Solutions to Previous ECE 503 Examination
Questions

1. A discrete-time system has atransfer function given by

o
Zz+ =
2
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H(2) =

@ Sketch a block diagram of the discrete-time system which has this transfer function using
gain blocks and delays.
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(b) Sketch apole-zero diagram of thistransfer function. Include scales on your sketch so that
actual numerical values could reasonably be estimated fromiit.
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(© If the excitation of this system, x[n] , IS a discrete-time unit impulse, sketch the response,

y[ n] , and identify numerically the first three values of the response. Include scales on your sketch
so that actual numerical values could reasonably be estimated from it.
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From (a) y[n] = x[n] + x[n2—]] - y[n4— 2
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(d) Find a closed-form solution for the impul se response of the system written in terms of red-
valued functions only and check your threeinitial values of the impulse response againgt it.
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2. Take the unilateral Laplace transform of both sides of the following differential equation,
apply the stated initia conditions and find an exact numerical solution, in terms of rea-vaued

functionsonly, for time, t>0.

d2
at?

(y(®) + 73

" (y(t)) +12y(t) = 6(t-1)

"ot

$Y(g) - sy(0) - %(y(t))ézw + 7[sY -y(0* )] +12Y(g) =€

SY(s)+7sY(s) +12Y(s) =s+6 +e°
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vi9=_2 - 2Bl - LEe
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y(t) = [3e‘3t - 2e"“] u(t) + [e"”(t - e“‘(t'l)] u(t-1)
3. Thesignd, x(t)=10sin(27t)cos(57), is sampled over exactly one period, with the first
sample taken at time, t=0. The sampling rate is the smallest integer multiple of the fundamental

frequency of the signal that is greater than (not “greater than or equa to”) the Nyquist rate of the
signal.

(@  Whatisthe period of x(t)?

Using sin(x)cod(y) = %[Si n(x—y) +sin(x +y)|

x(t) = Hsin(-3rt) + sin(711)] = Hsin(7 1) - sin(3 1]

Fundamental frequency is the greatest common divisor of 3.5 Hz and 1.5 Hz or 0.5 Hz. Therefore
the period is2 s.

(b)  How many samples are taken?
The Nyquist frequency is 3.5 Hz. Therefore the Nyquist rate is 7 Hz which is 14 times the
fundamental frequency. The smallest integer multiple of 0.5 Hz that is greater than 7 Hz is 7.5 Hz
which yields 15 samplesin 2 seconds.

(© What are the numerical values of the first three samples?
- : 2 4
Thetimes of thefirst threesamplesare t=0, t=—and t=—.
15 15
x(0) =10sin(27t) cos(57t) = 0

x%%§= 10s n%@cos@%n%= -3.715
x%%@z 10s n%@cos%@: -4.972

4. ) A complex variable, w, isrelated to acomplex variable, z, through the relationship,

w==
z



where z=x+jy=re! and w=u+ jv =pe!” Describe mathematicaly and sketch in the [w]

plane al possible w regions, corresponding tothe zregion, 1<r <2 , 0<6 <7—2T.

Thereforetheregion, 1<r<2 , 0<6 <g , maps into the region, %<p<1 , 0>¢> —g

(b) A complex variable, w, isrelated to acomplex variable, z, through the relationship,

W= 1
7

where z= x + jy =re'® and w=u+ jv = pe!? Describe mathematically and sketch in the[Z] plane

all possible “Z’ regions, corresponding to the “w” region, 1< p<3 , g<¢< TL.
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Therefore  the region, 1<p<3, E<g0<n, maps into the two regions,

1<r<+/3 , ——>0>—Eand1<r<«@ 7>¢9>g

5. A system is described by the differential equation,
[y )+ v(0] + 6y() = ult)
Theinitial conditions of the system at time, t =07, are

y(0")=1 and —[y )| =-2

_O+

Laplace transform both sides of the equation and solve for the Laplace transform of y(t), Y(9).
Then find y(t) by taking the inverse Laplace transform of that result. . Check your solution by
substituting it into the differentia equation and also check to be sure that your solution satisfies
both initial conditions.

$Y(s)-s+2+5sY(s)-5+6Y(s) =



}+s+3

_ s
v(s)= & +55+6

_ S+3s+1  S+3s+1
P +55+6) s(s+2)(s+3

v(s)

6. Find the Nyquist rate for these signals. (The Nyquist rate is the minimum sampling rate
required to avoid aiasing, as determined by Shannon’s sampling theorem.)

@  x(t)=10sinc(200t) X(f)=2—lorect%§D £ 200

(b)  x(t) = sin(207t) cos(2000 7t)

X(f):%[é(f +10) - & f ~10)| D%[d(f— 1000) + 4 f +1000)|

X(f)= i[cs(f -990) - &(f +1010) - & f ~1010) - {f +990)]

f_ = 2020

7. Using the impulse invariant digital filter design technique, with a sampling rate of 10 Hz,
find the z-transform transfer function, H_(z), corresponding to

s+3
H(s)=10—F—— .
(9 §+7s+6
Then write arecursion relation, with real-valued numerical coefficients, relating the response of the
system, y[n], to the present and previous excitations to the system, x[n| ,x[n-1 ,x[n-2],--- and
the previous responses of the system, y[n-1] ,y[n-2] ,--- .
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z
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2z 3z
I_|Z(Z):2Ez—eT z—e‘eﬂ@

H.() =2 22(2— e‘eTs) + Sz(z - e'TS) _ 5y 5z-2e°s -3
. (z-e™)(z-e") T 2-ZeT +e)+e ™"

H.(2) =2 22(2— e‘GTS) + 32(2 - e‘TS) _ 5y 5z-2e°s -3
s (z-e™)(z-e") T 2-ZeT +e)+e™"

Y,(2) 5z-2e°= -3¢ 5z-2e°¢ -3

=2z =2z

XZ(Z) 22— Z(e—Ts + e—GTs) +e 22— Z(e—O.l + e—o.e) +e o7

Y,(2) _ 5y 52- 2(0.549) - 3(0.905) , 52-3813
X,(2)  “TZ%-7(0549+0.905) +0.497 72 -1.4547 +0.497

y[n] =10x[n] - 7.626x[n -1] +1.454y[n -1] - 0.497y[n - 2]

8. Find all the distinct roots of
2=-1.
The"nth" root, z,, of acomplex number, z, isthe solution to the equation,
z=12
where nisapositive integer. In polar form,
z=r[cos(6) + jsin(6)] and z = ro[cos(eo) + sin(eo)] :

Then
ry[cos(n8,) + j sin(n,)] = r[cos(6) + j sin(6)]



and the solution for r, and 6, is

+ )
r,=%r and 6, = O£ 2KTT \ aninteger,
and there are exactly n distinct values. Inthis case,
r=1and =11
Therefore
+ )
=1 and 6,= "= Kaninteger,
Therefore the five distinct roots are
T .3m T .9

ejg e]? eJ’T e]? e]5
or, inrectangular form,

0.809 + j0.588, —0.309 +j0.951, -1, —0.309 —j0.951, 0.809 —j0.588 .

9. Evduate the following definite integral using contour integration in the complex
plane and the method of residues.
7 dx
_-[ x*+1
Since the integrand is an even function,
17 dz
'= 2 :[0 Z'+1

L etting the path of integration be part of a closed path which closes in a counter-clockwise
direction with an infinite radius in the upper half-plane,

1. :
I —512nzr&adues :

The integrand can be factored into

1 1
R

Then



I—Jn@?wdueatz— +ReSIdueatz— ;JQ

1 O

+]_—1+J +j -1-j+) 1- B
2 2Tz R 2 g
= L 3
Q—lﬂ 1+J 1+ -1-j 1+j_1—j§%

E J2o o Y2 M2 20

O 1 . 1
=R ) TR e (R N Ee)

1 DnDl 10

— 0 1
20+i) 22(-1+))8 22H+j "1-jH

L
242

10.  Find theinverse Fourier transform, x(t), of

= 1oﬁect§f;4§+ rect%f;‘l%'mf .
2 2

Express x(t) in as simply as possible in terms of real functions of time.

sinc(t) £f - rect(f)

2sinc(2t) L7 rect%@
2sinc(2t)e’®* L7 - rectgzig
2sinc(2t)e”®* L7 - rectgfzjg
23inc(2t)[ej8” + e‘js"] A4 ret:t@fz;dﬁ+ r&tgfzjg
2sinc(2t)[ 2cos(8rt)]| L - rectg%@f r&tgfzjg



4sinc(2t) cog(8rt) L - rectgfg’r rect Ef;@
40sinc(2t) cog(87t) I - 10%&@244@ rect@fzj%
40sind2(t - 1)] cod8rft - 1] £ - 10%‘“ Efzj@r rect gzj% .

Therefore

x(t) = 40sind2(t - 1)] cod 87r(t - 1)

11.  Four samples, {x}, aretaken at the Nyquist rate from one period of a bandlimited,
periodic signal and their discrete Fourier transform, { X}, isfound to be

={21-j,41+} .
) Wheat is the average value of the original bandlimited periodic signal?

The average value of the original signal isthe X[O] in the complex Fourier series.

X DFT [O]

2_1
XCTFS[O]: N 4 E

(b)  What wasthefirst ssmplevalue, x[0] ?

2mk

x{n] = —Zx[k] v

FkO

x[0] = ;x[k] 2+1 j+a+l+j)=—=2

-l>|oo

12.  If the excitation voltage, v,(t), to the circuit below is a unit step, find a red, time-

domain expression for the response voltage, v, (t). (Assume the capacitors are initialy
uncharged.)
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The Laplace-domain transfer function is

R
1 2
7+R
H(s) = ECZ :1+s(sclR%C)R
C, , 1
i+R SCI
C
vg=l $& . RS . G+
0 Sl+S(C1+C2)R 1+S(C1+C2)R S+ ( 1 )
RC+C,
Then, using
e™ i . !
s+a

13.  Ananalog filter hasatransfer function,

H(s)

R
s +8s+52



Using atime between samples of 10 ms, find the corresponding Hz(z) using the impulse-
invariant digital filter synthesis technique.

01 10
_ 25 0 ji2 iz O
HS(S)_(s+4—j6)(s+4+j6)_2 E§+4—j6 s+4+j6%
0 0
Then, using
et 1
s+a
251 (i . 50 e (#7191t — gr(4+i0)t 25 4.
— i o a(4-ie)t _ o(4+ie)t - — & a4t
h(t) il e ]u(t) P 2 u(t) 5 € sin(6t) u(t)
Then, using
Ke_atﬂ—» K%a-r
z-e "

H(2)= -] 250z B z O
AZ) = JEEﬁ_e—M—jﬁ)Ts 7—e i H

25 Z[Z_e_(4+16)Ts —_ Z_e_(A_jG)Ts]

HZ(Z) =~ 12 lz_ e—(4—j6)TSJlZ_ e—(4+16)TsJ

. 25 Ze_(4_j6)Ts —_ Ze_(4+16)Ts

H.(2)=-i5 - Je i 4 o]

25 267 (ejGTS —e jGTS)

H.(2)= 12 7 — ze™*% (ej oTs + e“"”s) +eh

_25 ze™"-2sin(6T,)
HZ(Z) T12 2220 COS(GTS) +e

H.(2) = 25 ze™** sin(0.06) _ 0.247
? 6 72°-ze°*2c050.06) +e*® 7*-1.918z+0.923

14. A sampled-data system operates a& a sampling rate of 1 kHz with a z-domain transfer
function of
1-04z"
H,(z) = .
2) 1-1.4z" +0.45z7°

€) Find and list al the poles and zeros of this transfer function.



2 1-04z7" 1-04z7" z-04

211477 +04577 (1-0527)(1-0.927) " “(z-05)(z-0.9)
Zerosat z=0and z=04.

Polesat z=0.5 and z=0.9.

(b) Write the recursion relation between the excitation, x, and the response, y, in the form,
y[n] =a,qn] +a,qn-1 +---+b,y[n -1 +b,y[n-2] +--- .
y[n] =x[n] -0.4x[n-1] +1.4y[n-1] - 0.45y[n -2
(© If the excitation x consists of an infinite sequence of samples beginning at time t =0, al of
which arethe value, "1", what va ue does the response, y[ n] approach as n approaches infinity?

Asy approaches a steady value, al the delayed versions of y are the same. The x values are aready
all thesame, 1. Thereforein that limit,

y[n] =1-0.4 +1.4y[n] - 0.45y[n]

or
0.05y[n] =0.6
or
0.6
y[n] = ﬁ =12

15. Use the Laplace transform to solve this differential equation with initial conditions:

d2

d A\ d
W[X(t)] +85[x(t)] +7x()=u(t) , x(07)=-2,

a[x(t)]tzo* =2
Show that your solution yields the correct initial conditions.
L aplace transforming,

#x(9=5:(0")~ G0 +ox(9 -0 + 79 =

Solving for X(s),

& X(s) +8sX(9) +7X(9) = % +sx(0%) + %[x(t)]tﬂ +8x(0)

or

(s +8s+7)x(9) :§—25—14

or



1
X(9 = ST 102145 2+14s-1
§+8$+7 s(sz+85+7) s(s+1)(s+7)
Expanding in partial fractions,

113 1
X(9=-L--6_+ 42
s s+1 s+7

Inverse Laplace transforming,

Verifying initial conditions,

x(O*) E_£’>+1 6-91+1 _ _» Check.
7 6 42 42
d R L AN - AN B I N VRS DRERANE
dt[x(t)]_75(t) 5 i) 5 ¢ u(t)g 715° at) 5e u(t)a
d 13 1
— =—=-==2 Check.
ai Ol =75 5 =2

16. For each two-dimensional space-domain function, g(x,y), below find its two-dimensiona
Fourier transform, G(fx, fy), and then find the numerica vaue of its two-dimensional Fourier
transform at the spatial frequencies, f, and f,, given.

@  o(xy)="10rect(5x)s nc%@

—snc@—@rect 2f 4snc§—§rect 2f

G(1,0) = 4s nc%@z 3.742

G(1,0) = 3.742

()  g(xy)=4s nc%@cemb(Zx) tri(6y)
G( f, fy) = §6rect(4 f) D%combgfz—x%sincz%;—y%
G(fx, fy) Hect 4f 6@— %ne E—E



( ) HZ rect(4f,) 05( f,~ 2n) Slsmc B_E

G( f, fy) = %@:Z rect[4( f - 2n)] Esimz%;_y%

O

]l 8
G(0,3) == rect(-8n)sinc %@ snc2%§ %@2 =1.0808
( DZ ) 3 3

b D
G(0,3) =1.080
17.  Afunction, y(t), isgiven by
y(t) = x(t) On(t) .

Let x(t) =rect(t) and let h(t) = e u(t). Using the definition of convolution,

00

() 0h() = [ x(D)h(t-1)er = I e )xX(t=7 )t

—00

convolve x with h to find an expression for y(t) and then sketch y(t).

x(t) On(t) = }e‘T u(r)rect(t—7)dr :}e'r rect(t -7 )dr
W o

From the graph, for t < —% theintegral is zero.

For —E<t<i:
2 2

t+:

X()Ch(t) = [ e7dr = ]2 = 1B



For t>=:

x(t) Oh(t) = Ie"dr = [_e_T]t% _ e‘g“%@ —e@%@

o1
2

y(t)
0.632

/ >~ {
1
2

18.  Ananalogfilter hasatransfer function,

N

10
= e+

(8  Find areal-valued functional expression for its step response, h™(t).

20 10 0 .5 10, 50

_HEO _10,5
Hs H = Hs+1)(s+ 2) % s+1 s+285
h(t) = 51-2¢™ +1e™] u(t)

(b) Find arecursion relation for a digital filter operating with a sampling time, Tg = 0.1, which
accepts the infinite-length excitation sequence,

{11111},

and produces an response sequence which consists of samples from the step response of the analog
filter. That is, the response sequence produced by the digital filter should be

{h(0),n*(1), h*2T),..} -
If the transfer function of the analog filter is

H.(9)
then the step responseis

[H(s)

a O
=L BTH

The z transform of this step responseis



z[h (o)

which must equal the z-domain step response form

where HZ(Z) isthe z domain transfer function. That is,

(=22 gtd . 2
z O S

z[h ) .
Hz(z):z ! z{g1-2e" +1e2]u(t}
H,(2) = %12{5[1— 2™ +1e7| u(t)}

Using K u(t) I K—Zl and Ke* u(t) L~ — =,
- Z—¢€

lez 2z z [0

H.(2)= B-1 z-e" z-e7F

z[l 2 +e | +es — 27 47
z —z(e s+ )+e

Yz(z)[z2 —Ze™ +e") +e‘3TS] = 5{2[1—2e‘TS +e‘2TS] +e -2e7" +e%TS} X,(2)
Y(z)[l—z‘l(e‘TS re?)+ 22 3T] 5{2 [1 2™ +e™|+z%(e™ -20 %" +e3TS)} X (2)

y[n] = 5[1— 26 +e|x[n-1 +5™ -267" +e™)x{n-2 +(e™ +e7")y[n-1-e*"y[n-7]
y[n] =0.3145x[n -1] +0.041x[n - 2] +1.7235y[n -1] - 0.7408y[n - 2

19.  Writeadifferential equation for the sum of currents at one node in the circuit below equal to
zero. Then, using the Laplace transform, solve the differential equation for the red, time-domain
expression for the voltage, v (t), if the excitation current, i (t) isaunit step and the initial condition

is Vo(o*) = —1. Let the component valuesbe R=1Q and C=1F.



o+

| 0
e HOX: c v
d °
i = Ca[v(t)]

The differential equation describing the circuit is

Laplace transforming, using %g(t) £ - s6(9-g(0%),

1.(9) = % = VO—éS) +5CV,(9-Cv,(07)

1 .
Vo(s):g Cvo(o)_Rsz( )+1_1SCV(1)

1 +
SasC s(sRC +1) %H L
9= B tl0)oF
*"Re
vo(t):§R+[v ~Re tcgu) (1-2¢")u(t)

20. A red-vaued, bandlimited, periodic signa, x(t), is sampled over exactly one period a
exactly its Nyquist rate of 1 kHz. The set of samplesis {x} and there are 8 totd samplesin {x}.
Some of the data returned by the discrete Fourier transform (DFT) of {x} are

X[ =4,X[]=4+j2,X[2=-6+j4,X[3d =4-10, X[4] =~

(8  Whatisthenumerical valueof X[5]?
X[5] =X"[d=4+j10



(b) A complex Fourier series describing x(t) isfound using one period of x(t) as the time, T,
in the calulation of the CTFS, X[k|, where

t0 +Te

X[K = _f e izl -

Fto

. What isthe numerical value of X[-1] ?
X oer[K Xorr [
XCTFS[k] = D',:\][ ] XCTFS[_]] = DFT8[ ]]

XCTFS[_]] = X::TFS[]] =4-]j2

1 1
CTFS[ ]] ( _12) 5717
(0  Whatistheaveragevaueof x(t)?

X DFT [O] —

4_1
N 8 2

Theaveragevaueis X .. o[0] and X .[0] =

(d)  Whatisthetotal signal power of x(t) ?

Thetota signal power isthe sum of the signal powers of all the complex exponentials that make up
thesignal. They are

47 |4+ j2f |-6+jaf |4-j10f |-2f
—| + + + +|—

‘ ‘ ++|4+j10|2+|—6—j4|2+|4—j2|2
8l [ 8| | 8 [ | 8|8

| 8 | | 8 | | 8

16+ (16 + 4) + (36 +16) + (16 +100) + 4 + (16 +100) + (36 +16) + (16 + 4)
64

=6.1875

21, For the two-dimensiona spatial-domain function, g(x,y), bdow find its two-dimensional
Fourier transform, G(fx, fy), and find the numerical vaue of the transform, G(fx, fy) a the spatial
frequencies given. Then find the total signal energy in the signal under the definitions

E, = } }|g(x, y)[ dxdy and Eg = } }‘G(fx, f,) drf,

—00 —00 —00 —00

for two-dimensional functions. (Parseva's theorem holds for two-dimensional functions aso.)

a(x.y) = 4tri%§ect(10y)



G(fx,f ) 4 x2sinc (2f )xisncara —sinc (2f )smcgfa

G(0,) = —smc 0)s nc%—@ 4 %Q_ 0.7869
G(0,10) = gsi nc?(0)sinc(l) =0

) 2
E, = 4tri%§ect(10y)

—00 —00

dxdy = 16} } triz%gectz(loy) dxdy

0
g P 0 : 0

E, =160 trlz%gdx rect®(10y)dy =16 trlz%gdx dy
9 [i[o __[o ( ) 0 5 __[1 0

~ Dﬁﬁ_ngﬁD‘ZD_ x°0, 0
% mg““ B JA T s dd G

0 x* xC
E =0 X X3 5153
® 50 2 127 15

22. A bandlimited, periodic, real signd, x(t), is sampled at its Nyquist rate eight times in
one period. Let (one period of) the discrete Fourier transform of those samples be
represented by the set,

DFT[{%]={% ={ab,c.d,0,d",c",b} -
That is, for thissampling, X[0] =a, X[] =b,---,X[7] =b" .

Answer the following questionsin terms of the a, b, ¢ and d of the original sampling.

a What isthe average value of the signal, x(t)? g
b. What is the average signal power of x(t)? (Assumethereisnosinusoidin x(t) a

exactly half the sampling rate.)

2

+2

2 2 2

b

8

+29
8

a

8

L
8




C. If thesignd, x(t) , were sampled again over one period but at twice the Nyquist
rate, what would (one period of) the DFT be?

{2a,2b,2¢,2d,0,0,0,0,0,0,0,0,0,2d",2¢", 20}

d. If the signal, x(t), were sampled again at the Nyquist rate but over two periods,
what would (one period of) the DFT be?

{2a,0,2b,0,2¢,0,2d,0,0,0,2d",0,2¢",0,20" ,¢
23.  Thediscrete Fourier transform (DFT) of a set of three samples from a signd, x(t),

isthe set,
([0 {1 {3} =[o.i5 .15

Find the three sample values.

x[0] = ZX[k] %)+J——jg§=0

x[]]:ggox[k]ejs=§§)+j:;’e’3—jge’3m
_Dosé!%@ﬂsin%n%j SQ‘LQ anQ‘L ?
X2 = Zx[k]e 5 :—@ e 5 —13e sD

— ﬁosg%n@+ j sing%n% j g %osé‘%rﬁ+ js n%

24.  Giventwo signas,

x,(t) :trig +%§D%comb%@ and x,(t) = rect(2t) E%comb%@ :

find at least one value of "1" a which the crosscorrelation function, R, (1), is

a amaximum (most positive vaue),
b. aminimum (most negative vaue),
C. zero. (If the crosscorrelation is never zero just state that fact.)

00

—tr@ QD Z &(t- 4n) and xz(t):rect(Zt)Di &t 8n)



00

x,(t) = i tri§—4n +%§ and x,(t) = ) rect]2(t - 8n)|

n=-o0 n=-oc

M 2 2 6 8 10 12 14 16
11
7/}
a The maximum crosscorrelation will occur when the peaksline up and that will be at

ashift of
1 :
T= 5 +4n , naninteger

b. Since the two signals are both always non-negative, the minimum crosscorrelation
will be zero and will occur whenever the non-zero portions of the two signals do
not overlap. This condition would occur at shifts of

212n<r<212n , haninteger

C. The crosscorrelation iis zero at the shifts given in part b.

25. For the system below, the transfer function, H(s), is given by

9= 309 U= (g

Assuming that the system is initially at rest (nothing has happened for al negative time),
find the step response of this system. What are the value and the first derivative of the step

response at time, t=0" ? Verify these values using the initial vaue theorem of the Laplace
transform.

X(t)—{ h(t) —y(1)

1 1 s
XO= s YO s+ 96+ 9 (s+1)(s+s 2)(s+3)




3
Y(9=-2.+ 2 -2

s+1 s+2 s+3

y(t) = L el +2e™ —i’)e‘3t

2 2
a1 3
y(0*) = -5 +2-2 =0
limsY(s) = s =0 Check
s o (s+1)(s+2)(s+3)
E _l -t _ g2t 9 -3t
dt[y(t)] = 2e 4e7 + 2e
d 1 9
YOl o =540 =1
¢ S
i = = Check
MY = s+ s+ 3

26.  Anandog filter hasthe Laplace-domain transfer function,

H{(s)

Find the recursion relation for adigital filter whose step response consists of samples of the
step response of the analog filter. Let the time between samples, T, be 0.1 seconds.

1
s+10

The step responseis
[H(s)

4N O
h (t)—L BTH

The z transform of this step responseis

z[h (o)

which must equal the z domain step response form

where H,(2) isthe z domain transfer function. That is,



0 D1 1 M
z-1_0 M z-1 1 1
H =t 0__10 - ZE[F t) - = ot tﬁ
(2 z g’é% s+10% z Ou() 10e u(t)
O o [
Hz(z)=Z_1D1 z 1 z O 1 z-1 0O

z Hoz-1 10z-e™H 105 z-e™"H

_11-e* _ 00632
10z-e' z-0.368

H.(2)

(z-0.368)Y,(2) = 0.0632X,(2)

y[n +1] - 0.368y[n] = 0.0632x[ |
y[n] =0.0632x[n -1] +0.368y[n -]
27. Find al values of zwhich satisfy the equation,
jee=-1
je = jecos(y) + jsin(y)| = je*cos(y) - e*sin(y) = -1
e cofy)=0 and -e*sin(y)=-1

ecofy)=00 % —» o ¥ —;—TF nm
esin(y)=10 e{ 1)=10 x-» and ¥ —27-T|r 2nm
e=10x% 0
z:j%+2nn§
jel@gﬂnn@ —

cos% + 2nn§+ j sin% + 2nn§= j

1=1

Check:



28. Find the residue of
_ Wz

a the pole which lies in the third quadrant (where x <0 and y <0) and on the branch of the

sguare root function,
0<0<2m .
Nz
Z) =
9(2) -1+ Lo BE 1,80
2 oK T 2T o
Sothe polesare a
Z:]-’ Z:_1+j£ , :—E—JE
2 2 2 2
third quadrant
1 .\/@ [ .4m
| 22 Ve 3
residue = 1 3 1 3 1 30 0 3 E
el e 1 v 1 _.vs 3_.480 .
2 "2 2 1 T H B2l iva)
2T ﬁ
2e ° _1 -1+jV3 1

resdue= (-3-i3)(-iv3) 3 -1+jv3 3

Find the two-dimensiona Fourier transform, G( f., ) of the two-dimensional space-

29.
domain function,

g(x,y) = 4tri(2x) snc%@
Then sketch the one-dimensional “cross-section”,

o)

of the magnitude of the spatial-frequency domain function.

G( f, fy) = 6s ncz%geﬁ(yy)eﬂmy



G(L1,) =6 ncz%grect(sfy)e‘i“v = 2.432rect(3f, )"
G(L 1,)| = 2432rect(31,)
IG(L,1)
A
— 2432
L 1 -y

6
30.  Findthe numerical value of the contour integral,

I :'!222 dz
if the contour C isa straight line from the point, z=1tothepoint z= 3+ 2.
Onthe contour, y=x-1. Therefore
z=x+jy=x+j(x =) = x(1+])- ]

dz=(1+j)dx

| =}2[x +j(x-D|[x- j(x -] @+ j)ox=2(1+ j)j’[x(1+ i) = i][x@- ) + i ox

| =2(1+ j)Jj’[zxz—ZX +1ox =2(1+ j)%xt X2 +xg

| :6—38(1+j):3zm45

31. A linear system has an impulse response, h(t)=e™u(t). Find its response, y(t), to an
excitation which is described by

@, 0<t<1

[0, elsewhere

x(t)



Y= X(0) T = [ X(O)h(t-T)ek = [€* 1)
For t<0, y(t) = N 0

For O<t <1,

For t>1,

-at

ea(tT) |1 _e® () _ g

a

32.  Find theinverse Fourier transform, x(t), of the frequency-domain function,
[ f —100 f +100 —Jf
e 0 ] 2
500 500
Express the result, x(t), asafunction of time with real coefficients and real-valued functions.

sinc(t) £ - rect(f)

500sinc(500t) If rect%@
500sinc(500t)e™ 12" LT , rect f5—01000§

. . f —100 f +100
500sinc(500t)e’ " + 500sinc(500t)e 12" [f . rect@—§+ rect@—@
sinc(500t)e sinc(500t)e £0 £0
_ 1 rjzonfh-—f - -ja0r}- {0 O .gf -100 f +100-

0 00% - 10000 1000 ﬂ _ rrect Qﬁ@ Ei% 500
>0 Snc% 1000% ¢ 5 u 500 500

. 1 sjzon-— 1 —ja00rt- 0 O _QOf -100 +100(d-i 2
2 = 10005 00895 [ AFect %
Ooos'”cﬁoo 1000% © - lec QWQ QW
. 1 100 +10070-52%
4000sinc oo@—— 0s 00n§ %ﬂ 4 @7@ @7%
% 1000% % 1000 H 500



33. Find the numerical value of the contour integra,

I :I(Zz— 32*)dz

C

if the contour C isa straight line from the point, z= 0 tothepoint z=4 + |5.
z=x+jy and Z =x-jy

On contour, 5x =4y. Therefore the

T I A W
s S - e

EINE TR o

|:é‘%1+j5%§:§%+15 =420

34. Find the numerical values of the following residues:

@ =-1

-1

(-1-1)

Residue =

N

contour,

(b) Residue of Iciggzi az= % on the branch, —ir< 8< ;rwhere 6 istheangle
z

of z

log(2) _ log(2)

7 +1 @Z 1+1% —J% —1+J% —1—@
Iog%%@

1-j 1+jdF1-j 1-jH1-j -1+
V2o 22 V2fHN2 2

Residue =




iy T2 3
e 4 _ 3 3 N
Residue = . —=———=——+—(1-])=0.589[1 453
esdue @—1—1 —2@2@ 161+] 16wz 7))
V2 %\/2 2
(©) Residue of — 8atz=—1—j«@ on thebranch, 0 < 8 <2irwhere 8 isthe
Z_
angle of z
3z 3z

2-8" (z-2)(z+1- jv3)(z+1+43)

3-1-j/3
-1-j¥3-2)(-1- V3 +1-V3)

Residue =
(

/ ar a4 am

31200 — 20— 1260 —— :

. 2189+ j1.241
Residue = 3 = 9 9 02189+

i2V3(3+V3) j2v3(3+jv3) j2v3(3+jv3)  6[1-jv3)

Residue = —=22980__ _ () 10501140= - 0.0804+ 0.0675
6% 20+ 60

35. In the space provided sketch the convolution, x(t), of the two signds,
x,(t) and x,(t) illustrated below. The sketch should show the general shape and should
have a scale so that the values of t and x(t) could be read from the sketch (approximately).

x (1) %,(t)

4

DH N i E

2-1] 12 2-1] 12

\SE o))

-3-2-11 1234 t

36. A linear system hasan excitation, x(t), and aresponse, y(t). It is characterized by
itsimpul se response, h(t) =10si nc[107(t -10—6)] . Find ared, time-domain expression for
the system response, y(t), if the system excitation is



(@  x(t) =100c0 407 x 10°)

y(8) = x(t) oh(t) = F{ F[x (0] F[h(t)}

F[x(t)] =50 5(f —20MHz) + & +20MHz)|

F[h(t)] =10"° reCt%m;ﬁEe-j 21070 f

FIx(t)] F[n(t)] =0
Oy(t)=0

(0 x(t) =(4x10°)comb(4 x 10°)

y(8) = x(t) oh(t) = F{ F[x (0] F[h(t)}

Fx(1)] = comb%@
F[h(t)] =10° rect%OMfiHZEe—j 2mx10° f
F[h(t)] F[x(t)] = comb%@x 10°r eCthOMfiHZ%_j o

F[h(t)] F[X(t)] = 4n:Zm5(f -4 x10° n) rect Ol\jl HZ%—JZHHO'Sf

Fn]FIx(0] =4 5 o1 -4 x10°n)er 2w

F[n(v] F{x(1] = 4%(1:) o f - aMHz)g 1+ g f +aw Hz)gz{jjﬁ

y(t) = F{ F[h(t)] F[x(t]}} = 4 +8cos(8m x10°t)

37.  An entire function is one which is analytic at every point in the complex plane. Is

the function, f(2z) =e”cog(z), an entire function? Using the Cauchy-Riemann conditions
show that it is, or isnot, entire.

The Cauchy-Riemann conditions are



u_n o w
iz jz Callx+iy) L ami(x+iy)
f(Z):eZCOS(Z):eZ—e +2e =g +2e

@ IXYHY faxmix Y X yal(xw) 4 axtygmi(xy)

f(2) = =

2 2

f(2) = %{ex'y[cos(x +y) +jsin(x + y)] + e”y[cos(x —y)-jsin(x- y)]}

u= %{ex‘y[cos(x +y)] + e[ cos(x - y)]} and v = %{ex‘y[si n(x +y)| -e*¥[sin(x - y)]}

% - %{— Vsin(x +y) +e” codx +y) - e sin(x - y) + e cogx - y)}
% = %{ex‘y cos(x +y) - ~sin(x +y) + e cos(x - y) — & sin(x - y)}
M _lp - g =
E:E{—e sin(x +y) - cog(x +y) +&sin(x - y) +e cos(x—y)}
N _

X %{ex‘y cos(x +y) +esin(x +y) - e cog(x - y) - €V sin(x - y}

The Cauchy-Riemann conditions are satisfied everywhere in the complex plane so thisis an
entire function.

38. Evauate the red integral,

[

_ xdx
B I (x2 +4x +8)(x2 - 2X +5)

—00

using contour integration in the complex plane and the method of residues.

[ 00

- xdx _ Xdx
=] (x2+4x +8)(x2-2x+5) | (x+2-j2)(x+2+j2)(x-1-j2)(x-1+j2)

—00 —00

_ zdz
*§ Gremrer -1 12(z-1712)

C,cow

where the contour isthe real axis plus an infinite-radius semicirclein the upper half-plane.

| = jZHZReﬂduesat z=-2+j2andz =1+j2



| = ZnD +j2 1+j2 D DZ+]2 1+j2 O
J E(J4 J(-3+)4) 33+ 4(AE "H(3-i4) e@B3+j4)"

2+12 (3+j4)+(1+j2)(3-j40_ m
EF —_—
6(3-j4)(3+4) 0 50

39. A dmplified version of atype of signal which occursin binary phase shift keyingis

given by
x(t) =si n(ZM)%rect(t) Dcomb%%—lé :

Sketch the magnitude of the Fourier transform, S(f), of s(t). The sketch should have a scde
on both the frequency and magnitude axes so that rough approximations to the functional
values could be read from the sketch.

X()=3[o(t +1)- ot 1) f[2sinc( r)2comb{21)] - 1}
X(f):é{4[5(f +1) - & f -1)] Csinc( f)comb(2) - & f +1) + 4 f —1)}

X(f)=

{4[smc (f +1)comb(2(f +1)) - sinc(f —1)comb(2(f - ))]—5(1‘ +1) +  f —1)}

I\)I*—

I\)I~—

Eﬁl% co(f +1) 25[2f+1 n] - sinc( f -1) Zé[Zf— —n]ﬁ-d(f+1)+df—l)§

X(f):%%%ncf+li qu——@ sne(f -1) c@f—l——%a(fﬂ a(f—

X(f):%%ﬁi %@5@1‘ +1——§ Z smc%@d@f —1——% A +1)+ {f —1)%
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40. A functionisstrictly bandlimited if there are no non-zero components in its Fourier
transform for frequencies whose magnitudes are above some finite value. This applies aso
to two-dimensional functions in both spatia-frequency dimensions. That is, a space-
domain function is grictly bandlimited if there are no non-zero components in its two-
dimensiona Fourier transform for spatial frequencies whose magnitudes are above some
finite vaue. A two-dimensiona function may be bandlimited in both dimensions, not
bandlimited in both dimensions or bandlimited in one dimension and not bandlimited in the
other dimension.

Find the two-dimensional Fourier transform, G| f , f, ), of
X1y

a(xy) = %nc%@ﬂ% comb%%os@ny) :

determine whether or not it is strictly bandlimited in each dimension and, if it is strictly
bandlimited in either or both dimensions, find the bandwidth limit in each dimension in
which it is bandlimited.

G( f, fy) = [3rer:t(3fx)e‘j2’1f comb(8 fx)] %[5( f, —1) + c5(fy +1)]

6(f,f,)= % %‘im Zlagfx —%%5( f,-1)+ 41, +1)

It isbandlimited in both dimensions. In the x dimension the bandlimit is /8 and in the y
dimension the bandlimit is 1.

41. (a) Let the branch cut of the function,




be the negative red axis with the principal branch being defined by the angular range,

—11< < mwhere z=re'’. What isthe residue of this function at z= -] on the principd
branch?

For the principal branch, -r< < ¢

Theresdueat z= —jisfound by using the procedure,

i % 0
Residueat z=—j is %Zﬂ.)(zﬂ;ﬂg
H

or
(i) 5
Residueat z=-j is D—D
d-i-i)E
O--;
Ontheprincipa branch, —-mr< 8< m, —] :e_jE and (—j)

and
4 i 4
Residueat z=-j is e_ . =\E:1+Jore .
(-i-j) -2 22" 2

(b) If the branch cut is changed to the positive real axis and the principal branch is
defined by the angular range, 0< 8 < 2, what is the residue a& z=—] on this principa
branch?

For the principa branch, 0< 0 <2

Theresdueat z=—j isfound, as before, by using the procedure,

60
Residueat z=-j is O3 27 0

- - J)g

For the principal branch, 0< @< 2m,—j = e 2and (_-

and

13 + 4
Residueat z=-j = e. ~ = ‘E = 1t r
(Fi-i) -2 227 2

3 _1+j 5
+




42. For the function,
1

w=—"
1-z

eval uate the Cauchy-Riemann conditions and describe the regions in the "z" plane in which
itisanaytic and theregionsin the "z" planein which it is not analytic.

The Cauchy-Riemann conditions are

where z=z+jy and w=u+jv.

1 _ 1 1-x+jy_ 1-x+jy
1-x-jy 1-x-jyl-x+]jy (1—x)2+y2

u+jv=

=X adve— Y
Ta ey Ty
a0 +y]()-a-x-20-x)] _ @-x7-y?
oX [(1— X)? + y2]2 [(1— x)? + y2]2
& _(@-x)"+y*-y(2y) - (1-%)°-y°
& o=y Ja-x ey
du_ —(1-x)2y o 2y(1-x) 2
¥ Ja-x’+y]  [a-%7+y]
v _ 2y(1- x)
ox [(1— X)2 + y2]2
Since a_v and u = N a every point in the complex plane except the point z=1,

X & X

the function is analytic everywhere in the complex plane except at the point, z=1.

_ N o
43 If G(f)= Eect f 420§+ rectd’ 420% "2 find the inverse Fourier transform,

o(t) = F'l[G( f )] and expressit as simply as you can in terms of entirely real functions.



(Using ﬁg%@ﬁ -~ Gfaf) . rectf 17 - asinc(ar)

Using e/ g(t) L7 - G(# f,) . rectg%o@ﬂ — 4sinc(4t)e’ " .

Using ag(t) +Bn(t) - aG(f)+BH(f) ,

- + ) .
rectH! 420§+ recth 420§4j - 4sinc(4t)e’ ™™ + 4sinc(4t)e "

ejx + e_ j)(

2 b
rect@f;—zog+ rect@f;fizogﬂ — 8sinc(4t) cos(40rt)

Using g(t-t,) ~ G(f)e/?™ ,
Eectgf;izo§+ rectgif ZZO%_J@ g(t)8s nc%@ - %%os%@n% - %%

Using cos(x + 2n7) = cog(x) , naninteger, g(t)=8s nc%@ - %%05(4071)

Using cog(x) =

(8  What isthe maximum positive value of g(t) and at what time, t, doesit
occur?

. ) 1 .
The maximum value occursat time, t = 7 and the function value at that
timeis8.

(b)  What isthe minimum positive value of time, t > 0, at which g(t) is zero?

The first zero crossing occurs when the cos(407tt) factor goes to zero for the
firsttimeafter t=0. That occursatt =1/80 sor 12.5ms.

44.  If g(xy)= el gy o expression for its two-dimensional Fourier transform,
G(f.1,) -
g(x’y) - e—n{4x2 +9y2] _ e-n4XZe_n9y2 —e r(ZX)Ze— 1ey)?

Therefore thisfunction is separable.

Therefore the two-dimensional Fourier transform is the product of two one- dimensional
Fourier transforms, one for "x" and one for "y".



. 2 2 1 f
Using e™ £ _.e™ and glat) - =G :
E @3@

and thefact that g(x,y) = e ™®"e™ )’

f, 02 170
i R 1o
e e :Ee

ol

G(f.1,)=

(@  What isthe maximum value of ‘G( f., fy)‘ and at what vaues of
f, and f, doesit occur?

The maximum value occurs where the exponent of e is a its most positive possible vaue.
That occursat f, =0 and f, =0 and thevaluethereis %

(b) Whatisthephaseof G(f,,f,)a f,=1 and f, =17 Since the function is purely
real and positive the phase everywhereis zero.

45, Using contour integration in the complex plane and the method of residues find the
numerical value of the definite integral,

”dx
I:-[X4+ll

Sincetheintegrand is an even function,
17 dx
'= E:[o x*+1

Let thisintegral be part of the countor, C, which includes the real axis and an infinite-radius
semicircle closed in the upper half plane. Then

1 dz
| ~2 I ' +1
C,ccw

| = % X J 21T % z residues at poles inside the contour

The poles of lie at the roots of the equation, z* +1=0 or at

' +1

LTT2nTT . 2n+l
T

J J .
z=e * =e % | naninteger

Thefour distinct poles are



i
4

j 2
z=e 4

LY
4
, €

i rm
4
, €

J
, €
m .3m

and two of these are inside the contour, z= e : e 4 . The integrand can be factored into

1 1
S S
Therefore
0 1 0
%ﬂ 3y, sAp .t 7@ U
12 173 12 173 12 _ 4l ]
CH T °H

| = - xj2mx[] B
O 1 0
DD.37‘[ T 3m 5TD:| 3w 77[”]
Ore+-e4me s -eame s -4
0 F asf an an
O 1 O
T . 3 ]n Jl‘r D
Frem-evept-ety g
I E><j27T><D 0
2 0 1 B
D D ji: _eJ7T e1271 +e 327-[[':| j%’-[_ej%n]:”]
OF aaf i
O O
O O
| ==xj2mrx3 1 — + 1 O
5‘2”@ 1_1—@ _jzglﬂ_l—lgm
V22 J2 2 0

O O

1. O 1 O

g] > 2B

oD N2 20 V2(4+j4)+42(-4 +4)
T C T (D)

j8v2 _+2
32 4

| = jmx m1111

Alternate Solution to #1;



Let this integral be part of the countor, C, which includes the positive red axis (Cy), an
infinite-radius semicircle closed in the first quadrant, (Cy), and the positive imaginary axis,
(Cg) traversed in the counter-clockwise sense. Then

| | . (2 o dz ooz
e 5 estemapoty i = S [ 2

g,
Theintegra value along Cy is zero by Jordan's lemma.

On Cg, observe that
z= jx and dz = jdx

Therefore
dx 2 jdx
1 g

| | o _ dz dz _w

j2mx % Residuesat pole(s) infirst q”adra”t‘iz“ +1+(J:324 +1_J;X
X
+

. . . _e dx T odx
127T><ZReﬂduesatpole(s)mﬂrstquadrant—J;X4 1 JJ;X4+1—(1 i

1

i1 lie at the roots of the equation, z* +1=0 or at
7'+

The poles of

L TT+2nTT . 2n+l
—_— T

J .
z=e 4 =e 4 | naninteger

Thefour distinct poles are

T .3 5m
4

iy dy i
z=e4,e 4 e 4

]
, €

i
and one of theseisinside the contour, z=e'* . The integrand can be factored into

1 1
2 +1 i ELEN 2T LT
Fe'HF e "B "B
Therefore
21T

(1_ J)I = m T ITJ m
Dlz_e%m 2l 2_6177@
af HF HF H




jZNEI%@ jm N2

| = = . =—m (01111
4

V2(j + ] +1+1)§;Z - ejTE 2@% —EQ

—

. -2 . : .
46. If the function, x(t):3rect§?§ is Fourier transformed the result is

X(f)=15sinc(5f)e”*"* and it followsthat X%@D— j0.9745, or, stated more compactly,

-2 . i .
F%recté[?%as = [15sinc(5f )e J“"‘]hg - j0.9745 -
8

In asimilar manner find the Fourier transform and the numerical value for

F %os(Snt) s ncé‘%l% W

0 -1 1 B
Fg@@@ﬂﬂfﬁ%% 5[ & -4)+ {f +4)| DBrect(8f )e "
0 -1 o o
FH:OS(STE)S“CQ?%: 4{reCt[8(f —4)]e jen(f-4) 4 rect[g(f +4)]e j2n(t 4)}
F %05(871) s nc@%% = 4{ rect|8(0.05)|e712°* + rect[8(8.05)|e”’ 2"8-09}

-4.05

" %03(8”‘)3i ncé‘;l% = 467120 = 471°% =43 18= 3.804 [1.236
8 - 4.05

47. A space-domain, two-dimensiona functionis given by
g(xy) = %[1 +cos(16007x)] rect(100x) rect(20y) -

Find the two-dimensiona Fourier transform of this function, G(fx, fy) and sketch the
magnitudes of the cross sections of G(fx, fy) aong the f and along the f axis. That is

sketch |G(f,,0)| and ‘G(O, fy)‘ . (The sketches should include a scale and indication of the
values of the independent and dependent variables a a few key points like maxima and



minima and zero crossings so that rough estimates of the vaue of the function at other
points could be made from the sketch. See example below.)

g(xy) = %[rect(lOOx) + rect(100x) cos(16007x)| rect(20y)

1

_101 . gfm. 1 [Af O A, 01 . Of,0

G( f, fy) =5 %snc%m§+ 1009n0§100§D2[6( f,~ 800) + o[ f, + 800)] E%smc&%g
- 800 f, +800 .
o1, 1) 4000%5"":%@@ E 100 Q E 100 %ﬂ

G(f 0 [:smc Q —800@ f, +800
4000 ] 00 100 100

_ 1 . Of,0
(0., = 25065 HaoH
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