Random Variables
and Stochastic Processes



Randomness

e The word random effectively means
unpredictable

 |In engineering practice we may treat some
signals as random to simplify the analysis

even though they may not actually be
random



Random Variable Defined

A random variable X(¢)is the assignment of numerical
values to the outcomes ¢ of experiments



Random Variables

Examples of assignments of numbers to the outcomes of
experiments.
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Discrete-Value vs Continuous-
Value Random Variables

» A discrete-value (DV) random variable has a set of
distinct values separated by values that cannot
occur

e A random variable associated with the outcomes
of coin flips, card draws, dice tosses, etc... would
be DV random variable

A continuous-value (CV) random variable may
take on any value in a continuum of values which
may be finite or infinite in size



Distribution Functions

The distribution function of a random variable X is the
probability that it is less than or equal to some value,
as a function of that value.

F (x) =P (X <x)

Since the distribution function is a probability it must satisfy
the requirements for a probability.

OSFX(X)Sl , —o0 < X<oo

F, (—oo) =0 and F, (+<>o) =1

P(x1 <X< xz) =F, (xz)— F, (xl)
Fy (x) Is a monotonic function and its derivative is never negative.



Distribution Functions

The distribution function for tossing a single die

F(x)=(1/6 u(x=1)+u(x-2)+u(x-3)
x() ( )_+u(x—4)+u(X—5)+U(X_6)_
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Distribution Functions

A possible distribution function for a continuous random
variable
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Probability Density

The derivative of the distribution function is the probability
density function (pdf).

d
h (X) = &(Fx (X))
Probability density can also be defined by

f, (x)dx = P(x < X< x+dx)
Properties

fx(x)zo . —o00 < X < +oo fo(x)dle

- (x)= fr.(1)o2 P(x1<xgx2):zfx(x)dx

Proakis uses the notation p(x) instead of f, (x) for
probability density. o



Probability Mass and Density

The pdf for tossing a die
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Expectation and Moments

Imagine an experiment with M possible distinct outcomes
performed N times. The average of those N outcomes is
S M
X = 1 n.x.
i=1
where x; Is the ith distinct value of X and n. is the number of
times that value occurred. Then
S 1 M M n. M
X = _Znixi = Z_Ixi = Zrixi
N i3 i N i=1
The expected value of X is

E(X): lim i%xi = lim irixi iP(X = xi)xi

N—eo 52 N—e 52 i=1 11



Expectation and Moments

The probability that X lies within some small range can be
approximated by

P x.—&<x £x.+& zfx(x.)Ax
| 2 | 2 |

and the expected value is then approximated by

where M is now the number of fox)
subdivisions of width Ax

of the range of the random M
variable.




Expectation and Moments

In the limit as Ax approaches zero,

Similarly

The nth moment of a random variable is

o0

E(X”): jx”fx(x)dx

—00
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Expectation and Moments

The first moment of a random variable is its expected value

E(X):]ixfx () dx

The second moment of a random variable is its mean-squared
value (which is the mean of its square, not the square of its
mean).

E(Xz):ixzfx(x)dx

14



Expectation and Moments

A central moment of a random variable 1s the moment of
that random variable after its expected value is subtracted.

oo

=[x —E(X)T' )= J[e-e(x)] 5 (x)ex

—00

The first central moment is always zero. The second central
moment (for real-valued random variables) is the variance,

(o o]

o2 = E([X - E(X)]Z) = [[x—E(X)] £, (x)dx

%

The positive square root of the variance is the standard

deviation.
15



Expectation and Moments

Properties of expectation

E(a)=a , E(aX)=aE(X) , E(;an=zn:E(Xn)

where a is a constant. These properties can be use to prove
the handy relationship,

ol = E(XZ)— E%(X)

X

The variance of a random variable is the mean of its square
minus the square of its mean.
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Expectation and Moments

For complex-valued random variables absolute moments are useful.
The nth absolute moment of a random variable is defined by

E(‘X‘n):i‘x‘nfx ()dx

and the nth absolute central moment is defined by

=[x -e(x)] )= Jjx-g(x)

—00

n

fx(x)dx
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Joint Probability Density

Let X and Y be two random variables. Their joint distribution

function is .. (x, y) — p()( <XNY < Y)

OSFXY(x,y)Sl , —0<X<oo , —oo<Yy<oo
Py (_°°’_°°) =Fy (X’_°°) = Fy (_°°’ y) =0
Fre (o000) =1

F. (x, y) does not decrease If either x ory increases or both increase

F.. (oo, y) =F, (y) and F, (x,oo) =F (x)
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Joint Probability Density

Joint distribution function for tossing two dice

E_(xy) X 36
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Joint Probability Density

2

fo (%)= axay(FXY(X’y))

fXY(x,y)zO , —c0o<X<oo , —co<Yy<oo

zsz(x,y)dxdyzl Foo (X ¥) = jijY(a B)dad

fx(x): ]ifXY (x y)dy and f (y) J'fXY (x y)d
P((X Y)eR)= HfXY (>< y)dxdy

P(x1<X X,, Y, <Y< y) ijXY(x y)dxdy

clo(er))= [ Joleolte (oo




Independent Random Variables

If two random variables X and Y are independent then

fo (x03) = (4), ()
and their correlation is the product of their expected values

(e o)

E(XY) = ]:]ixnyY (x, y)dxdy :zny (y)dyj xf, (x)dx = E(X)E(Y)

—00
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Independent Random Variables

Covariance

e [x-E()[¥-€(v)]T )
J 1 (- x))(y ()t ()

o =E(XY7)-E(X)E(Y")

GXY

If X and Y are independent,

o, =E(X)E(Y")-E(X)E(Y")=0



Independent Random Variables

If two random variables are independent, their covariance is
Zero.

However, if two random variables have a zero covariance
that does not mean they are necessarily independent.

Independence = Zero Covariance

M
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Independent Random Variables

In the traditional jargon of random variable analysis, two
“uncorrelated” random variables have a covariance of zero.

Unfortunately, this does not also imply that their correlation is
zero. If their correlation is zero they are said to be orthogonal.

X and Y are "Uncorrelated" = o, =0

- ~
[~ 1= .-—I
T \J -

X and Y are"tm

10
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Independent Random Variables

The variance of a sum of random variables X and Y Is

2 _ 2 2 _ 2 2
GX+Y — Gx +GY +26xv - Gx +GY +2vangY

If Z is a linear combination of random variables X.

N
Z = a'O +Zaixi
then i=1

25



Independent Random Variables

If the X’s are all independent of each other, the variance of
the linear combination is a linear combination of the variances.

N

2 _ 2__2

O, _Zai Gxi
=

If Z is simply the sum of the X’s, and the X’s are all independent
of each other, then the variance of the sum is the sum of the

variances.

N

2 _ 2

0, = ngi
i=1
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The Central Limit Theorem

If N independent random variables are added to form a resultant
random variable Z
N
Z=2 X,

n=1

f, (Z) =Ty (Z) T (Z) T (Z) woex (Z)

and it can be shown that, under very general conditions, the pdf
of a sum of a large number of independent random variables
with continuous pdf’s approaches a limiting shape called the

“Gaussian” pdf regardless of the shapes of the individual pdf’s.
27
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The Central Limit Theorem
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The Central Limit Theorem
The Gaussian pdf
fx(x): Gx\l/ﬂe
u, =E(X) and o, :\/E([X - E(X)]Z)
Iy (x)

Oxn2rm /\
0.6065
o

LL}('03( I“LX I“LX+(§<

(x—ux )2/205(




The Central Limit Theorem

The Gaussian pdf

Ilts maximum value occurs at the mean value of Its
argument

It is symmetrical about the mean value

The points of maximum absolute slope occur at one
standard deviation above and below the mean

Its maximum value is inversely proportional to its
standard deviation

The limit as the standard deviation approaches zero is a
unit impulse

6(x—u )— lim g lm) 120

Oy —0 G / 30




The Central Limit Theorem

The normal pdf is a Gaussian pdf with a mean of zero and
a variance of one.
1 —X?/2

f (x]=——¢
()=
The central moments of the Gaussian pdf are

0 . n odd

E([X_E(X)Jn)z{l-s-a..(n—l)a; . N even
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Stochastic Processes

A random variable is a number X(C) assigned to every outcome
of an experiment.

A stochastic process Is the assignment of a function of t X(t,C )
to each outcome of an experiment.

The set of functions { X(t,Cl) , X(t,Cz),---,X(t,CN )} corresponding
to the N outcomes of an experiment is called an ensemble and each
member X(t,Ci) Is called a sample function of the stochastic
process.

A common convention in the notation describing stochastic

processes Is to write the sample functions as functions of t only
and to indicate the stochastic process by X t) instead of X(t,{ )
and any particular sample function by X. (t instead of X(t, ]2



Stochastic Processes

X
%ANQ&%&Q_,;
. ) A . .| Sample
e Function
§ X,(1)
LL] \/
X, (1)
4 T’\Vf\vf\v/ '\an%@vav_, t
- Lo .

The values ofX(t) at a particular time t, define a random variable
X(tl) or just X,.

33



Example of a Stochastic Process

Suppose we place a <l ||||\HHHH\H|HH| H“H “HHHHHH“H“H"Hh”||||.||‘||'|||||||I||I|IILImluillm'n.nn
temperature sensor at - o 10 10 0 2% w0 39
every airport control
tower in the world
and record the
temperature at noon
every day for a year.
Then we have a
discrete-time,

continuous-value S
(DTCV) stochastic = O | | T gy
prOCESS. . 7 D.ajjs5 g‘xf’tcr ngr?uary l21 . . =



Example of a Stochastic Process

Suppose there is a large number
of people, each flipping a fair
coin every minute. If we assign
the value 1 to a head and the
value O to a tail we have a
discrete-time, discrete-value
(DTDV) stochastic process




Continuous-Value vs. Discrete-Value

CV Stochastic Process
Sample Function CV Stochastic Process pdf

x(1)

A continuous-value (CV)

random process has a pdf e Time, 1 ] ooy 2P
Wlth No “T]pUISGS A dISCl‘ete- DV Stochastic Process

Sample Function DV Stoch P df
value (DV) random process 5 . o ‘?_"?___‘T‘_SF‘F___?‘?‘_’?_‘???P__E

has a pdf consisting only of
Impulses. A mixed random

x(1)

M

flfr)
o
by
-
:—
- :

process has a pdf with S o 1 T
. . ime, { X
Impulses, but not just

i m pUI SeS Mixed Stochastic Process

Sample Function Mixed Stochastic Process pdf




Deterministic vs. Non-
Deterministic

A random process is deterministic if a sample function
can be described by a mathematical function such that its
future values can be computed. The randomness is in the
ensemble, not in the time functions. For example, let the
sample functions be of the form,

X(t) = Acos(27r ft+ 9)

and let the parameter & be random over the ensemble but
constant for any particular sample function.

All other random processes are non-deterministic.
37



Stationarity

If all the mitivariate statistical descriptors of a random
process are not functions of time, the random process is
said to be strict-sense stationary (SSS).

A random process is wide-sense stationary (WSS) if

E(X(tl)) is independent of the choice of t,

and

E(X(tl)x(tz))depends only on the difference between t, and t,

38



Ergodicity

If all of the sample functions of a random process have the
same statistical properties the random process is said to be
ergodic. The most important consequence of ergodicity is that
ensemble moments can be replaced by time moments.

TI2
1

E(x")=lim= [ x"(t)dt

To=T 4,

Every ergodic random process Is also stationary.

39



The Correlation Function

If X(t) is a sample function of one stochastic CT process and Y (t) is
a sample function from another stochastic CT process and

Xlzx(tl) and YZ:Y(tZ)

then o oo
RXY (tl’tZ) - E(Xle*) - _.. J‘ Xle* fo (X1’ y2;tl’t2)dxldy2

—00 —OO

IS the correlation function relating X and Y. For stationary stochastic
CT processes this can be simplified to

R, (1) =E(x()Y (c+7)

If the stochastic process is also ergodic then the time correlation
function is
1 T/2

R, (r)=lim= [ X(t)y*(t+z)dt=(X(t)Y'(t+7))=R,,[7)

To=T 1,



Autocorrelation

If X and Y represent the same stochastic CT process then the
correlation function becomes the special case called
autocorrelation.

R, (1) = X(1)x (1+7)
For an ergodic stochastic process,

TI2
1

R ()=timd T x()x {1+ )= (x()x (i) =R, (4
(Proakis uses the notation y (7:) for correlation.)

41



Autocorrelation
R, (1) = (1)

| |
Mean-

squared
value of X

For WSS stochastic CT processes

R, (0)=£(x (1) ans R (0)=tim2 [x()ae= (e (1)

Mean- Average
squared Signal
value of X Power of X
42




The Correlation Function

If X[n] Is @ sample function of one stochastic DT process and Y[n]
Is @ sample function from another stochastic DT process and
X,=X|n | and Y,=Y][n, ]

then N )
RXY [nl’n2:| = E(Xle ) = J. J‘ X1Y2 fXY (X1’ yz;nl’nz)dxldyz

—00 —OO

IS the correlation function relating X and Y. For stationary stochastic
DT processes this can be simplified to

R, [ m]= E(X[n]Y*[n + m])
If the stochastic DT process is also ergodic then the time correlation
function is

Ry [m)=lim5is 3 X[ [n+m]=(X[n]¥ [n+m]) =R, [m]



Autocorrelation

If X and Y represent the same stochastic DT process then the
correlation function becomes the special case called
autocorrelation.

R, [m|= E(X[n]X*[n + m})
For an ergodic stochastic DT process,

N-1

R[m]=tim-- ¥ X[n]x[n+m]=(X[n]x"[n+m])=R, [m]

n=-—N

44



Autocorrelation

R, [ n.n|= E(Xz[n])

| |
Mean-

squared
value of X

For WSS stochastic DT processes

R, [0]=E(x?[n]) and R[0]=Jim %z x:[n]=(x'[n)

N —co

Mean- Average
squared Signal
value of X Power of X
45



Properties of Autocorrelation

Autocorrelation is an even function

Ry (7)=R(-7) or R, [m]=R, [-m]

The magnitude of the autocorrelation value is never greater
than at zero delay.

R, (<R, (0) or R, [m] <R, o]

If X has a non-zero expected value then R, (r) orR, [m]
will also and it will be the square of the expected value of X.

If X has a periodic component then R, (’L’) orR, [m] will
also, with the same period.

46



Properties of Autocorrelation

If{ X(t)} IS ergodic with zero mean and no periodic components
then

‘I‘ianX (T) =0 or ‘IEmMRX [m] =0
Only autocorrelation functions for which
F {RX(T)} >0 forallf or F {Rx[m]} >0 forall Q

are possible

A time shift of a function does not affect its autocorrelation

47



Autocovariance

Autocovariance is similar to autocorrelation. Autocovariance
IS the autocorrelation of the time-varying part of a signal.

C, (t)=Ry(r)-E*(X) or C,[m]=R,[m]-E?(X]

48



Crosscorrelation

Properties
R, (r) = RYX (—r) or R, [m|=R,[-m
R, (5) =R (OJR. (0] or R, [m]< R, [O]R, [0]
If two stochastic processes X and Y are statistically independent
Ry, (7)=E(X)E(Y7) =Ry (7) or R, [m]=E(X)E(Y")=Ry[m]

If X is stationary CT and X’ is its time derivative

R (T) - di(Rx (T)) Ry (T) - _dd—ZZ(RX (T))

T T

If Z(t) = X(t) + Y(t) and X and Y are independent and at least
one of them has a zero mean

RZ(T):RX(T)+RY(T) 49



Power Spectral Density

In applying frequency-domain techniques to the analysis of
random signals the natural approach is to Fourier transform

the signals.

Unfortunately the Fourier transform of a stochastic process
does not, strictly speaking, exist because it has infinite

signal energy.

But the Fourier transform of a truncated version of a
stochastic process does exist.

50



Power Spectral Density

For a CT stochastic process let

XT(t):<X(t) lsT/2

) | M>T/2 >:X(t)rect(t/T)

The Fourier transform is
F (%, (t))= [X, (t)e=dt | T<e

Using Parseval’s theorem,

T ) ee= 1| (. (1)

-T/2

Dividing through by T,

2

df

T/2

% [ x2(t)at= TEDF (%, (t))

-T/2

2

df

o1



Power Spectral Density

T/2

— — J' ‘F ( ) df «—— Average signal power
-T2 over time, T

_|

If we let T approach infinity, the left side becomes the average
power over all time. On the right side, the Fourier transform
IS not defined in that limit. But it can be shown that even
though the Fourier transform does not exist, its expected value

does. Then
2
df]

E{Ti Tf X (t)dt) = E[%DF (. (t)

-T/2

52



Power Spectral Density

Taking the limit as T approaches infinity,
2
}df

TI2
1

lim= | E(Xz)dt:!m%zEUF(XT(t))

| e (x, ()

()= Tyme| =

-

The integrand on the right side is identified as power spectral

density (PSD). / N
G, (f)=limE ‘F (XT (t))

T oo T
\ J

(Proakis uses the notation I, (F ) for power spectral density.)3



Power Spectral Density

G, | f )df =mean—squared value of § X{t
X
]o G, ( f )df = average power of {X(t)}

PSD is a description of the variation of a signal’s power versus
frequency.

PSD can be (and often is) conceived as single-sided, in which
all the power iIs accounted for in positive frequency space.

54



X(1)—

PSD Concept

Firs

fH-l

Hif 1
3 Time Divide
] | b 2AF . SHUTCL Averager by Af - K(O)
-
Hi £
Time Divide
AF X Squarer Averager by Af +G};(ﬁ)
T d
Hi A
Time Divide
Jj:[l:” x Squarer £ Averager [* by af [* Gx(f)
¥
7 Fa
Hi £
Time Divide
H T%ﬁ it Averager by &f [ COx (1)
] | 1] f
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PSD of DT Stochastic Processes

( 2
G, (F)= lime : (X;M)
\ J
LG ) (F)dF = mean — squared value of {X[n]}

or
% G, (Q)dQ = mean — squared value of {X[n}}

where the Fourier transform is the discrete-time Fourier transform
(DTFT) defined by

([r]= - (x(F) = [X(F)eeF ()= ()= 5 e

x[n]=F *(x(<)) -1 X(Q)e™dQe—x(0)=F (x[n])= nix[nlg—jﬁn



PSD and Autocorrelation

It can be shown that PSD and autocorrelation form a Fourier
transform pair.

6, (1)=F (R () or 6, (F)=F (R, [m]

57



White Noise

White noise Is a stochastic process whose PSD is constant.
G,(f)=Aor G, (F)=A

For CT signals, signal power is the integral of PSD over all
frequency space. Therefore the power of white noise is infinite.

E(XZ):TAdfeoo

No real physical process may have infinite signal power.
Therefore CT white noise cannot exist. However, many real
and important CT stochastic processes have a PSD that is almost

constant over a very wide frequency range.
58



White Noise

In many kinds of CT noise analysis, a type of random variable
known as bandlimited white noise is used. Bandlimited

white noise is simply the response of an ideal lowpass filter
which is excited by white noise.

The PSD of bandlimited white noise is constant over a finite
frequency range and zero outside that range.

Bandlimited white noise has finite signal power.

59



Cross Power Spectral Density

PSD is the Fourier transform of autocorrelation.

Cross power spectral density is the Fourier transform of
cross correlation.

R, (t)@GXY (f) or R, [ n|«F>G,, (F)

Properties: ) )
G, (f)=6Gi (f)or G, (F)=G,,(F)

Re(GXY(f)) and Re(GYX(f)
Im(GXY(f)) and Im(GYX(f)

) are both even

) are both odd

60



Time-Domain Linear System
Analysis

For any linear, time-invariant (LTI) system, the response
y is the convolution of the excitation x with the

Impulse response h.
y(t)=x(e)=n(e) or y[m] =x[n+[r]

In the case of non-deterministic random processes this
operation cannot be done because the signals are random
and cannot, therefore, be described mathematically.

If X(t) excites a system andY(t) IS the response then the
convolution integral is

oo

Y(t): J.X(t—r)h(r)df n

—00



Time-Domain Linear System
Analysis

We cannot directly evaluate

Y(t)= [ x(t-7)n(z)ds
but we can find the expeged value.

E(Y(t))= E( T X(t—f)h(f)df]

—O00

If the random process is bounded and the system is stable

(v ()= (- n(eor

oo 62



Time-Domain Linear System
Analysis
If the random process X is stationary

E(Y(t))= T E(X(t-7))n(r)dr = E(Y)= E(X)Ioh(r)df

—00

Using

[h(t)dt=H(0)=E(Y)=E(x)H(0)
where H is the Fourier transform of h, we see that the
expected value of the response is the expected value of
the excitation multiplied by the zero-frequency response

of the system. If the system is DT the corresponding

result is E(Y):E(X)nih[n] )



Time-Domain Linear System

Analysis

It can be shown that the autocorrelation of the excitation and the
autocorrelation of the response are related by

R, (7) =R, (z)*h(z)xh(-7) or R,[m]=R,[m]*h[m]sh[-m]

This result leads to a way of thinking about the analysis of
LTI systems with random excitation.

X(f)—

h(?)

—y(0) = X(0) *h(?)

R(T)

R, (T) = R (T)* h(T) * h(-T)



Time-Domain Linear System
Analysis

It can be shown that the cross correlation between the excitation
and the response is

R, (r): RX(T)*h(T) or Ry, [m|=R,[m]+h[m]

and

Ry (7) =Ry (7)#h(-7) or Ry [m]=R, [m]#h[-m]

65



Frequency-Domain Linear
System Analysis

The frequency-domain relationship between excitation and
response of an LTI system is the Fourier transform of the
time-domain relationship.

R, (7) =R (e) h(e)sh(-e) =6, (1) =G ()R )H (1) =0, (f)H(r)
R, [m]=R,[m]=h[m]<h[-m]==, (F) =G  (F)H(F)H"(F)=c  (F)H(F)

The mean-squared value of the response Is

E(YZ):ZGY(f)df:];Gx(f)‘H(f)rdf

(v)=fe, (Flor = e, (F)H(F) o,



Frequency-Domain Linear
System Analysis

X(f)—

H(/)

— Y (/)

Gy (/)

Gy () =Gy (HIH(f)I
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White Noise Excitation of LTI
Filters

Consider an LTI filter excited by white noise w [n] with response X[n] :
The autocorrelation of the response 1s
R [m] =R [m] * h[m] * h[—m].

If the excitation 1s white noise its

wln] —» H(z) — x[n]
White noise

autocorrelation 1s

— 2 _ TI/ o) []
R, [m]=o8[m]*h[m]«h[-m] . XM} =g > winl

The power spectral density of the response is
G, (F)=G,,(F)H(F)] =G,.(F)H(F)H"(F)
If the mverse 1/ H(z) exists and that system is excited by X[n]

the response 1s w [n] : 68



White Noise Excitation of LTI
Filters

If the transfer function 1s the most common form, a ratio of
polynomials 1n z, the power spectral density of the response 1s
. B(F)B'(F)

RN OING

where ibkw[n —k|«+—>B(F) and 1+ iak x[n—k|«—— A(F)
k=0 k=1
and where the excitation and response are related by the difference

equation x[n]+ Y a, x[n—k]= Y bw[n—k].
k=1 k=0
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White Noise Excitation of LTI
Filters

1. Itb,=1and b, =0, k >0 the frequency response of the system
1S H(F ) =1/ A(F ) 1t has no finite zeros and it is called an
autoregressive (AR) system.

2. Ita, =0, k >0 the frequency response of the system 1s

H(F ) =B (F ) it has no finite poles and it 1s called a moving
average (MA) system.

3. In the general case of both finite poles and finite zeros the

system is called an autoregressive moving average (ARMA)

system.
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White Noise Excitation of LTI
Filters

If we multiply both sides of x[n] + iak x[n—k|= ibkw[n — k|
k=1 k=0
by x [n + m] and then take the expectation of both sides we get

R [m]=-Ya R, [m+k]+3 bR, [m+A]
k=1 k=0

Using X[n] = h[n] >I<W[n] = i h[q]w[n—q] we can show that

4=
R, . [m] = h[m] *R [m] and, ifw[n] 1s white noise

R [m] = h[m] * Gfﬁ[m] =0 h[m]
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White Noise Excitation of LTI

Filters
Combining R [m]— ZakR [m+k] Zb R, [m+k]

with R, [m]= Gwh[m] we get
R.[m] ==Y 4R, [m-k]+ ¥ b,0% h[k-m]
For AR systems, - .
R.[m]=-Ya,R, [m-k]+0% h[-n]
For MA systems, _
R, [m]= ajibk h[k +m]

(These correspond to Eqs. 12.2.18, 12.2.19 and 12.2.21 in Proakfs.)



White Noise Excitation of LTI
Filters
1

An AR system with frequency response H(F ) = 1020 27
—0.2¢

Example

is excited by white noise with R [m] =0.6 [m] Find the
impulse response and autocorrelation of the output signal.

1
H(Z) = 1_0 2 —j2rnF

= h[n|=0.2"u[n]

1 !
Gxx (F) 9 H( ) (F) 1 O 26—]27:F 1 O 26]271’F
2
it =R, [m]=1.04202(0.2)"

G..(F)= 1-0.4cos(27F)+0.04
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White Noise Excitation of LTI
Filters

Example

R,[m] _ 1.04262(02)" _ (02)"
R.[m-1] 1.04202(02)"" (0.2)""
Using the result for MA systems

=02 , m>0

R, [m]= _2 R, [m—k]+0>h[-m]

Rxx[m] :—iakRm[m—k] , m>0
k=1

R, [m] _

0.2 , m>0 Check.
Rxx[m—l]

R, [m]|=02R_ [m-1]=
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White Noise Excitation of LTI
Example Filters

R, [m]= _z R, [m—k]+o%h[-m]

R 'O::—zp:akax:—k]+va , m=0
k=1

XX L

R [0]=02R_ [-1]+02

XX

1.042&3 =(0.2)1.04202(0.2) + 6> =1.04207 Check



White Noise Excitation of LTI
Example Filters

Rm[m]:—zp:akax[m—k]+vah[—m] , m<(
k=1

1.042672 (0.2)" =0.2x1.04262(0.2)" " +62(0.2) ™" u[-m]
1.04202(0.2)™ =0.2x1.04262(0.2) ™" + 52 (0.2)™

w

1.042=0.2x1.042x0.2+1=1.042 Check
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White Noise Excitation of LTI
Example Filters

An MA system with frequency response H ( F ) =1+0.8e/*""

is excited by white noise with autocorrelation o0 [n] Find

its impulse response and the autocorrelation of the output signal.
H(F) =1+0.8¢e"" = h[n] = 5[n] + O.85[n— 1]
R _ [m] = Gfﬁ[m] % h[m] % h[—m]

=07 (1.648[m] +0.88[m—1] +0.85[m +1])

0<k+m<gq

k+m

q
Using the result R _ [m] = GiZbkb
k=0
for MA systems,

Rxx[m]zafvibkbkm , 0<k+m<1 7
k=0



White Noise Excitation of LTI
Example Filters

R,.[0] = 0% (byb, +bb,) = 02 (1+0.8*) = 1.6402
R, [1]=02(byb,)=0.80>

R, [-1]=02(bb,)=0.80>

Check.
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Forward and Backward Linear
Prediction

Forward linear prediction 1s estimating a signal value at time n

from a linear combination of signal values at previous times
P

n—1,n—-2, ---,n— p. The estimate is ﬁ[n] = —zap [k] X[n — k]
k=1

where the "hat" on x means "an estimate of x". The difference

between x[n] and f([n] is called the forward prediction error
P
f,[n] = x[n]=&[n] = x[n]+ 2a, [K]x]n -4

79



Forward and Backward Linear

Prediction

A one-step forward linear predictor

x|n]

+

-
x[n-1]

Forward
Linear
Predictor

»(?—»fp [1]

X[n]
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Forward and Backward Linear
Prediction

A p-step prediction-error filter

X|n| —T—»

D

\ A

s

D

-

yall]

D

f,[nl

yal2]
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X[n| —

Forward and Backward Linear

Prediction
A forward linear predictor can be realized as a lattice.

foln] + ~ Li[n]

—FD

g [n] gln-11 4 )
fy[n] = &[] = x[7]

fm[n]:fm_l[n]+ngm_l[n—l] , m=0,1,2,---,p

gm[n =K, t [n]+gm_1[n—1] , m=0,1,2,---,p

(Notice that the reflection coefficients are no longer identical in

a single stage but are mnstead complex conjugates. This 1s done

to handle the case of complex-valued signals.) .



Forward and Backward Linear
Prediction

From chapter 9
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Forward and Backward Linear
Prediction

The mean-squared forward prediction error 1s

o o) - 5{ S50 415 S Ll -]

where 1t 1s understood that a ) [O] =1. This can be reduced to

£l [ )= X X, (K [a]R [k~

k=0 g=0

which can also be written (after considerable algebra) as

E(‘fp[n]‘z):Rm[0]+2Re[iap[k]Rm[k]]
+2\ [k]\ R [O]+2Re[2 Y a [k]a)[q]R. [k~ q]J

k=g+1 g=1



Forward and Backward Linear
Prediction

It can be shown that minimizing the mean-squared error leads

a set of linear equations

R, []=-Ya [k]R [I-k] . 1=1.2.-.p
k=1

known as the normal equations. If the autocorrelation is known
the "a" coefficients can be found from this set of equations.

The minimum mean-sqared error 1S
minf (5[] )} = 27 =R, [0] + o, [4]R, [
k=1
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Forward and Backward Linear
Prediction

We can also "predict" in the backward direction. We can estimate
X[n—p] from the values of X[n] ; X[n—l] , ---,X[n—p +1].

The estimate 1s
p—1
R[n—p]==2b, [K]x[n-4]
k=0
and the backward "prediction" error 1s

e, [n]=xn-p]+ £, [Kx[n-4]

The minimum mean-squared error 1s the same as in the forward

prediction case

Hﬂn(E(\gP[n]\z)) =L} =L, ”



Optimal Reflection Coefficients

The forward prediction error in a lattice filter 1s

f [n] =t . [n] +K g | [n — 1]
Its mean-squared value 1s

E(If, [n]f') = B{ (6,0 [] + K, s [n = 15,0, ]+ K, [ = 1)

It can be shown that the optimal reflection coefficient to minimize the

mean-squared error 1s
E(t, | [n)g . [n-1)

f b
\/E m—lE m—1
This 1s the negative of the correlation coefficient between the

K =-

m

forward and backward errors. Then the prediction errors can

be recursively computed by E/ = (1 -K ,fl)E I 87



AR Processes and Linear
Prediction

There is a one-to-one correspondence between the parameters in
an AR process and the predictor-coefficients of a p-th order
predictor. If the process is actually AR and pth order, they are the
same. If the output signal from an AR process excited by white
noise iIs applied to the corresponding predictor, the output signal
from the predictor will be white noise. So the prediction filter is
often called a “whitening” filter.
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Properties of Linear Prediction-
Error Filters

It can be shown that if the reflection coefficients in a lattice-type
linear prediction-error filter are all less than one in magnitude, that
the zeros of A(z) all lie inside the unit circle. This makes A(z)
minimum-phase. All the zeros of B(z) lie outside the unit circle
making it maximum-phase.
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Wiener Filters

Below 1s a general system model for an optimal linear filter
called a Wiener filter. It makes the best estimate of d[n] based
on X[n], which contains a signal s[n] plus noise W[n], and
the autocorrelation functions for s[n] and W[n] The estimation
EITOT 1S e[n].

If d n =S n], the estimation problem is called filtering.

Ifd n =s[n+ no- , n, >0, itis called prediction.

If d[n]=s[n—n,] , n, >0, itis called smoothing.

X[l’l] Optimal y[n]

s|n] Linear : eln]
Filter +

w[n] d[n]
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Wiener Filters

The filter 1s optimized by minimizing the mean-squared

estimation error

o(ef) | - Sl

:

A set of equations called the Wiener - Hopf equations

1
S h{m|R,[1=m] =R, [~1] . 1= 0,1, M1
m=0

1s used to find the impulse response of the optimal linear filter.

(

\

M-1
In Proakis' notation, Z h(k) Y o (l — k) =Y. (l ) The sign
k=0
difference on the right is caused by using a different definition

of autocorrelation. But both sets of equations yield an optimal

impulse response.
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Wiener Filters

The Wiener-Hopt equations can be compactly written in

matrix form as R/ h,, =r,, where R, 1s an M X M matrix
with elements R [l — m] and r, 1s an M X 1 matrix with

elements R, —l]. The solution is h,, = R};r, and the

minimum mean-squared error achieved is

E(\e[n]f) =62 —r'R'r,

It d[n] = s[n] and 1f s[n] and W[n] are independent the

Wiener-Hopf equations reduce to
Ailh[m](Rss [l—m] t wa[l—m]) =R, —l] . 1=01,---,M—1
m=0
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Wiener Filters

The Wiener-Hopf equations for IIR filters are similar to those

for FIR filters except that the impulse response

S kIR, [1-m] =R, [-1] . 120

has an infinite duration and the minimum mean-squared error 1s

MMSE_ =0 - ihop, [m|R, [-m]

m=0
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Wiener Filters

A stationary random process X[n] with autocorrelation R [m]
and power spectral density G (F ) can be represented by an
equivalent innovations process 1[n] by passing X[n] through
a whitening filter with transfer function 1/ G___ (z) where G_. (Z)
1s the minimum-phase part from spectral factorization of G__ (F )
G, (F)=07G,;,(F)G,,(F)=0;G,,(F)G,,(-F)
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Wiener Filters

It can be shown that the optimal IIR causal Wiener filter has the

frequency response

1 G, (F)
H (F)= &

" ( ) 612 Gmin (F) |:Gmm (_F) :|+
where G (F ) 1s the cross power spectral density between d[n]

and X[n] and the subscript "+" on the square brackets means "the

causal part".
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Wiener Filters

IR Wiener Filter Example (An extension of Example 12.7.2 in Proakis)

Let X[n] = s[n] + W[n] where s[n] 1s an AR process that
satisfies the equation s[n] = O.6s[n — 1] + V[n] where V[n]

is a white noise sequence with variance o> = 0.64 and W[n]

2
w

1s a white noise sequency with varlance o, =1. Design a
Wiener filter to optimally estimate the signal s[n] and delayed

versions of the signal s[n — no].

The system impulse response is h[n] = (O.6)n u[n] and the

. 1 Z
transfer function 1s H (z) = =

1-06z" z-06
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Wiener Filters

IR Wiener Filter Example (An extension of Example 12.7.2 in Proakis)

The power spectral density of s[n] 1S
G, (2)=G, () H(z)] =l H(z)
1 1 _ 0.64
1-0.67" 1-0.6z 136-0.6(z" +2)
The power spectral density of X[n] 1S
064 . _ 2-06("+2)
136-0.6(z"+z)  136-0.6(z" +2)
This can be spectrally factored into the form

ot Yo
G, (z)= (1 _ ().6Z_1)(1 ~0.67)

=0.64

G.(2)=G,(2)+G,,(z)=
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Wiener Filters

IR Wiener Filter Example (An extension of Example 12.7.2 in Proakis)

After spectral factorization

(1=(1/3)z7")(1-(1/3)2)
(1-0.627")(1-0.62)

Therefore, if G, (z) = 67 G, (2) Gy (27), 07 = 1.8 and

_1-(1/3)z" _z-1/3
G (2) = 1-0.6z"  z-0.6
The cross correlation between d[n] and X[n] 1s the same as the

G, (z) =1.8

cross correlation between s[n] and X[n] because we are doing

filtering and d[n] = s[n]
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Wiener Filters

IR Wiener Filter Example (An extension of Example 12.7.2 in Proakis)

R, [m] =R, [m] = E(s[n]x[n +m]) = E(s[n](s[n +m] +W[n +m]))
Ro ] =B(s[n]s[+m) + B[] [+ m]) =R [m]+ R, [m] = R[]

Therefore G, (z) =G, (z)

0.64

=0

0.64

0.64

(1-0.62)(1-0.62"")

1-(1/3)z
1-0.62

T 1.36— 0.6(z" +z) (1-0.62")(1-0.62)

0.64
(1-(1/3)2)(1-0.627") |
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Wiener Filters

IR Wiener Filter Example (An extension of Example 12.7.2 in Proakis)

We want to split this into the causal and anti-causal parts and retain only
the causal part. The causal part has the poles inside the unit circle. So we

want a partial-fraction expansion of the form
0.64 K,z K,

(1-(1/3)2)(1-0.627") 1-(1/3)z "1=0.62
Solving, K, =0.8 /3, K, =0.8 and the causal part is

G, (") } 0.8

- 0.6z

G (<)
()= 1 08 _ 1 08 _  4/9
T 1=(1/3)2 1-06z7 1.81-(1/3)7 1-(1/3)2”
" 1-0.67"

h,,[n]=(479)(1/3)" u[n] o



Wiener Filters

IR Wiener Filter Example (An extension of Example 12.7.2 in Proakis)

Next consider the case in which we are not filtering but instead smoothing.

Now the cross correlation between d[n] and X[n] 1S not the same as the

CroSS correlatio-n between d[n] and X[n] Let d[n] = s[n—no]. Then
Rdx[m] :E(s_n—no]x[n+m]):E(s[n—no](s[n+m]+W[n+m]))
Rdx[m] :E(s:n—no]s[n+m])+E(s[n—n0]w[n+m])

=R, :m+n0] +st[m+n0] :Rss[m+n0]

=0
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Wiener Filters

IR Wiener Filter Example (An extension of Example 12.7.2 in Proakis)

0.647" 0.642™
Therefore G, (z) =G, (z)z" = -
Creiore dx (Z) s§ (Z)Z 136—06(Z_1 +Z) (1—O6Z_1)(1—O6Z)

0.64z7"™
[ele] Jioshoose) | s
an - 1-(1/3)z [ (1=(1/3)2)(1-0.627) |,
1-0.62

— A+

Expanding in partial fractions as before

0.6477" - [_ 0.8z , 0.8z }
(1—(1/3)z)(1—o.6z‘1) ) z-3 z-06
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Wiener Filters

IR Wiener Filter Example (An extension of Example 12.7.2 in Proakis)

B 0.8z N 0.8z
z—3 z-06

0.8(3)"u[—(n+1)]+0.8(0.6)" u[n] =

0.8(3)n_n0 ul:—(n —n, + 1):| + 0.8(006)”—”0 u[n _ no] Z |:_ 0.8z + 0.8z :|

z—3 z-0.6
The causal part of the inverse transform is

{08(3) ™ u[~(n-n, +1)]+0.8(0.6)" " u[n—n,]} u[n]

which can be written as

0.8(3)"" (u[n] - u[n—n,])+0.8(0.6) " u[n-n,)

Its z transform 1is
05 1B)" - S S
3(1/3)-z" 1-0.67"
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Wiener Filters

IR Wiener Filter Example (An extension of Example 12.7.2 in Proakis)

G, ()] _ (1/3)°=z"  0.8z™
G () =(0.8/3) +

+ 1/3-z" 1-0.67"
_ 1 (173)°—z™ 0.8z
Hop ()5 - 1-(1/3)z"" {(0'8/3) (1/3)-z" . 1—0.6z1}

" 1-0.67"
which can be written as

5 oo w1 2=06 2 —(3)° 0.8
Hopt(z):gz( 1){(0.8/3)(1/3) 1;_1/3Z Z_(3) +Z_1/3}
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Wiener Filters

IR Wiener Filter Example (An extension of Example 12.7.2 in Proakis)

The impulse response of the filter 1s the inverse transform of this transfer
function. Finding a general expression for it is very tedious. But we can
see its form by finding the frequency response
et €906 e —(3)" 0.8

e -1/3 &%-3  ™-1/3

and then computing the impulse response numerically, using the fast Fourier

H,, ()= ge‘fﬂ("o*) (0.8/3)(1/3)

transform.
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Wiener Filters

IR Wiener Filter Example (An extension of Example 12.7.2 in Proakis)

Magnitude Frequency Response.n, =0 Magnitude Frequency Response, n, =3 Magnitude Frequency Response. n, =6 Magnitude Frequency Response,n, =9
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- - -, =
T T 04| T T 04
03 | ad | 03
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Wiener Filters

IR Wiener Filter Example (An extension of Example 12.7.2 in Proakis)
Now consider the case in which we use a non-causal filter.

Then

0.64
PN ) (=
H,, (Z) G (Z—l) B (1 _ (1 / 3)2_1)(1 — (1 / 3)2)
1.8
(1-0.6z7")(1-0.62)
0.3555 178 978
H(2) = (1-0333:7)(1-0.3337) - _1'067L—(1/ ) 2 —3}

h,,[n]=1.067(3/8)(1/3)" =0.4(1/3)"
This impulse response 1s virtually identical to the n, =9 impulse response

for the smoothing case except that it is centered at n = 0 instead of n= 9.



