Solution of EECS 315 Final Examination FO9

Find the numerical value of J 8(r + 4 )ramp(-2¢)dr .

T5(t +4)ramp(—2¢)dt = ramp(—2(—4)) = ramp (8) = 8

Find the numerical signal energy of x[n]= (53 [n]- 35, [n])(u[n +1]-u[n- 12]) .

oo oo

E =Y x[n] = X |(8,[n]- 36, [n])(u[n+1]-u[n-12])]

11

Ex = Z|(53[H]—356 [l’l])|2 =(1_3)2 112 +(1_3)2 +12 =10

Find the numerical strength of the impulse —35(—47).

-35(—41) = -3 x L5(t) = Strength is —3/4

-4
Find the numerical fundamental period of x(t)= 3cos(20007¢)— 8sin(25007¢).

The fundamental frequency is the greatest common divisor of 1000 and 1250 which is 250. Therefore the
fundamental period is 1/250 or 4 ms.



Let x(t) = 3rect(t/5)— Trect(t /2) . If y(t)=x(2(r— 1)) find the numerical value of y(2).

y(t)= 3rect(2(t— 1)/5)— 7rect(2(t—1)/2) = 3rect(0.4(t - 1))— Trect(t—1)
y(2)=3rect(0.4(2-1))— 7rect(2 - 1) = 3rect (0.4) — Trect(1) =3

A continuous-time system is described by 3y’(¢)+ Ay(¢)=2x(t).

(a) If its impulse response is h(t) = Ke" u(t) , find the value of s in terms of A (all numbers except A).

(b) Find the numerical value of K.

(©) For what numerical range of values of A is the system stable?

3s+A=0=s5=-A/3=h(t)=Ke " u(r)

=0

3[@—@]+Ajh(t)dt:2[@—w}:3K:2=>K:2/3

K =0
=0

h(t)=(2/3)e*" u(¢)
System is stable for A>0.

What numerical ranges of values of A and B make this system stable?

> y[n]

x[n] —=(®)

The output of the summing junction is y[n]/ B . Therefore
y[n]= B(x[n]- Ay[n-1]/5)
y[n]=B(x[n]-Ay[n—1]/B)= y[n]+ Ay[n—1]= Bx[n]
The eigenvalue is -A and the impulse response is
h[n]=B(-A)"u[r]

System is stable for any |A| <1 and for any B.




(a) If x(¢)=tri(¢/3)*5(r—2) and y(¢)=x(2¢), what is the numerical range of values of ¢ for which
y(#) is not zero?
-1/2<t<5/2

(b)  If x(¢)=tri(¢/w)#8(t+1¢,) and y(¢)=x(at), what is the range of values of # (in terms of w, t,
and a) for which y(¢)is not zero?

-w—t, <t<w_t°

a a

If x[n]= (u[n +4]-u[n- 3]) #8[n+3] and y[n]=x[n—4], what is the range of values for which y[n] is not

zero?
x is non-zero for —7 <n < 0. Therefore y is non-zero for -3<n<4 or —3<n<3.
Find the numerical fundamental periods of
(a) 4cos(6mn/7)
4cos(6mn/7)=4cos(27n(3/7))= N, =1
(b) 2sin(157zn /12)
2sin(157n /12) = 2sin(27n(15/24)) = 2sin(27n(8 /8)) = N, =8
(c) What is the smallest positive value of n, that makes the signal
[4cos(67n/7)—-2sin(157n /12) ] (u[n]-u[n—n,])
zero for all n?

This occurs when n, is the length of the common period between the two sinusoids because then the sum of the
points is the sum over an integer number of periods of each sinusoid and that must be zero. In this case that value
is LCM(7,8) = 56.



11. Classify these systems according to stability, linearity and time invariance.
(a) y[n] = |x[n]|
Stable If x is bounded then so is y.

Non-Linear Ifxis A, A>0,theny is also A. Then if we multiply x by -1, x is -A buty is still A. Not
homogeneous, therefore not linear.

Time Invariant This is a static system. y is the magnitude of x, no matter when x is applied (for
any n.)

()  y(t)=sin(1007t)x(t)

Stable The sinusoid is bounded between -1 and 1. If x is bounded, so is y.

Linear Multiplying x by any constant multiplies y by the same constant and if x is the sum of two
signals, y is the sum of the responses. Therefore the system is homogeneous and additive
and therefore linear.

Time Variant The response y at time 7 depends on x at time ¢ but also on the value of the sinusoid at time

t. Therefore the response if x is delayed is not, in general, simply a delayed version of the
response when x is not delayed.

12.  Find the regions of convergence of the Laplace transforms of the following functions.
(@  3e”u(t) ROCis 0>2

(b)  —10¢"u(-t) ROCiso<1/2



13.

14.

A continuous-time system is described by the differential equation
4y”(t)-2y”(t)+3y’(t) - y(r)=8x"(¢)+x'(t) - 4x(¢).

Its transfer function can be written in the standard form

M k -
wobes” bysY +by, s 44+ b,s" +bs+ b,

N X N N-1 2
zk:oaks ays" +ay_ s +-+a,s”+as+a,

H(s)=

Find the numerical values of M, N and all the a and b coefficients (a v — a, and b, = bo) .

M= ,N=

M=2 ,N=3

a coefficients are

a;=4 ,a,=-2 ,a,=3,a,=-1

b coefficients are

(Your identification of the a and b coefficients must be in the form a, =18 or b, =—7 for example. That is,
identify them individually, not just as a set of numbers.)

N
(s+0.1+ j10)(s +0.1-j10)

A continuous-time system has a transfer function H(s)=

(a) At what numerical cyclic frequency (in Hz) will the magnitude frequency response of this system
be a maximum?

The maximum will occur at the closest approach to a pole which occurs at @ =10 = f =+1.59
(b) What will that numerical maximum magnitude be?

At o = =10, the magnitude frequency response will be (substituting j10 for s),4.9999.



15.

16.

Find the numerical values of the constants in 3(u[n - 1] - u[n + 1])<L>Az“ +B7".

3(u[n-1]-u[n+1])==3(8[n+1]+8[n])«Z>-3z" -3
Alternate Solution:
2 2 ]

z—l_z—l

x[n]z3(u[n—1]—u[n+1])¢>3(ﬂ Z j=31_Z =35 o3

z—1 z—1

22 —z+1
22 -0.95z+0.9025

A digital filter has a transfer function H(z)=0.9525

(a) What are the numerical locations of its poles and zeros?

Poles at z=0.95¢"""" or 0.475 + j0.8227

Zeros at z=¢""" or 0.5+ j0.866

(b) Find the numerical frequency response magnitude at these radian frequencies.
Q=0

1-1+1 1

[H(e)|=[H(1)] = 09525 ——————= 09525 —————— =
1-0.951+0.9025 1-0.951+0.9025

1.05

Q=m/3

j27/3 /3
j — ™4

|H(ejn/3)| =0.9525 > _0951% ™" +0.9025 =0




Below are some graphs of 8 discrete-time signals and below them some graphs of the magnitudes of 12 DFT's,
all based on 16 points. Match the discrete-time signals to the DFT magnitudes by writing in the letter
designation of the DFT magnitude corresponding to each discrete-time signal in the space provided at the top of
its graph.
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Solution of EECS 315 Final Examination FO9

Find the numerical value of J‘ 8(t +4)ramp(-3t)dt .

—oo

TS(t +4)ramp (-3t )dt = ramp(-3(—4)) = ramp(12) = 12

Find the numerical signal energy of x[n]= (53 [n]-26, [n])(u[n +4]-u[n-9]).

E - 2 x[n] = X [(8[n]- 26, [n])(uln+ 4]~ u[n—-0])

n=—oco

2

E = i|(53[n]—256[n])|2= e +(1-2) + B +(1-2) =4

—— i3 ——
n=0 n=6

Find the numerical strength of the impulse —58(—4¢) .

-58(—4t)=-5x% L5(t) = Strength is —5/4

4]
Find the numerical fundamental period of x(¢)= 3cos(30007¢)— 8sin(40007¢).

The fundamental frequency is the greatest common divisor of 1500 and 2000 which is 500. Therefore the
fundamental period is 1/500 or 2 ms.



Let x(t) = 6rect(t /5)— Trect(¢/2). If y(t)=x(2(r— 1)) find the numerical value of y(2).

y(t)=6rect(2(t—1)/5)— Trect(2(r —1)/2) = 6rect(0.4 (¢ — 1)) — Trect(r — 1)
y(2)=6rect(0.4(2—1))— Trect(2—1) = 6rect(0.4)— Trect(1)= 6

A continuous-time system is described by 5y’(¢)+ Ay(t)=2x(t).

(a) If its impulse response is h(t) = Ke" u(t) , find the value of s in terms of A (all numbers except A).

(b) Find the numerical value of K.

(b) For what numerical range of values of A is the system stable?

55+A=0=s=-A/5=h(t)=Ke " u(t)

slw—w}ijh(odr:2{1@—@]:51{:2:1{:2/5

K =0 1 =0
=0

h(t)=(2/5)e " u(r)
System is stable for A>0.

What numerical ranges of values of A and B make this system stable?

x[n] —=(®)

The output of the summing junction is y[n]/ B . Therefore
y[n]= B(x[n]- Ay[n-1]/5)
y[n]=B(x[n]-Ay[n—1]/B)= y[n]+ Ay[n—1]= Bx[n]
The eigenvalue is -A and the impulse response is
h[n]=B(-A)"u[r]

System is stable for any |A| <1 and for any B.

> y[n]



(a) If x(¢)=tri(¢/5)*8(t—2) and y(¢)=x(2¢), what is the numerical range of values of ¢ for which

y(#) is not zero?
=3/2<t<7/2

(b)  If x(r)=tri(#/w)*8(¢+1,) and y(t)=x(at), what is the range of values of ¢ (in terms of w, ,
and a) for which y(¢)is not zero?

-w—t, w—t,
<t<

a a

0

If x[n]= (u[n +6]-u[n- 3]) #8[n+3] and y[n]=x[n— 4], what is the range of values for which y[n] is not

zero?
x is non-zero for -9 <n < 0. Therefore y is non-zero for -5<n<4or —5<n<3.

Find the numerical fundamental periods of

(@  4cos(127n/11)
4cos(127n /11) = 4cos(27n(6/11)) = N, =11
(b) 2sin(357n/14)
2sin(357n /14) = 2sin(27n(35/28)) = 2sin(27n(5/4)) = N, = 4
(c) What is the smallest positive value of n, that makes the signal
[4cos(67n/7)—-2sin(157n /12) ] (u[n]-u[n—n,])

zero for all n?

This occurs when n, is the length of the common period between the two sinusoids because then the sum of the
points is the sum over an integer number of periods of each sinusoid and that must be zero. In this case that value
is LCM(7,8) = 56.



11. Classify these systems according to stability, linearity and time invariance.

(@  y[rn]=x[n]

Stable If x is bounded then so is y.

Non-Linear Ifxis A, A>0,thenyis A>. Then if we multiply x by -1,x is -A but y is still A*>. Not

homogeneous, therefore not linear.

Time Invariant This is a static system. y is x squared, no matter when x is applied (for

any n.)
b))  y()=5x(t/3)

Stable If x is bounded, so is y.

Linear Multiplying x by any constant multiplies y by the same constant and if x is the sum of two
signals, y is the sum of the responses. Therefore the system is homogeneous and additive
and therefore linear.

Time Variant If x,(t)=g(¢),then y,(t)=g(¢/3). If x,(t)=g(t—¢,) then y, (r)=g(t/3-1,).

Y, (t - to) = g((t - to) / 3) . Therefore y, is not (in general) simply a delayed version of y, .
12.  Find the regions of convergence of the Laplace transforms of the following functions.
(@  3eu(t) ROCis 0>5
()  —10e"u(-t) ROCiso<1/4



13.

14.

A continuous-time system is described by the differential equation
3y” ()= 8y" (1) + 7y (1) = 5y(r) = 4x" (1) - 6x(r).

Its transfer function can be written in the standard form

M k -
wobes” bysY +by, s 44+ b,s" +bs+ b,

N X N N-1 2
zk:oaks ays" +ay_ s +-+a,s”+as+a,

H(s)=

Find the numerical values of M, N and all the a and b coefficients (a v — a, and b, = bo) .

M=2 ,N=3

a coefficients are

a;,=3,a,=-8 ,a,=7 ,a,=-5

b coefficients are

by=4.,b=0,b,=—6

(Your identification of the a and b coefficients must be in the form a, =18 or b, =—7 for example. That is,
identify them individually, not just as a set of numbers.)

N
(s+0.1+ j12)(s+0.1-j12)°

A continuous-time system has a transfer function H(s)=

(a) At what numerical cyclic frequency (in Hz) will the magnitude frequency response of this system
be a maximum?

Frequency for maximum is Hz

The maximum will occur at the closest approach to a pole which occurs at @ = +12 = f =+191

(b) What will that numerical maximum magnitude be?

Maximum frequency response magnitude is

At @ = %12, the magnitude frequency response will be (substituting j12 for ), 4.9999.



15.  Find the numerical values of the constants in 2(u[n] —u[n+ 2])@141" +B7".

2(u[n]-u[n+2])=-2(8[n+2]+8[n+1])«Z>-27" 27
Alternate Solution:

3 _ 2 2_
x[n]z2(u[n]—u[n+2])@2[i—z—]=2z1 ) 11=—2Z'—2z2

z—1 z-1 z—1 -
Z+1
16. A digital filter has a transfer function H(z)=1.9025———.
Z-+0.9025

(a) What are the numerical locations of its poles and zeros?
Poles at z=0.95¢"""" or + j0.95
+jm/2 +

Zeros at z=e¢ or tj

(b) Find the numerical frequency response magnitude at these radian frequencies.

Q=0
| 141
[H(e”) =) = 1.9025 =
Q=7/2

|H(e_/n/z)| _ |H(J)| _ 1.9025‘ -1+1 ‘ _

—1+0.9025



17.

Below are some graphs of 8 discrete-time signals and below them some graphs of the magnitudes of 12 DFT's,
all based on 16 points. Match the discrete-time signals to the DFT magnitudes by writing in the letter
designation of the DFT magnitude corresponding to each discrete-time signal in the space provided at the top of

its graph.

2 2 ‘ 2 ‘ 2 ‘
Y L0111 R A AT 1111
8 2 1 2 ! 2 1 2 1

0 10 0 10 0 10 0 10

2 ‘ 2 ‘ 2 2 i
= qhoahn g L Rl
= O O O O

2 10 % 10 % 10 "% 10
n n n n
G C E A
J 1 B K
A B C D
=3 e | 1 M
= Lt e ol LT
0 10 0 10 0 10 0 10
E F G H
1 2 ‘ 2
X 20— - S
= 0.5}H 1 EHHHHH A | 1}
o l
% 10 %160 %tiett % 10
I ] K L
4 I I I I
e I I 1 e B ] R e BT S - -
e l l l l
R Y R R S S Y



Solution of EECS 315 Final Examination FO9

Find the numerical value of J. 8( + 3)ramp(—2¢)dr .

—oo

T 8(t + 3)ramp(—2¢)dt = ramp(—2(-3)) = ramp(6) = 6

Find the numerical signal energy of x[n]=(48,[n]- 38 [n])(u[n+1]-u[n-12]).

E =Y |x[n] = X |(46,[n]- 36, [n])(u[n+1]-u[n—12])

n=—co n=—co

11
E = z |(453 [n]- 36, [”])'2 =(4- 3)2 +42+(4- 3)2 +42=34
n=-1 W n=3 %f—’”:b n=9

Find the numerical strength of the impulse —35(-7¢).

1
x —&(t) = Strength is —3/7

-7l

Find the numerical fundamental period of x(¢)= 3cos(6007¢)— 8sin(4807¢).

-36(-7t)=-3

The fundamental frequency is the greatest common divisor of 300 and 240 which is 60. Therefore the
fundamental period is 1/60 or 16.667 ms.



Let x(t)=4rect(¢/5)—9rect(¢/2). If y(r)=x(2(r— 1)) find the numerical value of y(2).

y(t)=4rect(2(r—1)/5)—9rect(2(t—1)/2) = 4rect(0.4(r — 1)) — Orect (¢ — 1)
y(2)=4rect(0.4(2-1)) - 4rect(2 —1) = 4rect(0.4) - 9rect(1) = 4

A continuous-time system is described by 8y’(7)+ Ay(t)=3x(t).

(a) If its impulse response is h(t) = Ke" u(t) , find the value of s in terms of A (all numbers except A).

(b) Find the numerical value of K.

(b) For what numerical range of values of A is the system stable?

8s+A=0=s=-A/8=h(t)=Ke " u(t)

8{@—@]+A?h(z)d¢:3[@—&}:81{:3:1{:3/8

K =0 1 =0
=0

h(t)=(3/8)e*" u(t)
System is stable for A>0.

What numerical ranges of values of A and B make this system stable?

x[n] —=(®)

The output of the summing junction is y[n]/ B . Therefore
y[n]= B(x[n]- Ay[n-1]/5)
y[n]=B(x[n]-Ay[n—1]/B)= y[n]+ Ay[n—1]= Bx[n]
The eigenvalue is -A and the impulse response is
h[n]=B(-A)"u[r]

System is stable for any |A| <1 and for any B.

> y[n]



10.

(a) If x(¢)=tri(¢/4)*5(t—2) and y(¢)=x(2t), what is the numerical range of values of # for which

y(#) is not zero?
-1<t<3

(b)  If x(t)=tri(¢/w)*8(t+1,) and y(¢)=x(at), what is the range of values of # (in terms of w, £,
and a) for which y(t)is not zero?

-w—t,

a a

If x[n]= (u[n +2]-u[n- 5]) #8[n+3] and y[n]=x[n—4], what is the range of values for which y[n] is not

zero?
X is non-zero for =5 <n <2. Therefore y is non-zero for -1<n<6or —1<n<5.
Find the numerical fundamental periods of

(@)  4cos(67n/13)
4cos(6mn/13) = 4cos(27n(3/13))= N, =13
(b)  2sin(127n/9)
2sin(127n/9) = 2sin(27n(12/18)) = 2sin(27n(2/3)) = N, =3
(c) What is the smallest positive value of n, that makes the signal
[4cos(6mn/7)—-2sin(15mn /12) ]+ (u[n]-u[n—n,])
zero for all n?

This occurs when n, is the length of the common period between the two sinusoids because then the sum of the
points is the sum over an integer number of periods of each sinusoid and that must be zero. In this case that value
is LCM(7,8) = 56.



11. Classify these systems according to stability, linearity and time invariance.

@ y[n]=x[n]u[n]
Stable If x is bounded then so is y.

Linear If x is multiplied by a constant y is multiplied by the same constant. If two excitations are
added, the response is the sum of the individual responses. Therefore it is linear.

Time Variant If x,[n]=g[n], then y,[n]=g[n]u[n]. If x,[n]=g[n—n,] then
v, [n]= g[n - no]u[n] - Y [n - nO] = g[n - no]u[n - no] . Therefore y, is not (in
general) simply a delayed version of y, .

®)  y(t)=3x(r)

Unstable x is multiplied by 3¢ to gety. There is no upper bound on ¢. Therefore a bounded x can
produce an unbounded y.

Linear Multiplying x by any constant multiplies y by the same constant and if x is the sum of two
signals, y is the sum of the responses. Therefore the system is homogeneous and additive
and therefore linear.

(t),then y, (t)=3tg(t). If x2(t)=g(t—10) then y, (1) = 3Ig(t—t0).

Time Variant If x ( )=
—1, ) ( ) ( (,) . Therefore y, is not (in general) simply a delayed version of

wi(f

Yi-

12.  Find the regions of convergence of the Laplace transforms of the following functions.
(@  3e”u(r) ROCis 0 >12

(b)  —10¢"7u(-t) ROCiso<1/7



13.

14.

A continuous-time system is described by the differential equation
2y”(t)=5y"(t)—4y(t)=9x"(t)+2x"(t) - 7x(z).

Its transfer function can be written in the standard form

M k -
wobes” bysY +by, s 44+ b,s" +bs+ b,

N X N N-1 2
zk:oaks ays" +ay_ s +-+a,s”+as+a,

H(s)=

Find the numerical values of M, N and all the a and b coefficients.

M=2,N=3
a;,=2,a,=-5,a,=0,a,=-4
b,=9,b=2,b,=-7

(Your identification of the a and b coefficients must be in the form a, =18 or b, =—7 for example. That is,
identify them individually, not just as a set of numbers.)

N
(s+0.1+ j15)(s+0.1-j15)

A continuous-time system has a transfer function H(s)=

(a) At what numerical cyclic frequency (in Hz) will the magnitude frequency response of this system
be a maximum?

The maximum will occur at the closest approach to a pole which occurs at @ = +15 = f=+2.39
(b) What will that numerical maximum magnitude be?

At w = *15, the magnitude frequency response will be (substituting j15 for s), 4.9999.



15.

16.

Find the numerical values of the constants in 1 l(u[n -2]- u[n])<L>Az“ +Bz7".

H(u[n=2]-u[n])=-11(8[n]+8[n—1])e-Z>-11" - 117"
Alternate Solution:

-2 2 2
x[n]=11(u[n-2]-u[n])«=Z 11(Z L lezllz‘ll le—llz'lz 1]=—1le—

Z+z+1
724+0.952+0.9025

A digital filter has a transfer function H(z)=0.9525

(a) What are the numerical locations of its poles and zeros?
Poles at 7 =0.95¢">" = -0.475 + j0.8227
Zeros at z =¢**"? = 0.5+ j0.866

(b) Find the numerical frequency response magnitude at these radian frequencies.

1+1+1 525

Q=0 H(e”) =[H(1)]=09525 ——————=0.
1+0.95+0.9025 2.8525

=1.0018

jam/3 j2m/3
et !

+1
_ , =0
€% +0.95¢*" +0.9025 )

Q=27/3  [H(e”)= 0.9525(

1177



17.

Below are some graphs of 8 discrete-time signals and below them some graphs of the magnitudes of 12 DFT's,
all based on 16 points. Match the discrete-time signals to the DFT magnitudes by writing in the letter
designation of the DFT magnitude corresponding to each discrete-time signal in the space provided at the top of

its graph.

2] ” ] 2 ‘ 2 ‘ 2 ‘
= ol Gl O"nmn | O'L g oo O'mL%LLJeee
S i

0 10 0 10 0 10 0 10

2 2 2 ‘ 2 ‘
‘E‘ 0 \ 0 | 0 I % Oll lleﬂ h

2 10 % 10 % 10 2 10

n n n n
H E C K
G DI B
A B C D
Es 10 st {120
>< [ | 1 | | |
S 1115010 S N X A O Ot
0 10 0 10 0 10 0 10
E F G H
I 2 I I
N 200 - 10t f ]
>3 \ ] * | |
— -I-r-r-m-IJ ! ) o
O "o % 10 % 10 0% 10
I ] K L

1 2 4 ‘ ‘
;%0.5 W 2 e

00 10 Oocc ==i6== Ooccc 000 ié(c) 000 OO 1*0



