yln]— B

DTFT Properties

ax|nf+py|n

ax[n]+By[n

AT s aX(F)+BY(F)
- aX(jQ)+BY(jQ)

E)— F —oX(F)+BY(F)

I T -
O 0X(F)+ BY(E)
—{ F i
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DTFT Properties

Time X[n=np| L - &7 X(F)
Shifting x[n — no] AT 5 e X(jQ)
X ( F)l

x[#]

4 )

-1 1 F
T Phase of X( F)
_.\I“‘t_ Las S

: B 1
16 16 _ nl
X ( F)
x[#] 4
A,

-1 1
T Phase of X( F')

i

I SN N

-16 16 =t
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DTFT Properties

Freguency e x[n] - X(F F)
Shifting el QN x[n] J7 . X(j(Q Qo))
Time X[-n] <&F ~ X{ F)
Reversd xfn] T X )
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DTFT Propertles

Differencing

o

—LL:
-16
1

|l

1] - e )X(F)

x[n-x[n-1 T - e)X(jQ)
S X ()
%

i ittt

2T 21
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DTFT Properties
> o5 XF)

. A l2nF
Accumulation m=—co e

n X(iQ)
Z X[m] - 1_Je—jQ

m=-—oo |
x[n] |XEE]Q)|
f |

m ' MQ
- 7 F 2n I

-16 16 Phase of X(jQ)
T

N 2m l
T

IX(jE2)
x[n] 16

b
4e

+ % X(0)comb(F)

1 0Q [0
+ EX(O)ComeZTD

2n _ I
F Phase of X(j€2)

IMI =

-16 16
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DTFT Properties

Multiplication-
Convolution
Duality

x[n

x| N

| Tyl
n] Oy
M~ X(F)@Y(F)

x|

n-

| 5 - X(F)Y(F)
| - X(iQ)Y(iQ)

n-

QA - 2 x(jQ)@(jo)

Asistruefor other transforms, convolution in the time domain is
eguivalent to multiplication in the frequency domain

X[n]—

h[n]

—y[n] = h|n]*x[n]

X(F) —

H(F)

—Y(F) = HF)X(F)
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-16

DTFT Properties

X, [72]

IXI( Fab]
i ok
F
i Fi
1
IXI( F)@XE( Fan]
PRSSUIE i
16
1
|X2( FaB]
0.54&
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DTFT Properties

Accumulation o
Definition of a » €7 = comb(F)
Comb Function n=-e

[0}

i = [X(F)dr

Parseval’s = .
Theorem > W= [, [X(j9) d

The signal energy is proportional to the integral of the
squared magnitude of the DTFT of the signal over one
period.
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The Four Fourier Methods

Continuous
Time

Discrete
Time

Continuous Discrete
Frequency Frequency
CI'FI CTES
DTEFT DTES
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Relations Among Fourier Methods

Discrete Frequency Continuous Frequency
lxm paFal
i - - — [;:i[ﬁ:]l (1)
14 -4 4 f
K Phase of X{ £)
CT N Phas= of H[X] -}
j"D_""'_w i T = % % : -4 ’ET | | | |""f
k U j{ 4
CTES CTFT
3 =l
B[k] =
x[r] el ]
A F
DT : I ||..||“||| i 1 ? |*24’:5+12
‘ H H‘ “ “ o Phiase of X[4 Phase of X( F)
Nw NIII | L T
k N, M,
. N -
DTES " " DTFT
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CTFT - CTES Relationship

0

X(1)= 5 X[a(f - Id,)

k=—00
X[A]!
%
CTES
XEI) 'y —'?' S5 31135 ?"'
A- X(F)
: s %
1y \ CTFT
oyl +T T+ .
JEIETIES)
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CTFT - CTES Relationship

_ Periodically-Repeated
xn CT Signal, x(7) x( CT Signal, x(f)
1

A W

64 64
X(£) |};:11[k]|
X, [K] = f, X(Kf,) 8 03
i -f m—wlqllflq—w k
-05 0.3 -3 3
Phase G‘f X( f) Phase of Xp[k]
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CTFT - DTFT Relationship

Let x,(t) =x(t)-F combi\ 1= nix(nTs)é(t -nT,)

and let x[n] =x(nT,)

Thereis an “information equivalence” between X (t)
and x[n| . They are both completely described by
the same set of numbers.

[1f
Xprer(F) = xé(st) X5(f)= XDTFTE]?

S

LTI

XDTFT(F): fq i XCTFT(fS(F _k))

k=-00
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CTFT - DTFT Relationship

_ X))
X_ﬂ] i
Al ¥ o4l  DTFT
53113 5
IX.( P
Xi(t) f(f)
A . ~4|  CTFT
il ‘___;_"t I 1
vl T |
IX( )
sz) l(f)
A o 2TA CTFET
I VA PR v e 7

-/
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DTFS- DTFT Relationship

X(F)= i X[K|S(F - kR,)

k=-00

X[l

, A .
”f] DTFS
<] | | S
) y TS5 311357
A1 IX(F)

Al ” A

LN At

-1 1
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DTFS- DTFT Relationship

DT Signal, x[n] Periodically-Repeated
3 xn] DT Signal, x,[n]

b, hAdd,

64
X [k] iX kF X(F) X [K]!
Np l ﬁ ﬁ» .A J— M J
o
32 }L"‘k
Phase of X( F) Phase -:lf X[k

T 1
I RIS
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