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Web Appendix H - Derivations of the
Properties of the Continuous-Time
Fourier Transform

H.1 Numerical Computation of the CTFT

In cases in which the signal to be transformed is not readily describable by a
mathematical function or the Fourier-transform integral cannot be done analytically, we
can sometimes find an approximation to the CTFT numerically using the DFT which was

first introduced in Chapter 8. The CTFT of a signal X (t) is

X(f):zx(t)e‘“"“dt

If we apply this to a signal that is causal we get

x(f):Ix(t)e‘JZ”“dt.

We can write this integral in the form

oo S

X(f)=Y, | x(t)er"dt.

n=0 nT,

(n+1)T,

If T, is small enough, the variation of X(t) in the time interval nT, <t < (n + 1)Ts is small
and the CTFT can be approximated by

(n+1 s

- T
X(f)=Xx(nT,) [ e dt.

n=0
or
o -jemT —j2;rf(n+1)Ts
X(f)zng;x(nTs) ijrf
> ]-_e—j27szS oo . . . .
X(f)z'—zx(nl)e_'zm =Te "™ sinc(Tsf)Ex(nTs)e—JZ”f“Ts
12rf = Z
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(Figure H-1).
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Figure H-1 A signal and multiple intervals on which the CTFT integral can be evaluated

If X(t) is an energy signal then beyond some finite time its size must become negligible

and we can replace the infinite range of 7 in the summation with a finite range 0 <n < N_
yielding
N -1
X( f ) =Te "™ sinc(TS f) D x(nTS)e“'z’”"Ts :

S
n=0

Now if we compute the CTFT only at integer multiples of f /N_= f_, which is the
frequency-domain resolution of this approximation to the CTFT,

Np -1

X(kfF ) = Tse‘jﬂkfFTs SinC(TskfF) Z )((r-|'|'s)e—j27rknf,:Ts

or

X(kf.)=T.e ™™ sinc(k /N ) Y, x(nT, Je e .

n=0

F

The summation in this equation is the DFT of X (nTS) . Therefore
X(kf.)=T.e ™" sinc(k / N )x DFT (x(nT,))
where the notation DFT () means “discrete Fourier transform of”. For ‘k‘ <<N_,

X(kf.)=T, x DFT (x(nT,)) - (H.1)

So if the signal to be transformed is a causal energy signal and we sample it over a time
containing practically all of its energy and if the samples are close enough together that
the signal does not change appreciably between samples, the approximation in (H.1)

becomes accurate for ‘k‘ << N -
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H.2 Linearity

Let o and B be constants and let Z(t) = (xx(t) + ﬂy(t) . Then

z(f)= z[aX(t) +By(t) Je > dt = oczx(t)e‘jz”“dt " [)’iy(t)e“'z”“dt =aX(f)+py(f)

and the linearity property is
ax(t)+By(t)eF—ax(f)+By(f)
ocx(t)+By(t)@ax(jw)+ﬁy(jw).
H.3 Time Shifting and Frequency Shifting

Let t, be any real constant and let z (t) = (t -t ) Then the CTFT of z (t) is

z(f)= T (t)e > dt = j x(t—t,)e =" d

—oco

Make the change of variable 7=t—t and dz=dt. Then

z(f)=

and the time-shifting property is

o

x(r)e 2w t(t ) g g = g2ty J ( )e“'z””drze‘jz”“‘)x(f)

§'—;Z

x(t—to)%F X(f)e"'z”fto
or
x(t=t,)eF—X(jo)e .

Let f; be any real constant and let Z( f) = X( f - fo)' Then z (t) is

oo

z(t) = Tz(f)ei““df = [ X(f-1f,)er"df

—oco

Make the change of variable ¢ = f — f, and d¢ =df . Then

z(t):

o

X((b)ejZﬂ:q)f d(]) ejant'[ ( )ej2n¢td¢:ej2ﬁfotx(t)

5‘;‘—:8
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and the time-shifting property is
x(t)e”z’”(’t @X( f— fo)
or
x(t)er @X( j(o- wo)) :

H.4 Time Scaling and Frequency Scaling

Let a be any real constant other than zero and let z (t) = X(at) . Then the CTFT of
Z(t) is
2()= [ 2(t)e vt = [ x(at)e vt

Make the change of variable 7 =at and dr =adt. Then, if a>0,

O R

and if a<0,

( ) f ( )e j2riera d —_éTx(r)e_jzﬂ(f/a)rdl':—ix[gj'

—oco

Therefore, in either case, Z( f ) = (l/ ‘a‘) X( fl a) and the time-scaling property is

(at) (1/‘a‘) (f/a) or x(at) (1/‘a‘) (ja)/a)

In the time-scaling property, let b=1/a. Then
x(t/b)F—o|X(bf) or x(t/b)e—b|X( jbe)
and the frequency scaling property is
(17]B[)x(t /)= X (bf ) or (1/]0])x(t/b)eF— X jbe) .
H.5 Transform of a Conjugate

The inverse CTFT of X( f ) is,
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X(1))=x

The complex conjugate of X (t) is

g'—:X

X(f)e?"df .

x*(t){ jx(i )e’z”“df:l fe(i)ert

Make the change of variable ¢ =—f and d¢ =-df we get
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X (t) == [ X" (-o)e™dg = [ X" (~0)edg .

F‘l[x*(—f)}

The conjugation property is

K (Demox (1) o X (1) Fox (- o).

H.6 Multiplication - Convolution Duality

Let the convolution of X(t) and y(t) be

2(t) = x(t) #y(t) = [x(¢)y(t-7)de.

The CTFT of z(t) is

or

Then, using the time-shifting property,
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z(f):zx(f)e—mw(f)df

Since Y( f ) is not a function of 7,

2()=v(1) [ x(¢)e == wdr,

F [x(#]]

:

and finally Z( )= X(f)Y(f). The time-domain convolution property is
)+t Eox{ (1) or x()+y(thErx{jo) o)
Let the convolution of X () and Y(f) be
z(f)=x(t)=v(t).
Then z(t) is

Z(f)ejz”“df = jx(f)*v(f)eimdf

—oco

N
—_
—
~——
1

or

|
1
s

X(o)¥(f —q))dq)}ejz”“df .

Reversing the order of integration,

4= [xl)

glg"—uS

Y (f - o) "df }d(b.
gl2mt y(t) ‘

Then, using the frequency-shifting property,

and the time-domain multiplication property is

x(t)y(t)@X(f)*Y(f) or x(t)y(t)@%X(jw)*Y(jw).
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The extra 1/ 27 is there because of the change of variable in converting fto @.

H.7 Time Differentiation

The time-domain function X (t) can be expressed as

x(t):zx(f)ejz”“df .

Differentiating both sides with respect to time,

%(x(t)) -4 T X( )er " df = z jor t X(f)e"df = F *(jor f X(f))

Therefore the time-differentiation property is

d

S{x()) = jznt x(1) or L(x(t)) = jox(jo).

H.8 Transforms of Periodic Signals

If a time signal X(t) is periodic it can be represented exactly by a complex CTFS

(by lettingT_ =T, ). Therefore, for periodic signals (using the frequency-shifting
property),

x(t)= 3 X[k]e s x(F) = X x[K]8(f -k,

or

oo

x(1)= 3 X[k]e ok = x(jo) =22 ¥, X[k]8(0 - ko, ) .

k=—eo k=—o0

H.9 Parseval’s Theorem

The product of two energy signals in the time domain corresponds to the
convolution of their transforms in the frequency domain.
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F [x(t)y(e)]=x(1)=(r)=
= [x(t)y(1)]

Combining (H.2) and (H.3),

;‘g'"—-.X

X(¢)Y(f-0)do . (H2)

1l
;‘g'"—-.X

x(t)y(t)e > dt . (H.3)

;‘g'—og

x(t)y(t)e ==t :zx(¢)v(f ~9)do.

This relation holds for any value of . Setting f =0,

oo

J()y(t)ar= [ x(o)v(-e)ae.

—oco

This is known as the generalized form of Parseval’s theorem. For the special case in
which y(t) =X (t) , this becomes

=)

I (o= (e o= [x{o)x(-o)o=  x(o)x (o) = [ |x(o)"a0

—oco

where we have used yy = MZ and y" (t);) Y’ (—f). So, ultimately, we have the
equality of total signal energy in the time and frequency domains

I o= fix(rfer

—oco

H.10Integral Definition of an Impulse

The definition of the Fourier transform pair

x(1)=F (x(t)):ix(t)e—mdt x()=F ‘1(X(f)):ix(f)e”2”“df

can be used to prove a handy result. Since
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x(t) = J’x(f)eﬂ'z’”‘df (H.4)
and (making the change of variable t — 7 in the definition of the forward CTFT)

X(f): Tx(r)e‘jz””dr (H.5)

—oco

we can combine (H.4) and (H.5), to get

()= jﬁx(f)e—mffdf}eﬂmdf

or

oo oo

x(t)= [ [ x(r)e ™ adf . (H.6)

—c0 —00

Rearranging to do the f integration first in (H.6),

x(t):jx(f)[je-w—f)df}df | )

In words, this integral says that if we take any arbitrary signal x(¢) replace ¢ by 7, and

~jent(t-1)

multiply that by a function JW e df and then integrate over all T we get x() back.

We could re-write (H.7) in the form

x(t) = Tx(r)g(t—f)dr

where -
g(t) = Te‘jz”“df .

—oco

Recall the sampling property of the impulse

Jolt)st-t)at=oft).

The only way the equality
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can be satisfied is if g (t — T) = 5(t - T) . That is, if

oo

Je gt =5(t-7) .

This is another valid definition of a unit impulse. A more common form of this result is

oo

J g 1™ dy = 6(x) .

—oco

H.11Duality

If the CTFT of x(t) is X(f), what is the CTFT of X(t)?

x(f)= j x(t)e 2= at = j x(¢)e 2= dr

Therefore, replacing f by 7 in the right side,

o

X(t) = Jx(r)e‘jz”"dr.

The CTFT is
F (X(t)) =F Ux(r)e J2nt d‘L':| = TﬁX(T)e_jzde:|e_j2ﬂﬁdt
or

F(XO»:I,()I Tatdr . (H.8)

Using the integral definition of an impulse,

oo

J' e 12y = 5(X) ’

we can write

oo

J “an(e ) gy = 6(r+f)

—oco

Now, substituting into (H.8)
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F (% (1) :zx(f)5(1+ fldr=x(-f).
m— lsx(t)@x(_f) and X (~t) = x(f)

X(it) = 2mx(-w) and X(- it} 2xx(w)

The proof of X(—t)@ X( f ) is similar.

H.12Total-Area Integral Using Fourier Transforms

The total area under a time- or frequency-domain signal can be found by
evaluating its CTFT or inverse CTFT with an argument of zero.

x(o):[jx(t)e—wdt: - [

and h -
x(O):l:TX(f)e”Z”“df = Tx(f)df
x(0) :Dx(t)e—wdt - Tx(t)a
and - o
1% 0\ 1
x(O)zli%:[X(Jw)e | = [ x{jo}ao

H.13Integration

Let y(t) = J;X(T)dr. We know that

x(t)u(t) = Tx(eJu(t-o)ar- [x()dz.

—oco

Using multiplication-convolution duality,
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(1) =x(t)# u(t) v (jo) = X(j0) U jo) (19)
Using the Fourier pair

u (t)@l/ jo + 7r5(a))
from (H.9)
X(jo)

¥(i0)= =5 ()X jo)-

X(jw)

Jo

+ 1 x(0)3(w)
Making the change of variable, @ =27 f the cyclic frequency form is

(1) XD dxoja ).

Therefore the Fourier pairs are

and
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