Solution to EE 504 Test #2 FO3

1. Three random variables, X, Y and Z have the following characteristics:

E(X)=1, E(Y ) 0, E(Z)=—3
=4 ,05=4,05=1
xw=0,0,=2,0,=1

Find the numerical value of the correlation coefficient, p,,,, between X and
W=X-2Y+Z.
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Pxw =
Oy =+0% =2

Using the formulafor the variance of alinear combination, Z, of N random variables, X;,

0} = Zaox +22aaoxx ,

we get g
o =005 +(-2)°0¢ + ()0 + 21)(-2oy +2A) Yoy, +2(-2)(Va,

02, =4+4x4+1-4x0+2x2—4x1=21= 0, =~/21

The variance of W could a so be found using
o2 =EW?)-[EW)]
E(W)=E(X-2Y +Z) = E(X) - 2E(Y) + E(Z) =1~ 2(0) - 3= -2
E(W?)=E((X-2Y +2)°)=E(X )+4E( 2) + E(Z2) - 4E(XY) + 2E(XZ) - 4E(YZ)
E(X?)=02 +[E(X)] = 4+1*=5
(
(

E(w?)= 5+4(4)+1o ()()+2(1) —3)— 4(0)(-3)=5+16+10-6=25
ol =25-(-2)’=21=> 0,, =21 Check.
The covariance of X with Wis
oy = E(XW) - E(X)E(W)
0w = E(X(X=2Y + 2)) - E(X)E(X - 2Y + 2)



O = E(X? = 2XY + XZ)-1x (1-0- 3)
o = E(X?) - 2E(XY) + E(XZ) + 2

Hf_/

5 0 -1
Gy =5-142=6
6
- — 0.6547
Paw =5 21

2. Two independent random variables, X and Y, have pdf’ s given by
Py (X)=0.35(x—2) +0.75(x +1)
and p, (y) isuniform over therange, 2< y< 7.

@ Sketch the pdf of Z=X-Y.

1 -y—-45 1 +45
p(—Y)(y) =Py (_y) = gr&t(yT) = grect( y c )

P, (2)=px(2) Py, (2) =[0.35(z— 2) + 0.75(z+1)] = %rect(” 4.5)

5
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P (2) [0-35(2— 2)* rect( Z+54'5) +0.75(z+1) * rect( T 4'5)]

5
p,(2)= 1 O.3rect( a 2'5) + 0.7rect(ZJr 5'5)
5 5 5

p,(2

T 0.20
| T 0.16
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6 75 54 521
(b) What isthe numerical probability that [Z| < 4?

Pr(z|<4)=Pr(-4<Z<4)= } p,(2)dz

-4

4
Pr(z|< 4)= % J |:O.3rect( & +52'5) + O.7rect( 2 +55'5)]dz

-4



p 4
Pr(|Z| < 4) = l J O.3rect(z+ 25)dz+ 1 J O-7reCt(2+ 55)(]2
5% S 57, 5

0.3} 077 0.3 0.7 1.2+0.7
Pr(|Z|<4)=?sz sz=?(4)+?(1): o =038
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Referring to the pdf graph, this is the area under the pdf from -4 to O, which is 0.2(1) +
0.06(3) = 0.38. Check.

3. An experiment is performed 200 times. The sample mean, X, of the experimental
outcomes is 25 and the sample standard deviation, S, is 4. A sample size of 200 is large
enough to reasonably use the sample standard deviation as the population standard
deviation, o, and to reasonably assume that the pdf of the sample mean, X, is Gaussian.

A confidence interval on the sample mean is to be reported in the form, 25+ k, for a
confidence level of 80%. Find the numerical value of k.

2
%% -1 08— 0, =+0.08=02828 .

The variance of themeanis ¢ = N = 200

From the normal distribution tables, for a confidence leve of 80%, the confidence interva
should be approximately 25+1.30, =25+ 0.3676. Therefore k is 0.3676.

4, What characteristic of its probability density function indicates that a random
variable is continuous?

The pdf has no impulsesinit.
OR

What characteristic of its probability density function indicates that a random variable is
discrete?

The pdf has only impulsesin it.
5. A deterministic random process has sample functions of the form,
X(t) = Acos(2nt + 6),

where A and 6 are random over the ensemble but constant for any single sample function.
Let 0 be uniformly distributed over the range, -t <0<x and le¢ A be Gaussian
distributed with an expected value of 1 and a variance of 4. Let A and 6 be independent,
implying that A and cos(2at + 0) are also independent. Find the mean-squared value of the

random process, E(X(t)).
2

E(X?)=E(A*cos’(2nt + 6)) = E(AZ (1+ cos(4nt + 29)))



2

E(X?)= E(A?Z] + E(A? cos(4nt + 29))

Since A and cog(2nt + 6) (and, by implication, cos(4nt +26)) are independent,

E(X?)= E(A?z) + E(A?z) E(cos(4nt + 26))

E(cos(47t + 26)) = | cos(4nt +26) p, (6)d6 = % [ cos(4nt +26)de

E(cos(4nt + 26)) = i[

sin(4nt + 26) ] 1 [s n(4nt+2r) sin(4nt— 27r)]
2r i -

2 o 2 2

E(cos(4nt + 26)) = %[si n(4nt + 2r) — sin(4nt — 27:)] =0

=sin(4nt) =sin(4nt)

(Thisresult, E(cos(47zt + 20)) = 0, should be obvious but the preceding three lines prove it
incaseitisnot.) Then

E(X?)= E(A?ZJ = %E(Az) = %(af\ +[E(A))= %(4 +1)= g =25



