Frequency Sampling Structures



Specifying Frequency Response

Set the frequency response of an FIR filter at M equally-spaced
points Q, =2zk/M | k=0,1,2,---,M —1and find the impulse
response h|[n].

Frequency response and impulse response are related by
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and it follows that
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This is the DFT of h[n].
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Specifying Frequency Response

Since H(ejz”k’M) is the DFT of h{n], h{n] must be the inverse
DFT of H(ejzﬁk’M )

M
h[n]:ﬁon(ejZﬁk/M)ejZﬁkn/M N=012--M -1

The transfer function and impulse response are related by
M-1M-1

Zh[n]z—n :_ZZ H(eJZﬂ'k/M )ej272'kn/|\/| s

n=0 k=0
Exchanging the order of summation,
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Specifying Frequency Response

Using the formula for summing a geometric series,

1 M4 i 1_Z—|\/|ej27z 1—Z_M M _1 H(ejZﬂ'k/M)
H(Z) WKZOH(eJZ k/M)l_Z_leszk/M = M kzz(;l_z—lejznk/M

We can think of this as the cascade of two filters, one with
transfer function

and one with transfer function
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Specifying Frequency Response
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H, (z) has zeros at
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Specifying Frequency Response

H, (z) IS the sum of the transfer functions of M subsystems, each of

which has a pole where

1_2—1ej272'k/|\/| :0:> Z—lej27zk/|\/| :1:> 7 :ejZﬂk/M | k 20,1,2,"',M

So the transfer function can be written as
M -1 H(ejZﬂk/M )
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Specifying Frequency Response

The poles of H,(z) are at the same locations as the zeros of

H,(z). So for any particular zero of H,(z), all the terms in

the summation are zero except the one for which the pole and

zero cancel. Therefore
j27pl/M B
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This result implies that
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Specifying Frequency Response

The poles and zeros could theoretically be anwhere on the unit
circle, but for practical designs they must occur in complex
conjugate pairs and

H(ej27rk/M ): H*(e—jZﬂk/M ) _ H*(ejZﬁ(M—k)/M )



Specifying Frequency Response

Taking advantage of the complex-conjugate symmetry, for M even,
M 1 H(eszk/M) H(ejO) M /21 H(ejzﬂk/M) H(ejzn(M—k)/M)

H,(z)= _ = + : 4+
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k=0
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1-72 = 1-2cos(27k/M )z +z

where A(k) = H(eJ’Zﬂk/M )+ H(ejZﬂ(M—k)/M )
and B(k) _ p-i2akIM H(ej27zk/M )_|_ej27zk/M H(ejZH(M—k)/M)
Similarly, for M odd,
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Example

Design a filter whose frequency response goes through these points.
K 012 3 45 6 7

HE”™ ™) 0 1 j 0 0 0 —j 1

1—Z_M M1 H ej27rk/M
H(Z): M Zl_(zlejZﬁklz/l

k=0

1 [ j 1

-8
H(z)= ——+ ——+ . + .
( ) 8 1_ Z—leJZﬂ/B 1_ Z—lej472'/8 1_ Z—1611272'/8 1_ Z—lejl4ﬂ/8

|



Example

Taking advantage of the periodicity of e!*™’®

1-z 1 1 J — |
H(Z): 3 [1_2161'27;/8 1- 7% —127r/8+1_z—1ej47r/8 1_ le47z/8:|

or

1-z%| 2-2z7cos(xz/4) 2z7'sin(z/2)
H(Z): 1 2 1 2
8 |1-2z'cos(z/4)+z* 1-2z7cos(z/2)+z
and the frequency response is
H(ejg)_l—e“'BQ 2-2¢ cos(z/4) 2e sin(7/2)
-8 |1-2ecos(z/4)+e ' 1-2ecos(z/2)+e

The impulse response is
0.25,-0.0732,0,0.0732,
h[n]=4

—0.25,-0.4268,0,0.4268

227 5H(e*™™M)={0,1,],0,0,0,-],1}
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