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Sampling Rate Conversion

It a digital signal 1s formed by properly sampling an analog
signal, 1t 1s possible 1n principle, to convert it back to analog
form and re-sample 1t at a new sampling rate. But it would be
better to directly change from one sampling rate to another
without going through the analog form.

If asignal x| n | is formed by properly sampling x(t) then

x(t) = 2( f I fsx) i x[n]sinc(z f (t— nTSX))

N=—co

where f_ Is the corner frequency of a filter with impulse response
1, 0<|f|<f,

_ i F =
ety



Sampling Rate Conversion
x(t) = 2( f/ fsx) i x(nTSX)sinc(Z f (t— nTSX))

N=—oo

If we sample x(t) ataratef > f_toform y|n| then

oo

y[m] = x(mTSy) =) x(nTSX)sinc( f (mTSy - nTSX))

N=—oo

In the special case inwhich T =T_,

y| m|= x(mTSX) = i x(nTSX)sinc( f (m— n)TSX) = nzi‘;mx[n]sinc(m— n)

N=—oo

which is a convolution sum x[n]*sinc(n) and since sinc(n) = B[n]

y[m]:; x[n]6[m=n]=x[m]*8[m]=x[m]

as expected.



Sampling Rate Conversion

In the general case T_#T_,
y

y|m|= i x(nTSX)sinc( fsx(sty — nTSX)) > 1

N=—oo

or

y| m|= i x(nTSX)sinc(sty /T, — n) f >

N=—oo

Now let mTSy /TSX — km + Am where km = Lsty /TSXJ
and A =mT_/T -k . Then

y| m|= i x(nTSX)sinc(km +A_— n) > 1

N=—oo



Sampling Rate Conversion

Lettingk =k —n,

y[m]= 3 x((k, ~k)T, )sinc(k+4,) , 1, > 1,

——00

This general process for sampling-rate conversion is a
time-variant convolution sum. If the conversion factor

IS a ratio of integers (a rational number), the process can
be considerably simpler.



Sampling Rate Conversion

Downsampling by a factor D x[n]

A

il
JIL

Sample a signal x| n | by multiplying

It by a periodic impulse I D=4

o |
5D|:n:|: 25[n—mD] _H_g_‘_‘_l___‘_l_‘_‘_‘_l_‘_‘_‘_]__.n
to produce x| n|=x|n|6,[n]. .




Sampling Rate Conversion

The discrete-time Fourier series harmonic function for o [n] IS

s [K]=5 3 [ S afn-mo] e

m

—Ee j2rka/D Z §|n-mD]|=1/D

M=—co

Therefore

S [n]:DZ_iA |:k:|ej27tkn/D :iDz_lejZﬂkn/D
° =0

The z transform of x [n] x| nlé,| n]is

i
X (2)= S x[nlau[ne = 5 3 o] S o
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X,(2)=

Sampling Rate Conversion
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k 0 n=—ee k 0 N=—c
1 D-1 i
:Bkzzox(ze j2 k/D)
N (eJQ):iD_l)((eJQe Jznk/D):iD_lx(ej(g_MK/D))
S D= D=
IX ()
T
o 3 m—
X, (/)
A/D

-2 21t/D e



Sampling Rate Conversion

To reduce the number of samples, decimate the sampled signal
toform x| n|=x_[ Dn|. Thez transform of x| n | is

X (Z) = ni X4 [n]z‘” = i XS[Dn]z‘”. Let m= Dn.
Then Xd( ) ; X [m]z m/D _ I:m:|z—m/D :XS(leD)

m/D an
integer

(because all values of x_| m | for m/ D not an integer are zero)

Combining this result with X (z):%gx(ze‘jz”km) we get

k=0

X(Zl/De—jznk/D)

i hg)i

X,(2)= %



Sampling Rate Conversion

X (eJQ) Zx(eJQ/De jan/D) EX( i(Q-27k)/ )

x[n] | X (e’

ot o, }k L
! I | l |
X [1]
L 1 X, (&™)
' A/D
) -H,H:':#H 2 27/D o
X, 7]
bl X, (e
"‘l 11l 1|1,_F, P
1 11 ! 2w 2n Q
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Sampling Rate Conversion

The opposite of downsampling is upsampling. If the original
signal is x| n | the upsampled signal is

«.[n]- x|n/1], n/laninteger
S 0 . otherwise
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Sampling Rate Conversion

A discrete-time expansion by a factor of I corresponds to a
discrete-time-frequency compression by the same factor.

X, (2)= x(z' ) = xs(eig) = x(ej'ﬂ)

- IX(ejQ)I

I\ | A
1Ll il A/\NUACH
X n]l | Toxen T




Sampling Rate Conversion

An ideal lowpass filter with transfer function
| /
(ejg) 2 Ifect( (Q—an)/Zn) ) Q<z/l

0, n/l <‘Q‘ <7
could be used to interpolate between sample values yielding

X (ejg) = Xs(e‘“) i rect(l (Q—an)/Zn)
K =—oo
which corresponds to x,| n | = xs[n}k(ll I)sinc(n/ I) in the

time domain.
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Sampling Rate Conversion
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Polyphase Filters

The polyphase filter was developed for the efficient
Implementation of sampling rate conversion. Any transfer
function is of the form
H(z) =-+h[ 0]+ 2z h[ L]+ +27 h] K [+
which can be regrouped and written as
H(z):---+h[0} +27Mh[ M [+
--z*h|1] +z‘(M+l)h[M +1]+-

MM 1]+ 2P 2M - 1]+

15



Polyphase Filters

H(z):..-+h[0] +z7 M h[l\/l]+---

.(h[lj +szh[|\/| +1])+---
---z:(M'l)(h[I\/I -1]+z.‘“" h[2M ~1])+--

This can be written compactly as
H(z) = lez‘l Pi(z“") where Pi(z): i h(nM + i)z‘n
=0 n=—oo
This is called the “M-component polyphase decomposition” of H (z)

and the P (z)'s are the polyphase components of H (z)
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Polyphase Filters

X(2)
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The Noble Identities

The relationships between a signal and a decimated version of
the signal was found to be X(e‘“) =DX, (ejDQ) . 0<|Q|<x/D.
It then follows that, in the z domain,

X(z)=DX,(z°) and X, (z)=(1/ D)X (")
for signals sampled according to the sampling theorem.
Consider a downsampler followed by a filter with input signal

x| n| and output signal y| n] and let the downsampler output
be y,| n].

18



The Noble Identities

Y,(2)=(1/D)x(2*°) and Y(z)=H(2)Y,(2)
Therefore Y(z):(ll D)H(z)X(z”D).

Now reverse the order of the downsampler and filter.
Y,(2)=H(2)x(2) and Y(z)=(1/D)Y, (")
Therefore Y(z):(ll D)H(zl’D)X(zl’D).

The two output signals are not the same because the
downsampler is not an LTI system. But they would

be the same ifz— z° in H (z) In the second system.

19



The Noble Identities

For decimators

X(@)—~ yD H(z) —Y(2)

X@)—HE”)~ yD —Y(2)
For interpolators

X@— H@) =~ I —Y©

X(@)— 41 H(z) =Y (z)




Cascaded Integrator Comb
Filters

In both decimation and interpolation a lowpass filter is
needed. The cascaded integrator comb filter is an efficient

structure for lowpass filtering in decimation or interpolation.

Its transfer function is

M1 M
H(2)=3 2 =1

21



Cascaded Integrator Comb

tD

—»Y(7)

—»Y(7)

Filters
In decimation
1
X(z) —» - 1 -z2
=7
1
X(2) = 4 = D
In interpolation
X(2) = 4] 1 -z
X(z) = 1-z b

Y (2)

Y (7)

22



Cascaded Integrator Comb
Filters

The transfer function of the cascaded integrator filter can be

written as
M -1

H(z): Z_k=1+z‘1+z‘2+-..+z‘('\"‘1)
k=0
For M =4, H(z):Mlz =1+z"+z7°+7" (1+z‘1)(1+z‘2).
k=
ForM =8, H(z)=1+z +22+ 2%+ 2+ 2+ 7%+

I e
For M = 2% (z) (1+z )(14_2—2)“_(1_'_2_2(“))
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Cascaded Integrator Comb

Filters

X(z) u 12 u 12

12

— Y (2)
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Polyphase Structures 1n
Decimation and Interpolation

The basic decimator model 1s a lowpass filter followed by
a downsampler.

X@)—{ Hz) > D >Y(©)

One 1nefficiency 1s that the filtering computations are done
at the higher sampling rate but the results are only needed
at the lower sampling rate. We can improve the efficiency
by using a polyphase structure.

25



X(z2)

Polyphase Structures 1n
Decimation and Interpolation

Filter — Decimate
Less Efficient

+ >l 1}0(5”}

D

—| P,(z")

tD

—{ Py(z")

tD

) (D"
— B,,(z")

D

Decimate — Filter
More Efficient

Y(z)

+ > D Py(2)
1
— D P.(2)
Y
1
— D Py(z)
Y
1




Polyphase Structures 1n
Decimation and Interpolation

This commutator structure P,(2)
1S a convenient way to
implement a polyphase
decimator.

P,(z)

X(z)

A

P,(z)

P, 1(2)




X(2) —

,.+..
1
+
1
—— 4] | Pi(z) aélr) —  Pi(2) [ 4]
.+.
Y | Y
1

Polyphase Structures 1n
Decimation and Interpolation

Interpolate — Filter Filter — Interpolate
Less Efficient More Efficient

+
— 4] [ P2)) »(?—»Y{:.} X(@)—— P2 > Y
— 4] > P(z7) —»é-) —t  P(2) [ 4]

+
+

Y(z)

+ + + X*
|—>r~||-—~—h-- - | — u -’"_‘%I-)

SN RV Y P‘,_ll[:{‘r}—f L P, (2 | 1
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X(z) —

Polyphase Structures 1n
Decimation and Interpolation

This commutator structure

1S a convenient way to

implement a polyphase

interpolator.

—  Py(2)
—  P(2)
— P, (2)

- Y(z)

— P, (2)
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Phase Shifter

Sometimes it is desired to delay a signal x| n | by a fraction

of the time between samples T_. If that fraction isk /| and

k and | are both integers, the delay can be acccomplished by
sample-rate conversion methods.

x[n] —»

i

Js

Lowpass
Filter

Delay by
k samples

vl

— y|n]

Js
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Phase Shifter

X(z) —

The delay can also be
accomplished efficiently
by using an interpolating
polyphase commutator set
at the kth delay. Since we
are only interested in the
kth delay we only need
the kth polyphase filter.

Py(2)

Py (2)

P.(z)

P, (2)

Y(z)



Speech
Signal

Subband Coding

Because most of the power of speech signals 1s at the lower
frequencies it 1s efficient to use more bits on the low frequency
part of the spectrum. Subband coding accomplishes that by
filtering and decimating multiple times.

Lowpass
Filter

Decimator
D=2

Lowpass Decimator
Filter D=2

|_>

Lowpass Decimator
Filter D=2

—

Encoder }—b'l’u Channel

+

Highpass Decimator
Filter D=2

Encoder

—="T"0 Channel

L

Highpass Decimator
Filter =2

-

Encoder

—=To Channel

Highpass
Filter

Drecimator
D=2

Encoder — To Channel
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Subband Coding

The speech signal can be recovered by doing the opposite of
subband coding.

" . Interpolator Lowpass
From Channel —=| Decoder —m=| T P - P

I=2 " | Filter
Interpolator| | Lowpass
I=1 T Filter
] " Interpolator Highpass
From Channel —=| Decoder —m o0 OF [ g FLEDP

=2 Filter [nterpolator [Lowpass
=2 Filter

From Channel Decoder Interpolator | I ]I%hpﬂx‘.& .‘i_;.x‘u.:h
=2 | Filter Signal

Interpolator § [ig.hpuss
=2 Filter

From Channel —m={ Decoder —=
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Digital Filter Banks

An important type of analysis
filter bank 1s the DFT filter
bank. Let the lowpass filters

have impulse responses

N-1
h[n] = 25[71— m] and
m=0
frequency response
_ (v sin(NQ/2)

H(ejg) ¢ sin(Q/2)

X|n] —

LPF

— X, [n]

P

e 0

LPI

— X [n]

o

¢ J2mN

LPF

— X, [n]

DA

e- jdmn/N

LPI

— Xyl

-

¢ F2N-DrN
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Digital Filter Banks

H(efﬂ) = je(N-1)2 Sin(NQ / 2)
sin (Q / 2)

IH(e/$2)|

35



Digital Filter Banks

The output signal from the kth filter would be
,» sin(NQ/2)
sin(Q /2)

Y, ()= (X(ef“) «5(Q— 27k / N))e‘jQ(N‘l)

;» sin(NQ/2)
sin (Q / 2)

Y, (ejQ) - (ej(Q—27z:k/N) ) o AN-1)

or, 1n the time domain

n

yk[n] = (X[n]e-J’ann/N) *h[n] — 2 X[n_m]e—ﬂﬂk(n—m)/N

m=n—(N-1)
Y. [N— 1] = Ex[q] e /*™4'" which, at any time n, is X[k]
q=0

the kth harmonic value in the DFT of the last N values of .
36



Digital Filter Banks

Since the filters are lowpass, the output signals can be

decimated by N. Without decimation they are

n

Yk[n]:(X[n]e‘f27rkn/zv)>x<ho[n]: 2 ho[n_m]x[m]e—jznkm/zv

m=n—(N—1)
and with decimation they are
Xk[m] = 2 ho[mN—n]X[n]e_ﬂ”k"/N
n=m—(N—1)
where m 1s the discrete time at the output which is not the

same as n the discrete time at the input.
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Digital Filter Banks

An analysis filter
bank with decimation.

X|n| —

h,[n] |

_F..

P

@ ik

— X [m]

EJ”J'

O

e i

1D

— X [m]

e

g iy

1D

— X, [m]

hy[n] |

-~

@ Jy-n

— X, [m]
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Quadrature Mirror Filters

The two-channel quadrature mirror structure

L PF Xolt]  Xylnl
met matime — 12 s
x[n]—
HPF
R B - — 12 —»G@©@)
HI(Z) *2 X,;n[”] XS1[n] ? 1

Analysis Synthesis



Quadrature Mirror Filters

The Fourier transforms of the output signals from the analysis

section are

)ALl e o)
and

) 2 ) ) o)

The Fourier transform of the output signal from the synthesis section 1s

X{e) =X e7)Go () X, ()G, ()

40



Quadrature Mirror Filters

If we connect the outputs from the analysis section to the

inputs of the synthesis section we get

(o) = 5 [x{ea (o) e x(e (1) o ()
. %[X ()1, () + X (), (1) ]G5, ()
which can be written as )A((ejQ =Q €JQ)X(€]Q) + A(ejQ)X(ej(Q_ﬂ))

or in the z domain as )A((z) = Q(z)X(z) + A(Z)X(—Z)

where
Q(2)=(172)[H,(2)G, (2) +H,(2) G, (2)
A(z)=(1/2)[H,(-2)G, () + H,(-2) G, (2) ]

41



Quadrature Mirror Filters

The second term A(z)X(—z) 1s an undesirable alias. If we
set A(z) =0 we get
H,(~2)G,(z)+H,(~2)G,(z) =0
H, (ej(g_”))GO (ejQ) =—H, (ej(Q_”))G1 (ejQ)

Then 1f we set

we get

( I () =1, (), (1)

and A( =

42



Quadrature Mirror Filters
If H (ejQ) is lowpass
and we set ~ Quadrature Mirror Frequency Responses
Hy(e) =H(e™) =, (1)
then H, (ejQ) is highpass

and 1s a "mirror image"

H, (¢) and H (&)

of H, (ejQ). The corresponding
impulse responses are

h, n :h[n] and
h,[n]=(~1)" h[n]. Then if ST
G, (Z) = H(Z)’ G, (Z) - _H(_Z)

for elimination of aliases.

43



Quadrature Mirror Filters

In summary, for elimination of aliases
H, (Z) =H (Z)

H, (z) =H(-z)
O(Z): ()
G, (2)=-H(=2)



Quadrature Mirror Filters

One frequent use of quadrature mirror filters 1s to break
a signal into multiple parts with the analysis section,
analyze the parts and then reconstruct the signal in the
synthesis section. What is the requirement for perfect

reconstruction? Since we know that

A

X(2)=Q(2)X(2) + Az) X (=2)

and we want the synthesized signal to be a delayed version

of the original signal we want )A((z) =z X(z). If we

have already eliminated the aliases we have
7' X(2)=Q(2)X(2)
Q(2)=(1/2)[Hy(2)Go(2) + H, (2)G, (2) ] = =



Quadrature Mirror Filters
Combining
7" X(2)=Q(2)X(z)
Q(2)=(1/2)[H,(2)G, (2)+ H,(2) G, (2) ] ="

with the elimination of aliases we get

(1/2)[H()H () - H(=2)n ()] = =

or
H*(z)-H*(-z)=27"=H’ (ejg) ~H> (ej(g_”)) =2¢
which implies that

2 (ejQ) _H? (ej(Q—ﬂ))

for perfect reconstruction.

=2
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Polyphase Quadrature Mirror

Let

Then

Filters

(") + R (<)
H,(2) =P (") =R (<)

an
o
~—~
'\
~—"
I

Q
—
N
~—-
I
g
N
&}
~—
+
N I
e
—
N
S}
~—




Polyphase Quadrature Mirror
Filters

If the analysis and synthesis sections are cascade connected and
the noble 1dentities are used to make the computations more efficient
we get

x[n] 12 b p o n P& 42

|_> }2 b P@ > + > P, @) o 42 —»él—)—»)’lfll

Analysis Synthesis
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Perfect Reconstruction QMF

Perfect reconstruction of the input signal can be acheived by

an FIR half-band filter of length 2N —1. A half-band filter

1s a zero-phase FIR filter whose impulse response b[n] satisfies
constant , n=0

b2n]= {o L n#0

If 1t 1s zero-phase then b[n] = b[—n]. The frequency response

is B(ejg) = i b[n]e_jg” where K is odd.

n=—K
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Perfect Reconstruction QMF

B(c)= ni b[n]e " = b[0] +zi b[n] cos (n)

) =b[0

ejg) O

(k-1)/2

+2 2 b[2n +1]cos((2n+1)Q)

(
( +2{b[1]cos( )+b[3]cos(3£2)+---+b[l{:
B(e" Q):b[O] {b[1]cos () +b[3]cos(3Q) +---+b
(e’Q)+B e/l™ ) 2b[0] a constant for all 2.

COS (K Q)}

:K]COS(KQ)}
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Perfect Reconstruction QMF

As an example let
--,0,0,-1/7,0,1/5,0,-1/3,0,1,
b[n] =

g,l,O,—l/B,O,l/S,O,—l/7,0,0,---
LT
Then

B(ejg) = % + 2{ cos(Q) +cos(3Q) /3 +cos(5Q) / 5}

i - m—=i})
e 2N Sum TN —
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Perfect Reconstruction QMF

The filter with impulse response b[n] 1s non-causal. It can be
made causal by delaying it by K samples. Also the frequency
response B (ejQ) goes negative at some frequencies. If we add
a term A, just large enough to make it non-negative at all
frequencies we get B, (ejg) =B (e’n) + A ,. Since it is non-negative
it 1S possible to write 1t in the form

B, () =[r(e”) =H(e”)u(e )
Since h[n]*h[-n] @H(ejQ)H(e_jg) we can say that
the corresponding impulse response has a length N it b[n]
has length 2N —1.
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Perfect Reconstruction QMF

Now delay the original impulse response by N —1 samples

to make it causal and redefine it as
B, (ejQ) — ‘H(ejﬂ)‘z o IN-1) = H(ejQ)H(e—jQ)e—jQ(N—l)
Using the fact that
B(¢™)=b[0] +2 bl1]eos(2) +b[3]eos(3) +-
+b[K]cos(KQ)

1t follows that

B (o) = {b[O] . z{b[l] cos(Q) + b[3]cos(3Q) +- } ) AB}ejg(Nl)

+b[K]cos(KQ)
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Perfect Reconstruction QMF

After a few lines of algebraic simplification we can show that
B. (ejQ) + (_1)N—1 B. (ej(Q—n))
=B, ( ejsz) _B. ( ej(Q—ﬂ)) _ 2b[0] 1N — o~ (N-1)
where o = 2b[0] a constant. It then follows that
H(z)H(z")+H(-2)H(-z") =0
Then combining the conditions for perfect reconstruction

with the conditions for elimination of aliases,

= _HO (—Z) — Z_(N_l) H1 (Z_l) 54



Perfect Reconstruction QMF
As an example let H, (z) = (1 / \/5)(1 + z‘l).
Then the four filters 1n the perfect reconstruction QMF

analysis structure are

1f
ru-ﬁ _
] F
Y
= 1} !
-t
| P ar i
—
R ]
=
= ?\ '
c | S aeedd
. :




Perfect Reconstruction QMF

The four impulse responses are N o Lowpass Analysis-Stage Signal
hy[n :(1/\/5)(5:;1: +5:n—l:) ‘ i
h1:n::(1/\/§)(5:n:—5:n—l:) ‘

gO nl|— (1 / \/ 2) 6 nl+ 5 n— 1 ) Output Signal Highpass Analysis-Stage Signal

g, [n]=~(1/32)(8[n] - 8[n-1]) _ = et
and the response to a random =

excitation is a perfect reconstruction

x|n]
7]

|

¥

except delayed and multiplied by two.
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