Multiple Random Variables



Joint Probability Density

Let X and Y be two random variables. Their joint distribution
function 1s F (x,y) = P[X <xNY< y].

OSFXY(x,y)Sl , —o<x<oo , —ooL P<Loo
Fyy (_°°’_°°) =Fy (x’_w) =Fy (_w’y) =0
Fyy (o0,00) =1

F. (x, y) does not decrease 1f either x or y increases or both increase

Foy (o, y)=F,(») and F, (x,0)=F,(x)



Joint Probability Density

Joint distribution function for tossing two dice

E,(£y) X 36




Joint Probability Density

o (5:3) =55 Fo ()

f (x,y)zo , —o<Xx<oo |, —oo<L < oo
[ foles

fX(x)z

dxdy =1 FXY(x,y)z ]‘ ijY(Oc,ﬁ)docd,B

fXY(x,y)dy and fy(y): JfXY(x,y)dx
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—00

Yy Xy
P[x1 <X<x,,y <YSy2]: J.JfXY(x,y)dxdy

E(g(X,Y)) ]i]i x , Y dxdy



Combinations of Two Random
Variables

X and Y are independent, identically distributed (1.1.d.) random

Example

variables with common PDF

Find the PDFof Z=X/Y.

Since X and Y are never negative, Z 1s never negative.
F,(z)=P|X/Y<z|=F,(z)=P[X<z¥nY>0|+P[X2zY¥ nY <0

Z

Since Y is never negative F, (z) = P[X <z¥YmY> O]



Combinations of Two Random

Variables

F, (z) = ]2 Zf f. (x,y)dxdy = TT@‘xe_ydxdy
00

—00 —OO

Using Leibnitz’s formula for differentiating an integral,

dz

b(z)
d J g(x,z)dx

1 ab(z da(z " og(x.z
_ ( )g(b(Z),Z)— d(Z )g(a(z),z)‘FaZ[) gZ )dX
) F
in(Z):gye cerdy , z>0 ' PX < zY]
al2) e
(Z+1)2
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Combinations of Two Random
Variables

f @)




Combinations of Two Random
Variables

Example

The joint PDF of X and Y is defined as

6x , x=20,y20,x+y<I1
fXY(x,y)z .
0 , otherwise

Define Z = X — Y. Find the PDF of Z.



Combinations of Two Random
Variables

Given the constraintson X and ¥V, —1<7Z<1.

7Z=X-Y intersects X + Y =1 athHTZ Y= =2z

(1-2)/2 1=y (1-z)/2 -
For 0<z <1, FZ(Z): 1— j J O6xdxdy =1- j [3x2]y+yz dy

0 y+z 0

E,(2)=1-3(1=2)(1=2) 2 £, () =2 (1-2)(1+32)

P[st+Y]—+ -7 f




Combinations of Two Random
Variables

For —1<z<0
(1-2)/2 42 (1-2)2 (1-2)2

FZ =2 J J6xdxdy 6 J. [ ]yzdy=6 _J; (y+z)2dy

0

3 2
1+ 3(1+
FZ(Z):( 42) =1, ()= (42)
z>0 z=<0 q,
P Y $//~kx
1 %ﬂ 1 P[X<z+Y]
P[X z+Y]—» * z f
. 2\1 L Z/ i %
X:Iﬁ yzl'_z
2 2




Joint Probability Density

Wy Wy 1% w,
E(X)= T TfoY(x, y)dxdy = X, )
E(Y)= );:_w | w}"i/ .
E(XY)= zzxy £, (%.»)dxdy = XY, V>W;WX el

Wy

fX(x):]iny(x,y)d :LrectLX—XO]



Joint Probability Density

Pl(X<x)n4]
Conditional Probability F

X|A(x): P[A]

LetAz{YSy}
P[XSmeSy]_ FXY(x,y)

FX|YSy(x)=
LetAz{y1 <YSy2}

r ( ) FXY(x,yz)—FXY(x,yl)

X[y <Y<y,

P[Yy<y]  FE(»)




Joint Probability Density

Let A={Y=y]

F_ (x,y+Ay)— F (x,y) ~ ;y(FXY (x,y))

FXY:y(X):ELnO F,(y+Ar)-F,(v) i(FY(y))

7 (Fyy (x.7)

e 2 ) 2 ) )

Similarly fy|X=x(y ): £ (x)



Joint Probability Density

f (x,y)

In a simplified notation f == and f

X|Y( )_ £ (y) Y|X( ) £ (;)

Y

Bayes’ Theorem f (x)f (y):f (y)f (x)

XY Y YIX X

Marginal PDF’s from joint or conditional PDF’s

Jf x,y)dy = Jm )f, () dy

Jf X,y dx—J. Y|X fX(x)dx



Joint Probability Density

Example:

Let a message X with a known PDF be corrupted by additive
noise N also with known pdf and received as ¥ = X + N.
Then the best estimate that can be made of the message X 1s
the value at the peak of the conditional PDF,

f ( )_fYX(y)fX(x)

xy \Y) = fy()/)




Joint Probability Density

Let N have the PDF, Then, for any known value of X,
the PDF of Y would be
f () e)
A A
n
y=x

Theretfore if the PDF of N 1s f (n) , the conditional PDF of Y given
Xis f,(y-X)



Joint Probability Density

Using Bayes’ theorem,
¢ (x)_fy)((y)fX(X)_fN(y—x)fX(x)

) f, ()
f (y x)f (x) _ f (y x)f (x)
J. Y|X a’x J.f y— x)f (x)dx

Now the conditional PDF of X given Y can be computed.



Joint Probability Density

To make the example concrete let

e—x/E(X)

fX(x)z E(X) u(x) fN(n)z GN\/EQ_H

Then the conditional pdf of X given Y 1s found to be

2 2
/ZGN

o2 y ( o2 )
exp N .
(1) 2E*(X) E(X) et " E(x)
ST G Jo,
-\ ).

where erf is the error function.



Joint Probability Density

E(XX)=2,Y=X+N=3
Var(N) =16 Var(N) =4




Independent Random Variables

If two random variables X and Y are independent then

f (x)=f xzfXY(x’y) and £ (y)=f y:fXY(x’y)
o)== )2 )Ll

Therefore f, (x, y) =1, (x) f, ( y) and their correlation 1s the product

of their expected values.

E jjxyf X,y dxdy jyf dijf dx ( )E(Y)

—00 —CO



Independent Random Variables

Covariance

o —E([ e(x)[r-5 ()] )
”(x E(x))(» —B(Y"))f, (x.5)dxdy

o, = E(XY J-E(X)E(r)

XY

If X and Y are independent, &, = E(X)E(Y")- E(X)E(Y")=0



Independent Random Variables

Correlation Coefficient

Py = E[X_E(X) v —E(Y*)]

X

Oy Oy

o= T(x_fj)()][y* _;(Y*)]fn(w)dxdy

Y

B(xr)-E(X)E(Y) o,

0,0y 0,0y

Pxy =

If X and Y are independent p = 0. If they are perfectly positively
correlated p = +1 and if they are perfectly negatively correlated

p=—1.



Independent Random Variables

If two random variables are independent, their covariance 1s
zero. However, if two random variables have a zero covariance

that does not mean they are necessarily independent.

Independence = Zero Covariance

Zero Covariamee—independence



Independent Random Variables

In the traditional jargon of random variable analysis, two

“uncorrelated” random variables have a covariance of zero.

Unfortunately, this does not also imply that their correlation is zero.

If their correlation 1s zero they are said to be orthogonal.

X and Y are "Uncorrelated" = o =0

X and Y are "Unceste



Independent Random Variables

The variance of a sum of random variables X and Y is

2 2 2 2 o)
c,,=0,to0,+20, ,=0,+0,+2p 0 0O,

If Z 1s a linear combination of random variables X l.

N N
Gézzz%aja)(lx za262 +22aa6

i=1 j=I i=1 j=I
i#]



Independent Random Variables

If the X’s are all independent of each other, the variance of

the linear combination 1s a linear combination of the variances.

N
0, =240,
i=1 ’
If Z 1s simply the sum of the X’s, and the X’s are all independent

of each other, then the variance of the sum is the sum of the

variances.



One Function of Two Random

Variables
Let Z = g(X,Y). Find the pdf of Z.

F,(z)=P[Z<z]=P|g(X.Y)<z|=P[(X.Y)eR,]
where R, 1s the region in the XY plane where g(X Y )Sz

For example, let Z=X+Y
Y

PlZ=2l - \ﬂa

X+Y=<z? NS




Probability Density of a Sum of
Random Variables

Let Z=X+Y. Then for Z to be less than z, X must be less

than z— Y. Therefore, the distribution function for Z 1s
o z—y
F, (z) = j J. f,. (x,y)dxdy
If X and Y are independent, F, (z) = ]i f, (y)[zjy f, (x)dx]dy

and it can be shown that f, (z)= T f,(»)f,(z=y)dv=1,(z)*f,(z)



Moment Generating Functions

The moment-generating function ® ( ) of a CV random variable

X is defined by @, (s)=E(e" ) = jf )e*d.

Relation to the Laplace transform — & X( ) = .E[f (x )]H_S
] -
a5 @)= [ £ () xea
p -
{d_s(cp)( (S))} = [ xf, (x)de=B(x

s—0 —00

Relation to moments — E(X ”)

1
%‘%
S
——
o
S
——
o)
N—
N—
1



Moment Generating Functions

The moment-generating function @ (z) of a DV random variable

%(DX(Z):E(XZX_l) 5722@)((2 :E(X(X—I)ZX—z)

[Lo,()] -5(x)
)

Relation to the z transform — @ iz = Z(P (n))HZ1
)

Relation to moments — < -




The Chebyshev Inequality

For any random variable X and any €>0,

(e

- 2e]= | )fX(x)dH Jra=] o)

Wy +E

Also

(o)

Gﬁ( = J (x — .UX)2 f, (x)dx > j‘X_uX‘Zg(x —u, )2 f, (x)dx > e’ J"X—ux‘zg f, (x)dx

—00

It then follows that PUX— ‘LLX‘ > 8:| < Gi / €

This 1s known as the Chebyshev inequality. Using this we can put a bound
on the probability of an event with knowledge only of the variance and no
knowledge of the PMF or PDF.



The Markov Inequality

For any random variable X let f (x) =0 for all X <0 and let € be a postive

constant. Then

(e ] oo (e o]

E[X]z foX(x)dxz jfo(x)dxz Ifo(x)dxZSJfX(x)dxzeP[XZE]

—oo 0 £

E(¥)
€
It allows us to bound the probability of certain events with knowledge

Therefore P [X > 8:| <

. This 1s known as the Markov inequality.

only of the expected value of the random variable and no knowledge of the

PMF or PDF except that it 1s zero for negative values.



The Weak Law of Large
Numbers

Consider taking N independent values {X X X N} from a random

variable X 1n order to develop an understanding of the nature of X. They
: : .= 1 &
constitute a sampling of X. The sample mean 1s X, = WZ’X _. The sample
n=1

size 1s finite, so different sets of N values will yield different sample means.

Thus X v 1s itself a random variable and it 1s an estimator of the expected

value of X, E(X ) A good estimator has two important qualities. It is

unbiased and consistent. Unbiased means E(X N) = E(X ) Consistent means

that as V 1s increased the variance of the estimator 1s decreased.



The Weak Law of Large
Numbers

Using the Chebyshev inequality we can put a bound on the probable

deviation of X, from its expected value.

2
P[‘)_(—E()_(N)‘ze}gz)? = ](\2(2 , €>0

This implies that

PU)_(N—E(X)‘<£}21—;§2 , £>0

The probability that X v 18 within some small deviation from E(X ) can be

made as close to one as desired by making N large enough.



The Weak Law of Large
Numbers

Now, in

PU)_(N—E(X)‘<8}21—§§2 L £>0

let N approach infinity.
lim P| | X, —E(X)[<e|=1, £>0

N—o0

The Weak Law of Large Numbers states that if {X X, X } 1S a

N
sequence of 11d random variable values and E(X ) 1s finite, then

lim P| | X, —E(X)[<e|=1, £>0

N—oo

This kind of convergence is called convergence in probability.



The Strong Law of Large
Numbers

Now consider a sequence {X X, } of independent values of X and let

X have an expected value E(X ) and a finite variance Gi. Also consider
_ — 1 &
a sequence of sample means {Xsz»' : } defined by X, = FZXn The
n=1
Strong Law of Large Numbers says

P[lim X, = E(X)}:l

N—>oo

This kind of convergence 1s called almost sure convergence.



The Laws of Large Numbers

The Weak Law of Large Numbers
lim P| | X, —E(X)[<e|=1, £>0

N—oo

and the Strong Law of Large Numbers
P| lim ¥, =B(x)|=1

N—>eo
seem to be saying about the same thing. There is a subtle difference.
It can be illustrated by the following example in which a sequence

converges in probability but not almost surely.



The Laws of Large Numbers

L, k/in<g<(k+1)/n, 0<k<n , n=123
LetX =
0 , otherwise

and let { be uniformly distributed between 0 and 1. As n increases from

one we get this "triangular" sequence of X''s.

XlO
X2() XZI
X30 X31 X32
Now let Y(n 2k = = X  meaning that ¥ = {Xlo,Xzo,X21,X3O,X31,X }

X, 1s one with probability one. X and X are each one with probability
1/2 and zero with probability 1/2. Generalizing we can say that X is one

with probability 1/n and zero with probability 1-1/ n.



The Laws of Large Numbers

Y

)2k is therefore one with probability 1/ n and zero with probability
1-1/n. For each n the probability that at least one of the » numbers in

each length-n sequence is one is

P[at least one 1] =1- P[no ones] =1- (1— 1/ n)n :
In the limit as n approaches infinity this probability approaches 1-1/e=0.632.
So no matter how large n gets there is a non-zero probability that at least one
1 will occur 1n any length-n sequence. This proves that the sequence Y does

not converge almost surely because there 1s always a non-zero probability that

a length-n sequence will contain a 1 for any .



The Laws of Large Numbers

The expected value E(X nk) 1S
E(X,)=P[X, =1]x1+P[ X, =0]x0=1/n
and 1s therefore independent of k£ and approaches zero as n approaches
infinity. The expected value of X, is
B(X?)=P[X, =1]xI"+P[ X, =0]x0’=E(X, )=1/n
n—1

2
n

as n approaches infinity. Then according to the Chebyshev inequality

and the variance is X 1s . So the variance of Y approaches zero

n—1
n’e’

implying that as n approaches infinity the variation of ¥ gets steadily

P[‘Y—uy‘ze]sﬁ/ez:

smaller and that says that ¥ converges in probability to zero.



YH'(H'— 1)/ 24k+1

Sample Mean of Y”(”_I) el

Log of Sample Mean of Y

-0.5 L L I L L

The Laws of Large Numbers

A Typical Random Sequence
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The Laws of Large Numbers

Consider an experiment in which we toss a fair coin and assign the value
1 to a head and the value 0 to a tail. Let N, be the number of heads, let

N be the number of coin tosses, let 7, be N,/ N and let X be the random

N
variable indicating a head or tail. Then N = 2 X , E(N H) =N /2 and
n=1

E(rH): 1/ 2. r, versus N N, versus N
600
400
200
0 0
0 500 1000 0 500 1000
N N
r,, versus N N - E(N H) versus N
~ ®
Z 20
0 W\/‘
0
S
. <
0 500 1000 0 500 1000

N N



The Laws of Large Numbers

o’ = Gi /IN=>0 =0,/ \/ﬁ Therefore r, —1/2 generally approaches

Ty

zero but not smoothly or monotonically.
0’ = NGi =0, = \/EGX. Therefore N, — E(NH) does not approach

NH
zero. So the variation of N o increases with V.

r versus N N_versus N
H H
1 600
400
Fosf e F
200
0 0
0 500 1000 0 500 1000
N N
r__versus -E versus
Ve N NH (NH) e N
40
X
5 20
3|
' 0
T
. = 220
0 500 1000 0 500 1000

N N



Convergence of Sequences of
Random Variables

We have already seen two types of convergence of sequences of random
variables, almost sure convergence (in the Strong Law of Large Numbers)

and convergence in probability (in the Weak Law of Large Numbers). Now

we will explore other types of convergence.



Convergence of Sequences of
Random Variables

Sure Convergence
A sequence of random variables {Xn (C )} converges surely to the random
variable X(C ) if the sequence of functions X (C ) converges to the function

X(C ) as n — oo for all { in S. Sure convergence requires that every possible

sequence converges. Different sequences may converge to different limits but

all must converge.

XH(C)%X(C) asn— oo forall (€S



Convergence of Sequences of
Random Variables

Almost Sure Convergence

A sequence of random variables {Xn (C )} converges almost surely to the
random variable X(C ) if the sequence of functions X (C ) converges to the

function X(C ) as n— oo forall { in S, except possible on a set of probability

ZC10.

P[C:Xﬂ({)%X(C) asn%oo]zl

This is the convergence in the Strong Law of Large Numbers.



Convergence of Sequences of
Random Variables

Mean Square Convergence

The sequence of random variables {Xn (C )} converges in the mean - square

sense to the random variable X(C ) if

E[(Xﬂ(g)—x(g))z}a 0 as n— oo

If the limiting random variable X(C ) 1s not known we can use the Cauchy
Criterion: The sequence of random variables {Xn (C )} converges in the

mean - square sense to the random variable X(C ) if and only if

E|(X,(6)-X, (§)) | 0asn - andm—



Convergence of Sequences of
Random Variables

Convergence in Probability
The sequence of random variables {Xn (C )} converges in probability

to the random variable X(é’ ) if, for any € >0

PUXH(.{)—X(Q)FS}eO as n— oo

This 1s the convergence in the Weak Law of Large Numbers.



Convergence of Sequences of
Random Variables

Convergence in Distribution

The sequence of random variables {X n} with cumulative distribution
functions {Fn (x)} converges in distribution to the random variable X
with cumulative distribution function F(x) if

F (x) — F(x) as n— oo
for all x at which F(x) 1s continuous. The Central Limit Theorem (coming

soon) 1s an example of convergence in distribution.



Long-Term Arrival Rates

Suppose a system has a component that fails at time X, it is replaced and
that component fails at time X, and so on. Let N (t) be the number of

components that have failed at time #. N (t) is called a renewal counting
process. Let X denote the lifetime of the jth component. Then the time

when the nth component failsis § = X + X +---+ X where we assume

that the X . are 11d non-negative random
, N(7)
variables with OSE(X):E(X.)<0<>. 1
/ 1 N(t)+1
We call the X .'s the interarrival or cycle N (¢
J y 3
times. o) N{r)-1
: <_X1_>|4_X2_>|4_X3_>|<__X4—>|
Sl S2 S3 S4




Long-Term Arrival Rates

Since the average interarrival time is E(X) seconds per event one would

expect intuitively that the average rate of arrivals is 1/E(X) events per

second.
Sni) STS Sy N (1)
Dividing through by N(z), }
N(t)+1

Mo L O ‘3‘ N(7)

N(z) N(z) N(z 5 N(t)-1
SN(I) I XXX X,

1s the average interarrival L -t

N(z) s, s, S| s,

time for the first N(z) arrivals. !



Long-Term Arrival Rates

S N(r) q
N() _ 1 X, As £ — oo, N(t)%ooand N(z) . E(X)
N N & 0
Similarly, —>_ _y E(X). So from —L < T < N0
N(t)+1 N(r) " N(r) ~ N(z
5
we can say lim =E(X) and
V) N()
im N _ 1 . N(1)+1
I E(X) ; N(t)
) N(r)-1
1

— X% _>|4_X2_>|4_X3_>|4__X4—>| > [

5 5 5 5
5




Long-Term Time Averages

Suppose that events occur at random with 11d interarrival times X ; and

that a cost C; 1s associated with each event. Let C, (t) be the cost
N(r)

accumulated up to time ¢. Then C 2 C,. The average cost up to
j=1
t 1 N(t) ) 1 N(t)
time ¢ 1S —ZCJ ZCJ.. In the limit t — oo,
= t N(t)45

N(t) > ! and ZC.%E(C).Therefore limc(t) .
t E(X) N(t)j:1 ! = ¢t E(X)



The Central Limit Theorem

N
LetY, = ZXn where the X 's are an iid sequence of random variable

n=1
values.

N
X —-E(X

YN—NE(X) ;( n ( ))

LetZ, = ==
O,VN GX\/N

[ N

E(XH—E(X))\ iii(anE(X))

E(z,)=E| += = 221 =0
(2)=E| F——

o IN
\ y,




The Central Limit Theorem
N 1 ?

c, = o> =1
Zy ;(GX\/N] X

([ (N 1
(¥, ~E(x)
The MGF of Z is(I)ZN(S):E(eszN):E exp| 52 ——
.\ ’ ),
¢ (S):E[ﬂeXP[S(X jNX))D:ﬂE[eXP[S(XGj(NX))




The Central Limit Theorem

We can expand the exponential function in an infinite series.

(X_E(X)) + 2 (X_ E(X))z 4§ (X_ E(X))3

4.
o NN 216N 316° NN

(I)ZN (S)zEN I+s

_ 2
_GX

N

=0

B(x-E(X) ﬁ((X—E(X))zj . B((x-E(x))
o AN 216N ’ 3!G;N\/ﬁ

(I)ZN (S)z I+s

+...




The Central Limit Theorem

For large N we can neglect the higher-order terms. Then using
m-—oo m

lim(1+£j =e  we get

2 \V ey
®, (s5)= zlviiIi[”;_N] =251, (2)= i/ﬂ

Thus the PDF approaches a Gaussian shape, with no assumptions about

the shapes of the PDF's of the X 's. This 1s convergence in distribution.



The Central Limit Theorem

Comparison of the distribution functions of two different Binomial

random variables and Gaussian random variables with the same expected

value and variance

Expected Value = 10, Variance = 5
T T

. — Binomial |
- --Gaussian
0.8
= 06 -
T
L 04
0.2
0 -
02 | | | | |
0 2 4 6 8 10 12 14 16 18 20
X
Expected Value = 30, Variance = 15
T T
—Binomial
1+ !
- --Gaussian
0.8 -
-
5>< 0.6
o 04
0.2
0
0.2 | | |
“0 10 20 30 40 50 60



The Central Limit Theorem

Comparison of the distribution functions of two different Poisson
random variables and Gaussian random variables with the same

expected value and variance

Expected Value = 6, Variance = 6

I I
— Poisson ||
- --Gaussian
-0.2 1
0 5 10 15
X
Expected Value = 30, Variance = 30
T T T I :
L —Poisson ||
---Gaussian
0.8 B
= 06
Lnx 0.4




The Central Limit Theorem

Comparison of the distribution functions of two different Erlang random
variables and Gaussian random variables with the same expected value

and variance

Expected Value =5, Variance =5
I I

—Erlang
- --Gaussian
02 | I I 1
2 4 6 8 10 12
X
Expected Value =5, Variance = 1.25
T T r T
Wk —Erlang
- --Gaussian
0.8 s
—
:g/x 0.6
w04 _




The Central Limit Theorem

Comparison of the distribution functions of a sum of five independent
random variables from each of four distributions and a Gaussian random

variable with the same expected value and variance as that sum

Bernoulli, p =0.7 Geometric,p =0.3 Exponential, A = 0.4 Uniform between -2 and 4
1 1 1 1
0.8 08 038 08
= 06 = 06 = 06 = 06
T s T “x
w04 w04 w04 w04
02 02 02 02
0 0 0 0
02 02 02 02
0 1 2 0o 5 10 15 0 5 10 15 2 0 2 4
X X X X

Expected Value = 52.6595, Variance = 864927

—Sum |
- --Gaussian




The Central Limit Theorem

The PDF of a sum of independent random variables 1s the convolution

of their PDF's. This concept can be extended to any number of random

N
variables. If Z=) "X, then f,(z) =1, (2)*f, (2)*fy (z)*--*1f, (2).

n=l1

As the number of convolutions increases, the shape of the PDF of Z

approaches the Gaussian shape.



The Central Limit Theorem

£,

M

) =1 (0«f (x)

e

B =100 (x)

B

B (0 =1 @ (x)

4

/\L

4

f 1(x) f (x) f (x)
2L/1 ?T 05‘
T LI 8 e
£ =1l f @) =1 (0xf (x) f0=f @xf ()
} 8=x ; 3 I y ' 8=x
£, =100t () f S0 = fz(x)*f 2(x) f,00=f (xf ()
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The Central Limit Theorem

The Gaussian pdf
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The Central Limit Theorem

The Gaussian PDF

Its maximum value occurs at the mean value of its argument.

It 1s symmetrical about the mean value.

The points of maximum absolute slope occur at one standard deviation
above and below the mean.

I[ts maximum value 1s inversely proportional to its standard deviation.

The limit as the standard deviation approaches zero is a unit impulse.




The Central Limit Theorem

The normal PDF i1s a Gaussian PDF with a mean of zero and

a variance of one.

The central moments of the Gaussian PDF are
0 , n odd

E([X_E(X)T):{1-3-5...(;1—1)0;;  n even



The Central Limit Theorem

In computing probabilities from a Gaussian PDF it 1s necessary to

dx —(x— 2/262 .
e (v=ty) ¥ Define a function

evaluate integrals of the form, J
x O N21

1

NS

x—U,

Oy

G (x) = j e *>dA. Then, using the change of variable A =

Xy—Hy

Oy
: dA
we can convert the integral to J-

e or G(xz_uX)—G(xl _'uX).
yony N2T Ox Ox

o

X

The G function is closely related to some other standard functions. For example

the "error" function erf(x) = %j‘e12 dA and G (x) = %(erf(\/gx) — 1).
T o



The Central Limit Theorem

Jointly Normal Random Variables

i [’““J{T 2p (x- ) (v -4y +(y—uy

0,0y Oy

T_

exp| —

2(1-p3,)

(x,y) T 270 O ,\1— p3,
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The Central Limit Theorem

Jointly Normal Random Variables

0.2
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fXY(x’y)

0.05




The Central Limit Theorem

Jointly Normal Random Variables

Any cross section of a bivariate Gaussian PDF at any value of x or y

is a Gaussian. The marginal PDF’s of X and Y can be found using

fX(x)z_]ifXY(x,y)dy

which turns out to be

Similarly




The Central Limit Theorem

Jointly Normal Random Variables

The conditional PDF of X given Y i1s

(x-1)~(pw (o /0, )(v-1,))] 1

ZGi(l—p;Y)

expy —

f — \
ot o7,

The conditional PDF of ¥ given X i1s

[(r=11,) (P01, )(x-11,))] 1

20, (1=} )

exXps —

f — \
b TN



Transformations of Joint
Probability Density Functions

If W= g(X,Y) and Z= h(X,Y) and both functions are
invertible then it 1s possible to write X = G (W,Z ) and Y=H (W,Z )

and
P[x<XSx+Ax,y<YSy+Ay]:P[W<WSw+Aw,z<ZSz+AZ]

f.. (x,y)AxAy =t (W,Z)AWAZ



Transformations of Joint
Probability Density Functions

dG JdG

ow  0dz
JH JH

ow  0dz

AxAy =|J|AwAz where |J| =

f,, (w,z) = ‘J‘ f.. (x,y) = ‘J‘ f.. (G(W,Z),H(W,Z))



Transformations of Joint
Probability Density Functions

Y
LetR=vVX’+Y® and @ztan'l(}] , —T<O<r

where X and Y are independent and Gaussian, with zero mean

and equal variances. Then
X = Rcos(@) and Y = Rsin(@)

ox oOx |
M: or 96| _ cos(@) —rsm(@) _
dy dy sin(@) rcos(@)

Jor 00



Transformations of Joint

Probability Density Functions

fX(x)z : e 2% and fY(y): :

o N2 GY\/E

Since X and Y are independent

O A
o
Applying the transformation formula
fRG(r,G) = . 4 > e u(r) , —T<O0<rm
o
foo (r,@) = > ro_z e % u(r)rect(H/Zn')
T

e—y2/2612/



Transformations of Joint
Probability Density Functions

The radius R 1s distributed according to the Rayleigh PDF

T

f, (r) = J 27;/62 e u(r)d@ =§e‘r2/z"2 u(r)

/)

E(R) = \/%G and o’ =0.4290"

The angle 1s uniformly distributed

f@(@) °j’ 4 erz/zazu(r)a’rzreCt(Zt/z”):{l/br,—7r<9£7r

210 0 , otherwise

—00



Multivariate Probability Density

FX x,, XN(x , X ,---,xN)EP[XIleszﬁxzm---mXNSxN]
O<FXX X, (x1 Xy, X N)Sl , —oo<x <oo , « | —oolx <o
S (_°°9"'9_°°)_FX . (_°°»"’>xk9”'9_°°)

=F vox (xl’...’_oo,...,xN):()
FX XX, (+ +oo):1
FXP X, (x1 X, ) does not decrease 1f any number of x's increase

Fyo N(+oo,-.-, " ,+oo):FX (xk)

k



f

XX,y

E(g(XlaXza"'aXN)): j jg(xl,xz,--o,xN)le’XZ’“_’XN (xl,xz,---,xN)dxldxz--

Multivariate Probability Density

aN

X, (xl,xz,...,xN): 8x 8x o FXI,Xza-wXN (xl,xz,...,xN)

N
X, (x1 Xyst Xy, )>O —oo<x <00 , rr , —ool ), <oo
J ,xN)dxldxz---dezl

2 Xy (xl,xz,---,xN)z JJ% Jlesza---,XN ()’l’lz""’)‘N)dlldﬂ‘z"'CM‘N

—00 —00 —O0

k=1"""k+1

] j ” ,xN)dxldxz---de

):Z]i]if X, X(x X0 X, X, e, X N)dxldxz--dx dx

oedx

dx



Other Important Probability
Density Functions

In an 1deal gas the three components of molecular velocity are

all Gaussian with zero mean and equal variances of
2 2
0,=0,

The speed of a molecule is
NG e
and the PDF of the speed 1s called Maxwellian and is given by

2 2
—GVY—GVZ—kT/m

f, (v) =2/ ;—;evz/zaé u(v)



Other Important Probability
Density Functions

Maxwellian Probability Density Function




Other Important Probability
Density Functions

N
If ’=Y"+Y+Y +---+Y. =) Y’ and the random variables

n=I
Y are all mutually independent and normally distributed then
xN/Z—l o
f )= 2Vr(N12)° ()
This 1s the chi -squared PDF.
E(x’)=N o’ =2N

4




Other Important Probability
Density Functions

fxz(X)

1__

Chi-Squared Probability
Density Function




Reliability

Reliability 1s defined by R(t) =P [T > t] where T 1s the random

variable representing the length of time after a system first begins

operation that 1t fails.



Reliability
Probably the most commonly-used term 1n reliability analysis
1s mean time to failure (MTTF). MTTF is the expected value

of T which isE(T ) = ]i it (t)dt. The conditional distribution

function and PDF for the time to failure 7' given the condition

T>t0 are
0 , 1<,
F(t)—F. (¢
Fop (1) =1E (1) F, (1) (T T(I){(t§(0)u(t_to)
I-F.(¢,) = ° 0




Reliability

A very common term in reliability analysis 1s failure rate which
is defined by A(¢)dt =P|t<T <t+dt |=f,, ()dt. Failure rate

T|T>t
1s the probability per unit time that a system which has been

operating properly up until time ¢ will fail, as a function of .




Reliability

_Joz,(x)dx 0.

The solution of R’(t) + it(t)R(t) =0, =20 1s R(t) =e
One of the simplest models for system failure used 1n reliability
analysis 1s that the failure rate is a constant. Let that constant be
K. Then

Jthx

R(t) e’ =¢* and f (t) = —R’(t) = Ke™™ <« Exponential PDF
MTTF 1s 1/K.



Reliability

In some systems 1f any of the subsystems fails the overall system
fails. If subsystem failure mechanisms are independent, the
probability that the overall system 1s operating properly 1s the
product of the probabilities that the subsystems are all operating

properly. Let 4, be the event “subsystem £ is operating
properly” and let A be the event “the overall system 1s operating
properly”. Then, if there are N subsystems

P[4 ]=p[4]P[4 P[4, and R (1) =R, (1R, 1), ()
If the subsystems all have failure times with exponential PDF’s then

R (t) _ o et g e—t(1/11+1/r2+---+1/fN) _ o

1/T=1/T1+1/T2+---+1/TN



Reliability

In some systems the overall system fails only 1f all of the subsystems
fail . If subsystem failure mechanisms are independent, the
probability that the overall system 1s not operating properly is the
product of the probabilities that the subsystems are all not operating

properly. As betore let 4 be the event “subsystem k 1s operating
properly” and let 4 be the event “the overall system is operating

properly”. Then, if there are N subsystems
P[4 ]=P[4 |P[4, ]--P| 4, ]
and 1-R (¢)=(1-R,(1))(1-R,(¢))-(1-R (1))

If the subsystems all have failure times with exponential PDF’s then

R (1) =1-(1=¢"") (1=} (1-e )



Reliability

An exponential failure rate implies that whether a system has just

begun operation or has been operating properly for a long time,

the probability that 1t will fail in the next unit of time is the same.

The expected value of the additional time to failure at any arbitrary

time 1s a constant independent of past history,
E(T|T>t,)=t,+E(T)

This model is fairly reasonable for a wide range of times but not

for all times 1n all systems. Many real systems experience two

additional types of failure that are not indicated by an exponential

PDF of failure times, infant mortality and wear - out.



Reliability

The “Bathtub” Curve
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Reliability

The two higher-failure-rate portions of the bathtub curve are
often modeled by the log - normal distribution of failure times.
If a random variable X 1s Gaussian distributed its PDF is

f (x)ze

_(x_'“X )2 /20%

o, 27T
If Y=e¢" thendY /dX=e =Y, X= 1n(Y) and the PDF of Y is
~(in(y)-p, ) 1203
f,(v)= fX(ln(y)): e
dy/dx|  yo om

Y is log-normal distributed E(Y ) = "% and ol =e x*O% (e“gf - 1).




The Log-Normal Distribution

Normal Distribution




The Log-Normal Distribution

Another common application of the log-normal distribution is to
model the pdf of a random variable X that is formed from the

product of a large number N of independent random variables X .

N
x=11x,
n=1

The logarithm of X is then

1og(X) = nz]i{log(Xn)

Since log(X ) 1s the sum of a large number of independent random

variables 1ts PDF tends to be Gaussian which implies that the PDF of

X 1s log-normal 1n shape.



